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PREFACE TO THE NINTH EDITION 


In preparing a new edition of this book for publication, attention 
has been given to the change in outlook in mathematical studies in 
Cambridge that began with the abolition of the order of merit in 
the Tripos. Hydrostatics is still a subject which all candidates 
are expected to study; but it belongs to the class of blind-alley 
subjects, and it is clearly not profitabfe fot the average student to 
devote very much of his time either to’the* subject-matter or to 
working elaborate problems. In the interests of the average 
student, therefore, the amount of book-work^has been substantially 
reduced, and a large number of examples fcave* been removed from 
the book, while a few from recent Tripos papers have been inserted. 

July 1925 . 

In this impression a few corrections have been made, particu¬ 
larly in Chapters VI and VII, but in other respects the book is 
unaltered. A. S. R. 

May 1929 . 
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HYDROSTATICS 

CHAPTER I 

1 . We learn from common experience that such substances as 
air and water are characterised by the ease with which portions of 
their mass can be removed, and by their extreme divisibility. These 
properties are illustrated by various common facts ; if, for instance, 
we consider the ease with which fluids can be made to permeate 
each other, the extreme tenuity to which one fluid can be reduced 
by mixture with a large portion of another fluid, the rarefaction of 
air which can be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility of fluid 
is unlimited : we find, moreover, that in separating portions of fluids 
from each other, the resistance offered to the division is very slight, 
and in general almost inappreciable. By a generalisation from such 
observations, the conception naturally arises of a substance pos¬ 
sessing in the highest degree these properties, which exist, in a 
greater or less degree, in every fluid with which we are acquainted, 
and hence we are led to the following 

Definition of a Perfect Fluid 

2 . A perfect fluid is an aggregation of particles which yield 
at once to the slightest effort made to separate them from each 
other. 

If then an indefinitely thin plane be made to divide such a fluid 
in any direction, no resistance will be offered to the division, and 
the pressure exerted by the fluid on the plane will be entirely normal 
to it; that is, a perfect fluid is assumed to have no “ viscosity/’ 
no property of the nature of friction. 

The following fundamental property of a fluid is therefore ob¬ 
tained from the above definition. 
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The pressure of a perfect fluid is always normal to any surface 
with which it is in contact . 

As a matter of fact, all fluids do more or less offer a resistance 
to separation or division, but, just as the idea of a rigid body is 
obtained from the observation of bodies in nature which only change 
form slightly on the application of great force, so is the idea of a 
perfect fluid obtained from our experiences of substances which 
possess the characteristics of extremely easy separability and 
apparently unlimited divisibility. 

The following definition will include fluids of all degrees of 
viscosity. 

A fluid is an aggregation of particles which yield to the slightest 
effort made to separate them from each other, if it be continued long 
enough. 

Hence it follows that, in a viscous fluid at rest, there can be no 
tangential action, or shearing stress, and therefore, as in the case 
of a perfect fluid, 

The pressure of a fluid at rest is always normal to any surface 
with which it is in contact . 

Thus all propositions in Hydrostatics are true for all fluids what¬ 
ever be the viscosity. 

In Hydrodynamics it will be found that the equations of motion 
are considerably modified by taking account of the viscosity of a 
fluid. 

3. Fluids are divided into Liquids and Gases ; the former, such 
as water and mercury, are not sensibly compressible except under 
very great pressures ; the latter are easily compressible, and expand 
freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the latter 
elastic fluids. 

4. Fluids are acted upon by the force of gravity in the same 
way as solids ; with regard to liquids this is obvious ; and that air 
has weight can be shown directly by weighing a closed vessel, 
exhausted as far as possible : moreover, the phenomena of the tides 
show that fluids are subject to the attractive forces of the sun and 
moon as well as of the earth, and it is assumed, from these and other 
similar facts, that fluids of all kinds are subject to the law of gravita¬ 
tion, that is, that they attract, and are attracted by, all other 
portions of matter, in accordance with that law. 
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Measure of the Pressure of Fluids 

5 . Consider a mass of fluid at rest under the action of any 
forces, and let A be the area of a plane surface exposed to the 
action of the fluid, that is, in contact with it, and P the force which 
is required to counterbalance the action of the fluid upon A . If 

p . 

the action of the fluid upon A be uniform, then — is the pressure 

A 

on each unit of the area A. If the pressure be not uniform, it 
must be considered as varying continuously from point to point 
of the area A , and if & be the force on a small portion a of the 

area about a given point, then — will approximately express the 

rate of pressure over a. When a is indefinitely diminished let 

^ ultimately =p, then p is defined to be the measure of the pressure 

at the point considered, p being the force which would be exerted 
on a unit of area, if the rate of pressure over the unit were uniform 
and the same as at the point considered. 

The force upon any small area a about a point, the pres¬ 
sure at which is p , is therefore pa-by, where y vanishes ulti¬ 
mately in comparison with pa when a (and consequently pa) 
vanishes. 

6 . The pressure at any point of a fluid at rest is the same in every 
direction . 

This is the most important of the characteristic properties of a 
fluid ; it can be deduced from the fundamental property of a fluid 
in the following manner. 

If we consider the equilibrium of a small tetrahedron of fluid, we 
observe that the pressures on its faces, and the impressed force on 
its mass, form a system of equilibrating forces. 

The former forces depending on the areas of the faces vary as 
the square, and the latter depending on the volume and density 
varies as the cube of one of the edges of the solid, which is con¬ 
sidered to be homogeneous, and therefore supposing the solid indefi¬ 
nitely diminished, while it retains always a similar form, the latter 
force vanishes in comparison with the pressures on the faces ; and 
these pressures consequently form of themselves a system of forces 
in equilibrium. 
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Let p, p' be the rates of the pressure on the faces ABC , 
BCD, and resolve the forces parallel to the edge AD ; then, 
B since the projections of the areas ABC, BCD 

on a plane perpendicular to AD are the 
same (each equal to a suppose) we have ulti¬ 
mately, 

pa=p'a, 

or p=p'. 

And similarly it may be shown that the 
pressures on the other two faces are each equal to p or p'. 

As the tetrahedron may be taken with its faces in any 
direction, it follows that the pressure at a point is the same in 
every direction. 

This proposition is also true if the fluid be in motion, for by 
D’Alembert’s Principle the reversed effective forces and the im¬ 
pressed forces which act upon the mass of fluid must balance the 
pressures on its faces, and the eSective forces are of the same order 
of small quantities as the impressed forces and vanish in comparison 
with the pressures. 


Transmission of Fluid Pressure 

7 . Any pressure, or additional pressure, applied to the surface 
or to any other part of a liquid at rest, is transmitted equally to all 
parts of the liquid . 

This property of liquids is a direct result of experiment, and, 
as such, is sometimes assumed. It is, however, deducible from the 
definition of a fluid. 

Let P be a point in the surface of a liquid at rest, and Q any 
other point in the liquid ; about the straight line PQ describe a 
cylinder, of very small radius, bounded by the surface at P and by 
a plane through Q, perpendicular to QP. 

If the pressure at P be increased by p, the additional force on 
the cylinder, resolved in the direction of its axis, is pa, a being the 
area of the section of the cylinder perpendicular to its axis, and 
this must be counteracted by an equal force pa at Q in the direction 
QP> since the pressure of the liquid on the curved surface is per¬ 
pendicular to the axis. The pressure at Q is therefore increased 

hyp - 

If the straight line PQ do not lie entirely in the liquid, P and 
Q can be connected by a number of straight lines, all lying in the 




6 - 10 ] 


TRANSMISSION OF FLUID PRESSURE 


5 


liquid, and a repetition of the above reasoning will show that the 
pressure p is transmitted, unchanged, to the point Q. 

8 . In consequence of this property, a mass of liquid can be 
used asa“ machine ” for the purpose of multiplying power. 

Thus, if in a closed vessel full 6 i water two apertures be made 
and pistons A, A' fitted in them, any force P applied to one piston 
must be counteracted by a force P' on the other piston, such that 
P': P in the ratio of the area A': A, for the increased rate of pressure 
at every point of A is transmitted to every point of A\ and the 
force upon A ' depends therefore upon its area.* 

The action between the two is analogous to the action of a lever, 
and it is clear that by increasing A ' and diminishing A, we can 
make the ratio P' : P as large as we please. 

9. The pressure of a gaseous fluid is found to depend upon its 
density and temperature, as well as upon the nature of the fluid 
itself. 

When the temperature is constant, experiment shows that the 
pressure varies inversely as the space occupied by the fluid, that is, 
directly as its density. 

This law was first stated by Boyle, but it is a consequence of 
the more general law that the pressure of a mixture of gases that 
do not act chemically on each other is the sum of the pressures the 
gases would exert if they filled the containing vessel separately. 
For doubling the quantity of gas in the vessel would double the 
pressure, and a similar proportionate change of pressure would take 
place for any other change of quantity. 

Hence if p be the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature remains 
the same, 

p = Jcp, 

where k is a constant, to be determined experimentally for the fluid 
at a given temperature. 

If v be the volume of the gas at the pressure p , and v ' the volume 
at the pressure p\ 

pv=p'v', 

or pv is constant for a given temperature. 

10. The Elasticity of a fluid is measured by the ratio of a 

* Bramah’s press is an instance of the practical use of this property of liquids. 
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small increase of pressure to the cubical compression produced by 
it. 

If v be the volume, the small cubical compression is —and 
the measure of the elasticity is 


In the case of a gas at constant temperature pv is constant, 


.■■P+v d £=o, 

so that the measure of the elasticity is equal to that of the pressure. 

If the relation between the elasticity and the pressure is given, 
we can deduce the relation between the pressure and the volume. 

For instance, if we can imagine the existence of a fluid in which 
the elasticity is double the pressure, we have 

from which it follows that pv 2 is constant. 


Measures of Weight, Mass, and Density 

11 . The weight, mass, and density of a fluid are measured in 
the same way as for solid bodies. 

If W be the weight of a mass M of fluid, then, in accordance 
with the usual conventions which define the units of mass and force, 

W=Mg. 

If V be the volume of the mass M of fluid of density p, then 

M= P V, 

and /. W=gpV. 

For the standard substance, p= 1 , and therefore the unit of 
mass is the mass of the unit of volume of the standard substance. 

If the unit of mass is a pound, the equation, W=Mg, shows 
that the action of gravity on a pound is equivalent to g units of 
force. The unit of force is therefore, roughly, equal to the weight 
of half an ounce, and it is called the Poundal. 

12 . In the previous articles no account has been taken of fluids 
in which the density is variable; but it is easy to conceive the 
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density of a mass of liquid varying continuously from point to point, 
and it will be hereafter found that a mass of elastic fluid, at rest 
under the action of gravity, and having a constant temperature 
throughout, is necessarily heterogeneous: the density at a point 
of a fluid must therefore be measured in the same way as the pres¬ 
sure at a point, or any other continuously varying quantity. 

Measure of the density at any point of a heterogeneous fluid . 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such that 
the mass of a volume v is equal to m, or such that 

m~pv ; 

then p may be defined as the mean density of the portion v of the 
heterogeneous fluid, and the ultimate value of p when v is indefi¬ 
nitely diminished, supposing it always to enclose the point, is the 
density of the fluid at that point. 

EXAMPLES 

(In these Examples g is taken to bo 32, when a foot and a second are units.) 

1. ABCD is a rectangular area subject to fluid pressure ; AB is a fixed line, 
and the pressure on the area is a given function ( P) of the length BC (x); prove 

dP 

that the pressure at any point of CD is where a—AB. 

If A be a fixed point, and AB, AD fixed in direction, and if AB—x and 
d 2 P 

AD—y , the pressure at 

2. In the equation W = go V, if the unit of force be 100 lb. weight, the unit 
of length 2 feet, and tho unit of time Jth of a second, find the density of water. 

3. If a minute be the unit of time, and a yard the unit of space, and if 
15 cubic inches of the standard substance contain 25 oz., determine the unit 
of force. 

4. In the equation, W=gg V, the number of seconds in the unit of time is 
equal to the number of feet in the unit of length, the unit of force is 750 lb. 
weight, and a cubic foot of the standard substance contains 13500 ounces; 
find the unit of time. 

5. A velocity of 4 foot per second is the unit of velocity; water is the 
standard substance and the unit of force is 125 lb. weight; find the units of 
time and length. 

6. The number expressing the weight of a cubic foot of water is T gth of 
that expressing its volume, Jth of that expressing its mass, and y^jth of the 
number expressing the work done in lifting it 1 foot. Find the units of length, 
mass, and time. 

7. If a feet and b seconds be the units of space and time, and the density 
of water the standard density, find the relation between a and b in order that 
the equation, W~gqV, may give the weight of a substance in pounds. 
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8. A velocity of 8 feet per second is the unit of velocity, the unit of accelera¬ 
tion is that of a falling body, and the unit of mass is a ton ; find the density of 
water. 

9. The density at any point of a liquid, contained in a cone having its axis 
vertical and vertex downwards, is greater than the density at the surface by a 
quantity varying as the depth of the point. Show that the density of the 
liquid when mixed up so as to be uniform will be that of the liquid originally at 
the depth of one-fourth of the axis of the cone. 

10. From a vessel full of liquid of density q is removed l/nth of the contents, 
and it is filled up with liquid of density a. If this operation be repeated m 
times, find the resulting density in the vessel. 

Deduce the density in a vessel of volume V , originally filled with liquid of 
density q, after a volume U of liquid of density a has dripped into it by in¬ 
finitesimal drops. 



CHAPTER II 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS 


13 . Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at rest 
under the action of given forces, and let it be required to determine 
the conditions of equilibrium, and the pressure at any point. 

Let x, y, z be the co-ordinates referred to rectangular axes, of 
any point P in the fluid, and let Q be a point near it, so taken 
that PQ is parallel to the axis of x . 

Take x+ 8 x, y, z as the co-ordinates of Q ; about PQ describe 
a small prism or cylinder terminated by planes perpendicular to PQ . 

Let a be the area of the section of the cylinder perpendicular 
to its axis, p the pressure at P, and p+ 8 p the pressure at Q. 

Then a may be taken so small that the thrust on the plane end 
at P is approximately pa, the difference being of a higher order of 
smallness. 

Similarly the thrust on the plane end at Q may be taken to be 
(p+ 8 p)a. 

If p be the mean density of the cylinder PQ, its mass =pa 8 x, 
and XpaSx will represent the force on PQ parallel to its axis, if 
X 8 m, 78 m, Z8m be the components of the forces acting on a particle 
8 m of fluid at the point ( x , y, z). 

Hence, for the equilibrium of PQ, 

(p+ 8 p)a—pa=Xpa 8 x, 
or 8 p=pX 8 x. 

Proceeding to the limit when 8 x, and therefore 8 p, is indefinitely 
diminished, p will be the density at P, and we obtain 
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By a similar process, 



dp 

dz 


=pZ, 


But 


dp—^~-dx -f- *-—dy -f- ^—dz ; 
r dx 'dy^'dz 

•\ dp—p(Xdx+ Ydy+Zdz) 


the equation which determines the pressure. 


( 1 ) 


14 . We now consider what condition must be satisfied by a 
given distribution of force in order that it may be capable of main¬ 
taining a fluid in equilibrium. The pressure is dearly a function 
of the independent variables x, y , and z, and we know that 


d 2 p d 2 p d 2 p d 2 p d 2 p d 2 p 
dydz dzdy dzdx dxdz dxdy dydx 

Hence we obtain from the preceding equations, 

*>>= St** 

Performing the operations indicated we have 



dx dy P\ dy dx J 


Multiplying by Z, 7 , Z, and adding, we obtain 



o (2) 


• ( 3 ) 


as a necessary condition of equilibrium. 
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The geometrical interpretation of this equation is that the lines 
of force, 

dx~_dy_dz 

~X~Y~Z' 


can be intersected orthogonally by system of surfaces. 

15. Homogeneous Liquids. If the fluid be homogeneous and 
incompressible, p is constant, and it follows from (1) that 
Xdx+Ydy+Zdz must be a perfect differential in order that equili¬ 
brium may be possible. 

In other words, the system of forces must be a conservative 
system, and the forces can be represented by the space-variations 
of a potential function. 

We then have, if V be the potential function, 

dp=—pdV, 

and /. ?+V=C. 

P 

If, for instance, the forces tend to or from fixed centres and are functions of 
the distances from those centres, we have 


where (a, 6, c) are co-ordinates of the centre to which the force (f> (r) tends. 

Now r z — (x—d) x ~\-(y— 6) a -f(z—c)*, 

Xdx-\~ Ydy-\-Zdz—£<j>{r)dr, 

and dp= QZ<f>{r)dr. 

In this case, since 


and 




it is obvious that the equation (3) is always satisfied, but it is not to be inferred 
that the equilibrium of a heterogeneous fluid is always possible with such a 
system of forces. 

When the density is constant, the equations (2) become 

oz_dY &r_ar 

8y~ dz 9 dz~~ dx’ dy~ dx* 

which are in this case always satisfied, and therefore the equilibrium of a 
homogeneous fluid under the action of such forces is always possible. 


16. Heterogeneous Fluids. If the law of density be prescribed, 
that is, if p be a given function of x, y, z, the conditions to be 
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satisfied in order that a given distribution of force, represented by 
X , F, Z, may maintain the fluid in equilibrium are the equations (2). 

17. Elastic Fluids. When the fluid is elastic, an additional 
condition is introduced, for, as we have seen in Chapter I, if the 
temperature be constant, 

p=Jcp ; 

;.^=±{Xdx+Ydy+Zdz) . . . (4) 

If the forces are derivable from a potential F, i.e . if 
Xdx+ Ydy-\- Zdz 
be a perfect differential —dV, 

k—=—dV, 

V 

.-.k log^=-F, 

_v 0 -I 

or p—Ce *, and P~j c 6 *• 

When the forces tend to fixed centres and are functions of the 
distances, Art. 15, this equation takes the form 

J^~=X<j)(r)dr ) 

and p can be determined. 

If the temperature be variable, the relation between the pressure, 
density, and temperature is found to be 

p—Jcp(l + at), 

where t is the temperature, measured by a Centigrade thermo¬ 
meter, and a= 0CM665. 

From this we obtain 

p=kpaO--\-tj =KpT, 

where K=Jca, and T=-+t. 


T is called the absolute temperature, the zero of which is 
_273° C. 

In this case dp = Xdx+Ydy+Zdz 
p KT 

and therefore T must be a function of x, y , z . 

In any of these cases, if the pressure at any particular point be 
given, the constant can be determined. 
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In the case of elastic fluids, if the mass of fluid and the space 
within which it is contained be given, the constant is determined. 


18. The equation for determining p may also be obtained in the following 
manner. 

Let PQ be the axis of a very small cylinder bounded by planes perpen¬ 
dicular to PQ . 

Let p and p+dp be the pressures at P and Q, a the areal section, and Ss 
the length of PQ. Then, if Sdm be the component, in the direction PQ, of the 
forces acting on an element dm, 

(p + dp)a—pa= QaSds, 
and therefore, proceeding to the limit, 


dp—gSds. 


That is, the rate of increase of the pressure in any direction is equal to the 
product of the density and the resolved part of the force in that direction. 

If x , y , 2 bo the co-ordinates of P, and X, Y, Z the components of S parallel 
to the axes, 


„ dx dy dz 
S = X d -s+ Y £+ Z ds’ 


and dp—g{Xdx-\- Ydy+Zdz) as in Art. 13. 

If the position of P be given by the cylindrical co-ordinates r, 0, and z, and 
if P, T, Z be the components of S in the directions of r, 0, z, 

n dr rdO dz 


and the equation for p becomes 

dp—q {Pdr+TrdO -f Zdz ]. 

Again, if the position of P bo given by the ordinary polar co-ordinates r, 0, 
0, and if the components of the force be R , N, and T, in the directions of r , of 
the perpendicular to the plane of the angle 0, and of the line perpendicular to r 
in that plane, it will bo found that 


dv 

——Rdr+Nr sin 0d<£-f TrdO. 


In a similar manner the expression for dp may be obtained for any other 
system of co-ordinates. 


19. Surfaces of Equal Pressure. In all cases, in which the 
equilibrium of the fluid is possible, we obtain by integration 

p=(f>{z, y , z). 

If p be constant, <f>(x, y, z)=p .... (5) 

is the equation to a surface at all points of which the pressure is 
constant, and by giving different values to p we obtain a series of 
surfaces of equal pressure, and the external surface, or free surface, 



[CHAP. II 


14 SURFACES OF EQUAL PRESSURE 


is obtained by making p equal to the pressure external to the 
fluid. 

If the external pressure be zero, the free surface is therefore 


The quantities 


y, z)—0. 
d(f> d<f> d(f) 
dx ’ dy' dz 9 


which are proportional to the direction-cosines of the normal at the 
point ( x , y } z) of the surface (5), are equal to 

dp dp dp 
dx dy' dz' 


respectively, i.e. to pX, pY, pZ , and are therefore proportional to 

z, r,z. 

Hence the resultant force at any point is in direction of the 
normal to the surface of equal pressure passing through the point. 

The surfaces of equal pressure are therefore the surfaces intersecting 
orthogonally the lines of force. 

It follows from this result that a necessary condition of equili¬ 
brium is the existence of a system of surfaces orthogonal to the 
lines of force, a conclusion derivable also from the equation (3) of 
Art. 14, for that equation is the known analytical condition requisite 
for the existence of such a system. 


20. If the fluid be a homogeneous liquid, that is, if p is con¬ 
stant, Xdx+Ydy+Zdz must be a perfect differential, or in other 
words, the system of forces must be a conservative system. 

In general, when the force-system is conservative, p must be a 
function of the potential V . 

For dp=—pdV f and, dp being a perfect differential, p must be 
a function of V ; hence F, and therefore p, is a function of p , and 
surfaces of equal pressure are equipotential surfaces, and are also 
surfaces of equal density.* 

* These results may also be obtained in the following manner: 

Consider two consecutive surfaces of equal pressure, containing between them a 
stratum of fluid, and let a small circle be described about a point P in one surface, 
and a portion of the fluid cut out by normals through the circumference. The 
portion of fluid is kept at rest by the impressed force, and by the pressures on its 
ends and on its circumference. Being very nearly a small cylinder, and the 
pressures at all points of its circumference being equal, the difference of the pressures 
on its two faces must be due to the force, which must therefore act in the same 
direction as these pressures, i.e. in direction of the normal at P. 

If the forces are derivable from a potential, the resulting force is perpendicular 
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If the fluid be elastic and the temperature variable 
dp___dV 
~p~~~KT' 

Hence by a similar process of reasoning T is a function of p, and 
surfaces of equal pressure are also surfaces of equal temperature. 

If however Xdx+Ydy+Zdz be not a perfect differential, these 
surfaces will not in general coincide. 

Let the fluid be heterogeneous and incompressible; then the 
surfaces of equal pressure and of equal density are given respec¬ 
tively by the equations 

dp= 0, dp~0, 

or Xdx+Ydy+Zdz=0\ 

p dx+ d I d y + 8 ± dz=0 \ ... (6) 

dx dy * dz } 

These then are the differential equations of surfaces which by 
their intersections determine curves of equal pressure and density. 
From (6) we obtain 

dx dy dz 


_ y^P y^P _ ydp _ ydp 

<h/ X dz A dz A dx Y dx A dy 
But from the conditions of equilibrium we have 

% +X %' r '<‘Yx + ''% 


m 


and therefore the equations (7) become 
dx _ dy 


dz 


( 8 ) 


az_ sy 8 UA ' 

dy dz dz dx dx dy 

the differential equations of the curves of equal pressure and density 


to tho equipotential surfaces, and the surfaces of equal pressure are therefore 
identical with the equipotential surfaces. 

Again, considering the equilibrium of the elemental cylinder, the force acting 
upon it, per unit of mass, is equal to the difference of potentials divided by the 
distance between tho surfaces of equal pressuro, and as the mass of the element is 
directly proportional to this distance, it follows that the density must be constant, 
that is, the surfaces of equal pressure are also surfaces of equal density. 
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21. We shall now show how to obtain the fundamental pressure 
equation by considering the equilibrium of a finite mass of fluid. 

Let S be any closed surface drawn in the fluid, and Z, m, n the 
direction-cosines of the normal at any point drawn outwards. The 
conditions of equilibrium of the mass of fluid within the surface S 
are summarised in the statement that the normal pressures on the 
boundary must counterbalance the effect of the given forces acting 
throughout the mass. Thus by resolving parallel to the axes we 
get three equations of the type 

JJlpdS=JffpXdxdydz . . . (9) 

and by taking moments about the axes we get three other equations 
of the type 

/ fp(ny—mz)dS=fffp{yZ—zY)dxdydz . . (10) 


where the double integrations extend to the whole surface S and 
the triple integrations are throughout the space enclosed. 

Now by Green’s Theorem,* we have 


and 

so that (9) and (10) become 




and 


it 


W-l~p x ) dxdydz ^ 

)] 


-pZ 


z( pY^dxdydz=0 ; 


and there are two other pairs of like equations. 

Since these equations must be satisfied for all ranges of integra¬ 
tion in the fluid, it is clear that the necessary and sufficient conditions 
of equilibrium are 


dp 

dx 


=pX, 


d /=pY, %=pZ. 

dy r 0z ^ 


It is to be noted that since a perfect fluid is incapable of resisting 
shearing stress there can be no such stresses in a mass of fluid in 
equilibrium, and therefore it follows that the equations obtained 
by taking moments about the axes will of necessity be satisfied 
whenever the equations obtained by resolving parallel to the axes 


* Vide any Cours d'Analyse, e.g. de la Vall6e Poussin, t. i. p. 381 (4th ed.). 
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are satisfied. For in equilibrium the latter equations are true for 
any portion of the fluid finite or infinitesimal, and this balancing 
of forces ensures that the equations of moments are true also. 


22. We can also prove that p{Xdx+ Ydy+Zdz) must be a perfect 
differential, by condensing the equilibrium of a spherical element 
of fluid 

For the pressures of the fluid on the surface of the element are 
ail m direction of its centre, and therefore the moment of the acting 
forces about the centre must vanish. 

Let x , y, z be co-ordinates of the centre, and as+a, y+/J, z-j-y 
of any point inside the small sphere. 

Then, p being the density at the centre, the expression 
£dm(Zfi—Yy) becomes 


jj ^dodpdy(p+ d £a+ 8 ^ fgy) {^( Z +^ 


fy.dT ^Y^.dY VI 

~ Y [ Y+ dx a+ tyP + ~te Y )f 


N° w fffadadfidy— 0 the centre of the sphere being the centre 
of gravity of the volume / fJfiy dad fitly=0, etc , and, if dr=dadfidy. 


fff a 2 d T=ffffMT=fSSy*dT= l f//(a*+jS*+ y 2 )dr 


— i 
3 


£ 


47rr'W== x V7rr 5 . 


The expression for the moment then becomes, neglecting higher 
powers of a, fi, y } 




| 47rr 6 

lb 9 


and, m order that this may be evanescent, we must have 

l y ( P Z)=l( P Y). 


23. Fluid at rest under the action of gravity. 

Taking the axis of z vertical, and measuring z downwards, 

X=0, 7=0, Z=g, 

and the equation (1) of Art 13 becomes 

dp=gpdz, 


an equation which may also be obtained directly by considering 
the equilibrium of a small vertical cylinder. 
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In the case of homogeneous liquid, 
p=gpz+C, 

and the surfaces of equal pressure are horizontal planes. 

Hence the free surface is a horizontal plane, and, taking the 
origin in the free surface, and II as the external pressure, 

p=gpz+ II. 

If there be no pressure on the free surface, 


p=gpz, 

or the pressure at any point is proportional to the depth below the 
surface. 

In the case of heterogeneous liquid, the equation 
dp=gpdz 

shows that p must be a function of z. The density and pressure 
are therefore constant for all points in the same horizontal plane. 
As an example, let p oc z n =jLiz n , 

Z n+1 


then 


v=m- 


n-\~ 1 


+ 11 . 


24. Elastic fluid at rest under the action of gravity. 

In this case, p=kp, 


and 


*4 dz, 
p k 

,PJP 


:. log 7 t =y and p—Ce k . 

G /c 

The surfaces of equal pressure are in this case also horizontal 
planes, and the constant G must be determined by a knowledge of 
the pressure for a given value of z, or by some other fact in con¬ 
nection with the particular case. 

Example. A closed cylinder , the axis of which is vertical , contains a given 
mass of air. 

Measuring z from the top of the cylinder, 

V OP 

. \ if If be the given mass, a the radius, and h the height of the cylinder, 

fh Q — 

M= I Qjia*dz=na 2 (e k — l), 

Jo 9 


whence C is determined. 
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25. Illustrations of the use of the general equation . 

(1) Let a given volume V of liquid be acted upon by forces 


__lfx 

a 2 ' c*’ 


respectively parallel to the axes ; 


then 

and 


p 0 2 \o ,+ 6 ,+ c > / 


The surfaces of equal pressure are therefore 
equation to the free surface is 

X 1 y l z l- 2 £ 

o a ^"6 ! ^"c a_ jUg’ 

assuming that there is no external pressure. 

The condition which determines the constant 
fluid is given, and we have 


and 



similar ellipsoids, and the 


is that the volume of the 


(2) A given volume of liquid is at rest on a fixed plane , under the action of a 
force , to a fixed point in the plane, varying as the distance. 

Taking the fixed point as origin, the expression for the pressure at any 
point is 

iJ=0— |/ig(x a + 3 / a +z a )=C— £/ipr a . 


where r is the distance from the origin ; and if \tw? be the given volume, the 
free surface is a hemisphere of radius a , and 

?=i“ <?(«*-r a )- 


The portion of the plane in contact with fluid is a circle of radius a, and 
therefore the pressure upon it 

f 2* / 

pr dd dr 


= infiQa*. 

This result may be written in the form p%a • Inga*, which is the expression 
for the attraction on the whole mass of fluid, supposed to be condensed into a 
material particle at its centre of gravity, and might in fact have been at once 
obtained by considering that the fluid is kept at rest by the attraction to the 
centre of force and the reaction of the plane. 

(3) A given volume of heavy liquid is at rest under the action of a force to a 
fixed point varying as the distance from that point. 

Take the fixed point as origin, and measure z vertically downwards; 

then X——fxx y Y=—/uy, and Z=g—pz ; 

.\ dp— ni — uxdx— uvdu+(Q— uz)dz). 
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and 


?=c- 


z'+y'+z ', 

-A*-5-f-? 2 - 


e • 2 

The surfaces of equal pressure are spheres, and the free surface, supposing 
the external pressure zero, is given by the equation 

2o 2 G 

x > + yt + z 2_J z= 

r r* 

The volume of this sphere is 



equating this to the given volume, the constant G is determined, and the 
pressure at any point is then given in terms of r and z. 


Rotating Fluids. 

26. If a quantity of fluid revolve uniformly and without any 
relative displacement of its particles (i.e. as if rigid) about a fixed 
axis, the preceding equations will enable us to determine the pres¬ 
sure at any point, and the nature of the surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle of the 
fluid moves uniformly in a circle, and the resultant of the external 
forces acting on any particle m of the fluid, and of the fluid pressure 
upon it, must be equal to a force ma> 2 r towards the axis, w being 
the angular velocity, and r the distance of m from the axis ; it 
follows therefore that the external forces, combined with the fluid 
pressures and forces mooPr acting from the axis, form a system in 
statical equilibrium, to which the equations of the previous articles 
are applicable. 

A mass of homogeneous liquid , contained in a vessel , revolves 
uniformly about a vertical axis; required to determine the pressure 
at any point , and the surfaces of equal pressure . 

Take the vertical axis as the axis of z ; then, resolving the force 
mo) 2 r parallel to the axes, its components are mo> 2 x and ma> 2 y, and 
the general equation of fluid equilibrium becomes 
dp=p(tu 2 xdx+co 2 ydy—gdz), 
and therefore p=p{^oj 2 (x 2 +y 2 )—gz}+G. 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free surface is 
given by the equation 

OTT 

coV+y 2 )-2^+—, 

P P 

where II is the external pressure. 

The constant must be determined by help of the data of each 
particular case. 
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For instance, let the vessel be closed at the top and be just 
filled with liquid, and let 11=0 ; then, taking the origin at the 
highest point of the axis, p= 0 when x , y, and z vanish, and therefore 
(7=0, and 

p=p{la) 2 (x 2 +y 2 )-gz}. 

27. Next consider the case of elastic fluid enclosed in a vessel 
which rotates about a vertical axis ; 
as before dp=p{a) 2 (xdx+ydy)— gdz), 

and p=kp ; 

Jfclog p=lw 2 (x 2 +y 2 )—gz+C, 

so that the surfaces of equal pressure and density are paraboloids. 

Let the containing vessel be a cylinder rotating about its axis, 
and suppose the whole mass of fluid given ; then, to determine the 
constant, consider the fluid arranged in elementary horizontal 
rings each of uniform density : let r be the radius of one of these 
rings at a height z, Sr its horizontal and 8 z its vertical thickness, h 
the height, and a the radius of the cylinder : 

the mass of the ring=27r/)rSrSz, 
and the whole mass (M) of the fluid =J J 2tt prdzdr, 


the origin being taken at the base of the cylinder. 


wV- 


Now 


p—e* . e 


an equation by which C is determined. 


28. In general the equation of equilibrium for a fluid revolving 
uniformly and acted upon by forces of any kind is 

dp=p{Xdx+ Ydy+Zdz+a) 2 (xdx+ydy)}. 

In order that the equilibrium may be possible, three equations 
of condition must be satisfied, expressing that dp is a perfect 
differential, and, if these conditions are satisfied, the surfaces of 
equal pressure, and, in certain cases, the free surface can be deter¬ 
mined ; but it must be observed that a free surface is not always 
possible. In fact, in order that there may be a free surface, the 
surfaces of equal pressure must be symmetrical with respect to the 
of rnto+inn 
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EXAMPLES 


1. A closed tube in the form of an ellipse with its major axis vertical is 
filled with three different liquids of densities g lf g 2 , g a respectively. If the 
distances of the surfaces of separation from either focus be r lf r 2 , r 8 respec 
tively, prove that 

*•1(62—e.J+^ea—ei)+ r s(ei—e2)=°- 

2. Find the surfaces of equal pressure when the forces tend to fixed centres 
and vary as the distances from those centres. 

3. Prove that if the forces per unit of mass at x , y, z parallel to the axes 
are 

y(a-z), x(a-z), xy, 

the surfaces of equal pressure are hyperbolic paraboloids and the curves of 
equal pressure and density arc rectangular hyperbolas. 

4. In a solid sphere two spherical cavities, whose radii are equal to half 
the radius of the solid sphere, arc filled with liquid; the solid and liquid 
particles attract each other with forces which vary as the distance: prove 
that the surfaces of equal pressure are spheres concentric with the Bolid sphere. 

5. Show that the forces represented by 

X=fj.[y 2 +yz+z 2 ), Y=y(z 2 -\-zx-\-x z ), Z=[i{x z +xy-\-y 2 ) 


will keep a mass of liquid at rest, if the density oc 


from the plane 


’ (dist.) 2 

x-\-y-\-z —0 ; and the curves of equal pressure and density will be circles. 

6. If a conical cup be filled with liquid, the mean pressure at a point in the 
volume of the liquid is to the mean pressure at a point in the surface of the cup 

as 3:4. 


7. A mass of fluid rests upon a plane subject to a central attractive force 
Utr 2 , situated at a distance c from the plane on the side opposite to that on 
which the fluid is ; and a is the radius of the free spherical surface of the fluid : 
show that the pressure on the plane 

— 7iQ[i(a-~c) 2 /a . 

8. Find the surfaces of equal pressure for homogeneous fluid acted upon 
by two forces which vary as the inverse square of the distance from two fixed 
points. 

Prove that if the surface of no pressure be a sphere, the loci of points at 
which the pressure varies inversely as the distance from one of the centres of 
force are also spheres. 

9. If the components parallel to the axes of the forces acting on an element 
of fluid at (x t y, z ) be proportional to 

y 2 +2fyz+z* t z 2 +2ixzx+x\ x 2 +2vxy+y\ 
show that if equilibrium be possible we must have 

2}.=^2fi—2v= 1. 

10. A fluid is in equilibrium under a given system of forces ; if y, z) 

Qz=\j/(x r y 9 z) be two possible values of the density at any point, show that the 
equations of the surfaces of equal pressure in either case are given by 

y, z)-y , z)=0, 
where A is an arbitrary parameter. 

11. A hollow sphere of radius a , just full of homogeneous liquid of unit 
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density, is placed between two external centres of attractive force /U 2 /r 2 and 
yu'Vr' 2 , distant c apart, in such a position that the attractions due to them at 
the centre are equal and opposite. Prove that the pressure at any point is 

/iVr+zi'Vr'—. 

12. The density of a liquid, contained in a cylindrical vessel, varies as the 
depth; it is transferred to another vessel, in which the density varies as the 
square of the depth ; find the shape of the new vessel. 

13. A rigid spherical shell is filled with homogeneous inelastic fluid, every 
particle of which attracts every other with a force varying inversely as the 
square of the distance; show that the difference between the pressures at the 
surface and at any point within the fluid varies as the area of the least section 
of the sphere through the point. 

14. An open vessel containing liquid is made to revolve about a vertical 
axis with uniform angular velocity. Find the form of the vessel and its 
dimensions that it may be just emptied. 

15. An infinite mass of homogeneous fluid surrounds a closed surface and 
is attracted to a point ( O) within the surface with a force which varies in¬ 
versely as the cube of the distance. If the pressure on any element of the 
surface about a point P be resolved along PO, prove that the whole radial 
pressure, thus estimated, is constant, whatever be the shapo and size of the 
surface, it being given that the pressure of the fluid vanishes at an infinite 
distance from the point 0. 

16. All space being supposed filled with an elastic fluid the particles of 
which are attracted to a given point by a force varying as the distance, and 
the whole mass of the fluid being given, find the pressure on a circular disc 
placed with its centre at the centre of force. 

17. A mass m of elastic fluid is rotating about an axis with uniform angular 
velocity a), and is acted on by an attraction towards a point in that axis equal 
to n times the distance, y being greater than or ; prove that the equation of a 
surface of equal density q is 

{ u(ii —co 2 )* m 2 1 

18. A mass of self-attracting liquid, of density q, is in equilibrium, the law 
of attraction being that of the inverse square : prove that the mean pressure 
throughout any sphere of the liquid, of radius r, is less by %7iQ z r z than the 
pressure at its centre. 

19. A fluid is slightly compressible according to the law 
(Q- Qo)/Qo= P(p-Po)/Po, 

where p is small: prove that a mass f r ^ 0 « 3 of the fluid will, under the action of 
its own gravitation with an external pressure p 0 , assume a spherical form of 
approximate radius a(l— ^ pmTupQjjpo), whore m is the constant of gravita¬ 
tion. 

20. A mass M of gas at uniform temperature is diffused through all space, 
and at each point ( x , y, z) the components of force per unit mass are —Ax, 
—By, — Cz . The pressure and density at the origin are p 0 and Qo respectively. 
Prove that 

ABCq 0 M 2 = 8n*p 0 \ 

21. A given mass of air is contained within a closed air-tight cylinder with 
its axis vertical. The air is rotating in relative equilibrium about the axis of 
the cylinder. The pressure at the highest point of its axis is P, and the 
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pressure at the highest points 01 its curved surface is p. Prove that, if the fluid 
were absolutely at rest, the pressure at the upper end of the axis would be 
(p—P)/{log p—log P}; where the weight of the air is taken into account. 

22. A mass of gas at constant temperature is at rest under the action of 
forces of potential xj/ at any point of space, with any boundary conditions. At 
the point whore rp is zero, the pressure is n and the density q 0 . The gas is now 
removed from the action of the forces and confined in a space so that it is at 
a uniform density p 0 . Prove that the loss of intrinsic potential energy by the 
gas, due to the expansion, is 

-Pnft 

eo/Jj <pe 11 dv; 

where the integrations are taken throughout the gas in its original state. 

23. A uniform spherical mass of liquid of density g-f-^and radius a is 
surrounded by another incompressible liquid of density q and external radius 
b . The whole is in eqtiilibrium under its own gravitation, but with no external 
pressure. Show that the pressure at the centre is 

2 2 f 2a 2 \ 

g7r(p-f(r)*a 1 4--jrg j g(a-f 6) j (6—a). 


24. A uniform spherical mass of incompressible fluid, of density q and 
radius a, is surrounded by another incompressible fluid, of density o and 
external radius b. The total fluid is in equilibrium under its gravitation, but 
with no external pressure or forces. The two fluids are now mixed into a 
homogeneous fluid of the same volume, and the mass is again in equilibrium 
in a spherical form. Prove that the pressure at the centre in the first case 
exceeds the pressure at the centre in the second case by 


3*^- ffV(i-j) l +i( e ~- - l) (i I" j) (i +£i)]. 


25. The boundary of a homogeneous gravitating solid, of density a and 
mass M, is tho surface r—a{l-f-a7\(cos 0)}, where a is a quantity so small 
that its square may be neglected. The solid is surrounded by a mass M' of 
gravitating liquid, of density q. Show that the equation to the free surface is 
approximately 

r=6{l+j0P n (cos 0)}, 


where 


fc 8 = 


_3/iT M\ 
47r\ q a )’ 


and p=3(<j— Q)a n +*a/{(2n— 2)g& 3 +(2n-{-l) (a— g)a 3 }b n . 


26. A uniform incompressible fluid is of mass M in gravitational units, 
and forms a sphere of radius a when undisturbed under the influence of its 
own attraction. It is placed in a weak field of force of gravitational potential 

+ir„(cos0), (n>l), 


where r is measured from the centre of the mean spherical surface of the 
liquid, and the squares of quantities of the type p n can be neglected. Prove 
that the equation of the free surface is 


IS’’.'-«■ 


27. Prove that the pressure at the centre of the Earth, if it were a homo¬ 
geneous liquid, would be lb. per square foot, where Q is the mass in pounds 
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of a cubic foot of the substance of the Earth and a is the Earth’s radius in 
feet. 

28. The density of a gravitating liquid sphere of radius a at any point 
increases uniformly as the point approaches the centre. The surface density 
is Q 0 and the mean density is q. Prove that the pressure at the centre is 

%na 2 {lOQ($-Q 0 )+SQ 0 2 }. 

29. In a gravitating fluid sphere of radius a the surfaces of equal density 
are spheres concentric with the boundary, and the density increases from 
surface to centre according to any law. Prove that the pressure at the centre 
is greater than it would be if the density were uniform by 

%ny( (Q't—Q^rdr, 

Jo 

where q denotes the mean density of the whole mass, q' the mean density of 
that portion which is within a distance r of the centre, and y is the constant 
of gravitation. 


3 



CHAPTER III 

THE RESULTANT PRESSURE OF FLUIDS ON SURFACES 

29. In the preceding Chapter we have shown how to investi¬ 
gate the pressure at any point of a fluid at rest under the action 
of given forces ; we now proceed to determine the resultants of the 
pressures exerted by fluids upon surfaces with which they are in 
contact. 

We shall consider, first, the action of fluids on plane surfaces, 
secondly, of fluids under the action of gravity upon curved surfaces, 
and thirdly, of fluids at rest under any given forces upon curved 
surfaces. 


Fluid Pressures on Plane Surfaces 

The pressures at all points of a plane being perpendicular to it, 
and in the same direction, the resultant pressure is equal to the 
sum of these pressures. 

Hence, if the fluid be incompressible and acted upon by gravity 
only, the resultant pressure on a plane 

= ZgpzdA , 

where z is the depth of a small element dA of the area of the plane 

=gpzA, 

where A is the whole area and z the depth of its centroid. 

In general, if the fluid be of any kind, and at rest under the 
action of any given forces, take the axes of x and y in the plane, 
and let p be the pressure at the point ( x , y). 

The pressure on an element of area 8xSy=pSxSy : 

the resultant pressu ie=ffpdxdy, 

the integration extending over the whole of the area considered. 

If polar co-ordinates be used, the resultant pressure is given by 
the expression 

ffprdrdff . 

26 
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30. Def. TAe centre of pressure is the point at which the 
direction of the single force , which is equivalent to the fluid pressures 
on the plane surface , meets the surface . 

The centre of pressure is here defined with respect to plane 
surfaces only; it will be seen afterwards that the resultant action 
of fluid on a curved surface is not always reducible to a single 
force. 

In the case of a heavy fluid, it is clear that the centre of pressure 
of a horizontal area, the pressure on every point of which is the same, 
is its centroid; and, since pressure increases with the depth, the 
centre of pressure of any plane area, not horizontal, is below its 
centroid. 

To obtain formula for the determination of the centre of pressure 
of any plane area . 

Let p be the pressure at the point ( x , y), referred to rectangular 
axes in the plane, z+8x, y+by, the co-ordinates of an adjacent 
point, 

x, y , co-ordinates of the centre of pressure. 



Then y . ffpdydx— moment of the resultant pressure about OX 
=the sum of the moments of the pressures on 
all the elements of area about OX 
= XpSySx . y 
^ffpydydx; 

. .-._!fw d y dx 

•' y ~ jfpdydx ’ 

, . , _ (Jpxdydx 

and similarly 

the integrals being taken so as to include the area considered. 
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If polar co-ordinates be employed, a similar process will give 
the equations 

__/ fpr 2 cos 8drd0 -_ffpr 2 sin OdrdQ 
X JJprdrdd ’ y JJprdrdd * 


81. If the fluid be homogeneous and inelastic, and if gravity be 
the only force in action, 


p=gph, 


where h is the depth of the point P below the surface; 
obtain 


_ fJhxdydx 
X ~]fhdydx ’ 


y 


Ijhydydx 
J fhdydx 


and we 

• a) 


It is sometimes useful to take for one of the axes the line of 
intersection of the plane with the surface of the fluid : if we take 
this line for the axis of x, and 0 as the inclination of the plane to 
the horizon, p=gpy sin 0 , and therefore 


-^fj rydydx jfy 2 dydx 
jjydydx 9 y ffydydx 


( 2 ) 


From these last equations (2) it appears that the position of 
the centre of pressure is independent of the inclination of the plane 
to the horizon, so that if a plane area be immersed in fluid, and 
then turned about its line of intersection with the surface as a 
fixed axis, the centre of pressure will remain unchanged. 

If in the equations (1) we make h constant, that is, if we sup¬ 
pose the plane horizontal, x and y are the co-ordinates of the centroid 
of the area, a result in accordance with Art. 30; but, in the equations 
(2), the values of x and y are independent of 0, and are therefore 
unaffected by the evanescence of 6. This apparent anomaly is 
explained by considering that, however small 6 be taken, the portion 
of fluid between the plane area and the surface of the fluid is always 
wedge-like in form, and the pressures at the different points of the 
plane, although they all vanish in the limit, do not vanish in ratios 
of equality, but in the constant ratios which they bear to one 
another for any finite value of 9. 

The equations of this article may also be obtained by the follow¬ 
ing reasoning. 

Through the boundary line of the plane area draw vertical lines 
to the surface enclosing a mass of fluid ; then the reaction of the 
plane, resolved vertically, is equal to the weight of the fluid, which 
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acts in a vertical line through its centre of mass ; and the point in 
which this line meets the plane is the centre of pressure. 

Taking the same axes, the weight of an elementary prism, 
acting through the point ( x , y), is gphSxSy cos 6, where 0 is the in¬ 
clination of the plane to the horizon; and therefore the centre of 
these parallel forces acting at points of the plane is given by the 
equations 


/fgpM cos ddydx 
jJgph cos ddydx ’ 
_/jhxdydx 
Jjhdydx ’ 


___/jgphy cos ddydx 
^ f Igph cos ddydx 9 
jjhydydx 
y jjhdydx ' 


Hence it appears that the depth of the centre of pressure is 
double that of the centre of mass of the fluid enclosed. 

32. The following theorem determines geometrically the position 
of the centre of pressure for the case of a heavy liquid. 

If a straight line be taken in the 'plane of the area , parallel to the 
surface of the liquid and as far below the centroid of the area as the 
surface of the liquid is above , the pole of this straight line with respect 
to the momental ellipse at the centroid whose semi-axes are equal to 
the principal radii of gyration at that point will be the centre of pressure 
of the area . 

Taking A for the area, and 6, a for the principal radii of gyration, 
these are determined by the equations 

Ab 2 =ffyHxdy , Aa 2 =Jj x 2 dxdy f 
and the equation of the momental ellipse is 

2? . f£_! 

the co-ordinate axes being the principal axes at the centroid. 

Let x, y be the co-ordinates of the centre of pressure, and 
x cos 0-f y sin 9=p 

the equation to the line in the surface ; 

* flip—x cos 0—y sin 6)xdxdy a 2 Q 

then x ~-7ir - a" - Lj j =- cos 

JJ(p—x cos 6—y sm 6)dxdy p 


b 2 

and similarly, y— — — sin 6 ; 

(^, y) is the pole of the line 

x cos 6+y sin 0=— p 
with respect to the momental ellipse. 
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33. Examples of the determination of centres of pressure. 

(1) A quadrant of a circle just immersed vertically in a heavy homogeneous 
liquid, with one edge in the surface . 

If Ox, the edge in the surface, be the axis of x, 


’ a rv(a*-**) 


'0 Jo 


xydxdy 


'a fs/iat—x*) 


'0 JO 


ydxdy 


- tt'fdxdy 

y ~~ JJ yfady* 


the limits of the integrations for y being the same as for x. 

jjydxdy = JJ(a 2 — x')dx= Ja®, 
\\xydxdy— \\x . (a*—x z )dx— \a*, 
rm} 

JJy 2 dxdi/==fJ(a 2 — :c 2 )lcfo== —; 




Employing polar co-ordinates and taking tho line Ox as the initial line, we 
should have p—ggr sin 6, and 


r 3 cos 0 sin OdrdO 


J f r * 8i 


sin 0drd0 


= -a, and y= 


IT** 

Jo Jo 


sin 2 BdrdQ 


lb 


sin Odrdd 




(2) A circular area, radius a, is immersed with its plane vertical, and its 
centre at a depth c. 

Take the centre as the origin, and the vertical downwards from the centre 
as the initial line ; then if p bo the pressure at the point (r, 0), 

p=gq(c+r cos 0), 

and the depth below the centre of the centre of pressure 

^Jo Jo r * C0S 008 tydfdfi a% 

2 

It will be seen that this result is at once given by the theorem of Art. 32. 

(3) A vertical rectangle, exposed to the action of the atmosphere at a constant 


if 


r(c+r cos 0)drdd 


"4c 


If n be the atmospheric pressure at the base of the rectangle, the pressure 

J 3 - 

at a height z is Tie k . Art. 24, and if h denote the breadth, the pressure upon 
a horizontal strip of the rectangle 

_q* 

— Tie k b8z, 

the resultant pressure, if a be the height, 

fa - 9 - bhf 

= / ne k bdz=u—( 1—e 
Jo 9\ 
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and the height of the centre of pressure 

fa _££ 

I ze kdz _ 

_Jo _h a 

J ” f a J 3 - 9 22 

I e *dz e k —1 

o 

(4) A hollow cube is very nearly filled with liquid, and rotates uniformly 
about a diagonal which is vertical; required to find the pressures upon, and the 
centres of pressure of, its several faces . 



I. For one of the upper faces A BCD, 

take AD, AB, as axes of x and y; z, r, the vertical and horizontal distances 
of any point P ( x, y) from A, 


then -= JcoV+gfz, 

x-^-y 

z= "^/ 3 » projecting the broken line ANP on AE, 
r'^AP'—z'^x'+y'—z^Kx'+yt—xy) ; 
the pressure (P) on ABCD= jf pdydx 

-6 • // ■^{x t +y*-xy)+-^{x+y)}dydx 

=e{!“‘ <u ’ + V3 a5 }- 

The centre of pressure is given by the equations 

* P =!/P=ef 0 j 0 x\^x'+y t -xy)+^(x+y)^dydx 


x=y—a • 


21^+3 -v/Sco’a 
360+6V3coV 
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II. For one of the lower faces ECDF , 
take EF, EC as axes, then, for a point Q, 


and the rest of the process is the same as in the first case. 

(5) A quadrant of a circle is just immersed vertically , with one edge in the 
surface, in a liquid, the density of which varies as the depth . 

Taking Ox as the edge in the surface, Q—juy and p~ipgy*; the centre of 
pressure is therefore given by the equations 


a r'/a'-x* 


xy 2 dxdy 


, and y= 


//■ 


y 3 dxdy 


r r t y — . . , 

/ y 2 dxdy / jy 2 dxdy 


or, in polar co-ordinates, 

9 

n r 4 sin 2 0 cos Odrdd 

i 


ffr 3 si: 


, and y- 


ffr* si 


sin 8 Odrdd 


sin 2 Odrdd 


J jr 3 si 


sin 2 Odrdd 


and it will be found that 


_ 16a 32a 

x=rr~~ and y—777-. 
15^ * I5n 


34. Let G be the centre of gravity and C the centre of pressure 
of a plane area A which is moved parallel to itself so that the depth 
of G is increased from z to z+h, and let G\ C* be the new positions 
of G y C . Then the pressure at every point of A is increased by the 
same amount gph and the resultant pressure is therefore increased 
by adding a force gphA, acting at (?', to the original resultant 
gpzA which acts at C\ so that the new centre of pressure C" is on 
G'C' and divides it so that 

VC : G’C=2 : z+h. 

If a given plane area turn in its own plane about a fixed point, 
the centre of pressure changes its position and describes a curve 
on the area. 

If AB is the line of intersection of the plane area with the sur¬ 
face, the distance of the centre of pressure from AB is independent 
of the inclination of the area to the vertical (Art. 31). 

We may therefore take the area to be vertical. 
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Let h be the depth of the fixed point 0, and let Ox, Oy be axes 
fixed in the area. 



Then, if 0 is the inclination of Ox to the horizontal, 
j)=gp(h—x sin 0—y cos 6). 

___/ fjpxdxdy_a+b sin 0+c cos 0 
JJpdxdy d+e sin 0+/eos 0 * 

, sin 0+c' cos 0 

an ^ d+e sin 0+f cos 0 9 

a, b, d , etc., being known constants, and the elimination of 0 gives 
a conic section as the locus of the centre of pressure. 

Resultant Pressures on Curved Surfaces 

35. To find the resultant vertical pressure on any surface of a 
homogeneous liquid at rest under the action of gravity . 

PQ being a surface exposed to the action of a heavy liquid, let 
AB be the projection of PQ on the 
surface of the liquid. 

The mass AQ is supported by the 
horizontal pressure of the liquid and 
by the reaction of PQ ; this reaction 
resolved vertically must be equal to 
the weight of AQ, and conversely, the 
vertical pressure on PQ is equal to the 
weight of AQ, and acts through its 
centre of mass. 

If PQ be pressed upwards by the 
liquid as in the next figure, produce the surface, project PQ on 
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it as before, suppose the space AQ to be filled with liquid of the 
same kind, and remove the liquid from the inside. 

Then the pressures at all points of PQ are the same as before, 

but in the contrary direction, 
and since the vertical pressure 
in this hypothetical case is 
equal to the weight of AQ , it 
follows that in the actual case, 
the resultant vertical pressure 
upwards is equal to the weight 
of AQ. 

If the surface be pressed 
partially upwards and partially 
downwards, draw through P, the 
highest point of the portion of surface considered, a vertical plane 
PR, and let ACB be the projection of PSQ on the surface of the 
liquid. 


M 

Then the resultant vertical pressure on PSR 

=the weight of the liquid in PSR, 
and on RQ= . CQ, 

and the whole vertical pressure=the weight of the liquid in CQ+ 
the weight of the liquid in PSR. 

This might also have been deduced from the two previous cases, 
for PR can be divided by the line of contact of vertical tangent 
planes into two portions PS, SR, on which the pressures are re¬ 
spectively upwards and downwards ; and since 

pressure on PS ='weight of liquid APS, 
and. SR= . ASR, 

the difference of these, i.e . the vertical pressure on P&B=weight of 
fluid PSR . 
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In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to the 
case of a heterogeneous liquid (in which the density must be a func¬ 
tion of the depth, since surfaces of equal pressure are surfaces of 
equal density), provided we consider that the hypothetical extension 
of the liquid follows the same law of density. 

36, To find the resultant horizontal pressure , in a given direction , 
on a surface PQ. 

Project PQ on a vertical plane perpendicular to the given direc¬ 
tion, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq , the 
resultant horizontal pressure on PQ , and forces in vertical planes 
parallel to the plane pq. 



Hence the horizontal pressure on PQ is equal to that on pq , and 
acts in the same straight line, i.e. through the centre of pressure of pq. 

Hence, in general, to determine the resultant fluid pressure on 
any surface, find the vertical pressure, and the resultant horizontal 
pressures in two directions at right angles to each other. These 
three forces may in some cases be compounded into a single force, the 
condition for which may be determined by the usual methods of 
Statics. 

Example. A hemisphere is filled with homogeneous liquid: required to find 
the resultant action on one of the four portions into which it is divided by two 
vertical planes through its centre at right angles to each other. 

Taking the centre 0 as origin, the bounding horizontal radii as axes of 
x and y, and the vertical radius as the axis of z, the pressure parallel to a: is 
equal to the pressure on the quadrant yOz, which is the projection, on a plane 
perpendicular to Ox, of the curved surface. 

Therefore, the pressure parallel to Ox 

na % 4 a 1 
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and the co-ordinates of its point of action are 

(0, \a, f E 7ia), Art 33, Ex. 1; 

similarly, the pressure parallel to Oy—lgga 3 , and acts through the point 

(la, 0, ^na). 

The resultant vertical pressure=the weight of the liquid = \gQ7W?, and 
acts in the direction of the line x—y— la. 

The directions of the three forces all pass through the point 

(|a, is™)* 

and they are therefore equivalent to a single force 

i^V(^ a +8) 

. 3 3 2/ 3 \ 

in the hne x— ~a= y— -a— ^ z- ^na L 

2 

or z=y—-~z, 

71 

a straight line through the centre, as must obviously be the case, since all the 
fluid pressures are normal to the surface. The point in which it meets the 
surface of the hemisphere may be called “ the centre of pressure.*’ 

37. To find the resultant pressure on the surface of a solid either 
wholly or partially immersed in a heavy liquid . 

Suppose the solid removed, and the space it occupied filled with 
liquid of the same kind ; the resultant pressure upon it will be the 
same as upon the original solid. But the liquid mass is at rest under 
the action of its own weight, and the pressure of the liquid surround¬ 
ing it: the resultant pressure is therefore equal to the weight of the 
liquid displaced, and acts in a vertical line through its centre of mass. 

The same reasoning evidently shows that the resultant pressure 
of an elastic fluid on any solid is equal to the weight of the elastic 
fluid displaced by the solid. 

This result may also be obtained by means of Arts. 35 and 36, 
as follows : Draw parallel horizontal lines touching the surface, 
and forming a cylinder which encloses it; the curve of contact 
divides the surface into two parts, on which the resultant horizontal 
pressures, parallel to the axis of the cylinder, are equal and opposite ; 
the horizontal pressures on the solid therefore balance each other 
and the resultant is wholly vertical. To determine the amount of 
the resultant vertical pressure, draw parallel vertical lines touching 
the surface, and dividing it into two portions on one of which the 
resultant vertical pressure acts upwards, and on the other down¬ 
wards ; the difference of the two is evidently the weight of the fluid 
displaced by the solid. 
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38. If a solid of given volume (F) be completely immersed in 
a heavy liquid, and if the surface of the solid consist partly of a 
curved surface and partly of known plane areas, the resulting 
pressure on the curved surface can be determined. 

For the plane areas being knotfn in size and position, we can 
calculate the resultant horizontal and the resultant vertical pressure, 
X and Y, upon those areas ; and, since the resulting pressure on the 
whole surface is vertical and equal to gpV upwards, it follows that 
the resultant horizontal and vertical pressures on the curved surface 
are respectively equal to X and gpV—Y. 

Example. A solid is formed by turning a circular area round a tangent line 
through an angle 0, and this solid is held under water with its lower plane face 
horizontal and at a given depth h. 

In this case, 

V=na 3 0, X=go7ia*(h—a sin 0) sin 0, 
and Y—gQ7ia 2 {h—h cos 0-fa sin 0 cos 0). 


39. To find the resultant pressure on any surface of a fluid at 
rest under the action of any given forces. 

Let p be the pressure, determined as in Chapter II, at any 
point ( x , y , z) of a surface, S, exposed to the action of a fluid. Let 
l, m, n be the direction-cosines of the normal at the point (x, y , z). 

Let 8S be an element of the surface about the same point. 
The pressures on this element, parallel to the axes, are 

lp8S, mp8S , np8S, 

.\ if X, Y, Z, and L, M } N, be the resultant pressures parallel to 
the axes, and the resultant couples, respectively, 


Z=jjZpd£, Y^mpdS, Z=^npdS, 

L ~ ~ mz)dS , 

M =Jj p(lz — nx)dS y 
N=Qp{mx—ly)dS, 


the integrations being made to include the whole of the surface 
under consideration. 

These resultants are equivalent to a single force if 


XL+YM+ZN=0. 
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40. The surface may be divided into elements in three different 
ways by planes parallel to the co-ordinate planes. 

Thus, 8zSy=projection of SS on xy=nhS ; 

and .-. Z—JJpdxdy ; and similarly, X—jjpdydz, and Y=jjpdzdx t 
L—jfp(ydxdy—zdzdx) 

=JJp{ydy-zdz)dx, 

M=ffp(zdz—xdx)dy t 
N—Jfp(xdx—ydy)dz. 

41. If the fluid be at rest under the action of gravity only, 
and the axis of z be vertical, p is a function of z , <f> (z) suppose, and 
therefore 

X=fjcf>{z)dydz , 

which is evidently the expression for the pressure, parallel to cc, 
upon the projection of the given surface on the plane yz ; and 
similarly Y is equal to the pressure upon the projection on xz. 

Again, if the fluid be incompressible and acted upon by gravity 
only, pSxSy is equal to the weight of the portion of fluid contained 
between 8 S and its projection on the surface of the fluid ; 

.*. Z, or jfpdxdy, is the weight of the superincumbent fluid. 

These results accord with those previously obtained, Arts. 35 
and 36. 

42. When the surface S is closed, as for example the surface of a 
solid body, it is sometimes convenient to use Green’s Theorem to 
transform the surface integrals of Art. 39 into volume integrals 
through the space bounded by S . The forces and couples then 
become 

X== \\\fx dxdydz ’ 

and two similar equations, and 

and two similar equations; when p is the value of the pressure 
function at the point (x } y , z) of the enclosed space supposed to con¬ 
tain fluid with the same law of pressure as the surrounding fluid. 

43. If a solid body be wholly or partially immersed in any 
fluid which is at rest under the action of given forces, the resultant 
fluid pressure on the body will be equal to the resultant of the forces 
which would act on the displaced fluid. 
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For we can imagine the solid removed and the gap filled up 
with the fluid, which will be in equilibrium under the action of 
the forces and the pressure of the surrounding fluid; and the 
resultant pressure must be equal and opposite to the resultant of 
the forces. 

In filling up the gap with fluid, the law of density* must be 
maintained, that is, the surfaces of equal density must be con¬ 
tinuous with those of the surrounding fluid. 

EXAMPLES 

1. A heavy thick rope, the density of which is double the density of water, 
is suspended by one end, outside the water, so as to be partly immersed; find 
the tension of the rope at the middle of the immersed portion. 

2 A hollow sphere of radius a is just filled with water ; find the resultant 
vertical pressures on the two portions of the surface divided by a plane at depth 
c below the centre. 

3. A vessel in the form of a regular pyramid, whose base is a plane polygon 
of n sides, is placed with its axis vertical and vertex downwards and is filled 
with fluid Each side of the vessel is movable about a hinge at the vertex, 
and is kept in its place by a string fastened to the middle pomt of its base and 
to the centre of the polygon; show that the tension of each stnng is to the 
whole weight of the fluid as 1 to n sm 2a, where a is the inclination of each side 
to the horizon. 

4. If an area is bounded by two concentric semicircles with their common 
bounding diameter m the free surface, prove that the depth of the centre of 
pressure is 

&n(a+b)(a'+b*)/(a'+b'+ab), 
where a and b are the radn. 

5. A square lamina A BCD, which is immersed m water, has the side AB 
m the surface ; draw a hne BE to a point E m CD such that the pleasures on 
the two portions may be equal. Prove that, if this be the case, the distance 
between the centres of pressure : the side of the square :: V505 :48. 

6. A semicircular lamma is completely immersed m water with its plane 
vertical, so that the extremity A of its bounding diameter is m the surface, and 
the diameter makes with the surface an angle a. Prove that if A be the 
centre of pressure and 6 the angle between AE and the diameter, 

37t+16tana 
16-j- 15 jt tan a 

7. A plane area immersed in a fluid moves parallel to itself and with its 
centre of gravity always in the same vertical straight hne. Show (1) that the 
locus of the centres of pressure is a hyperbola, one asymptote of which is the 
given vertical, and (2) that if a, a+h, a+h', a+h” be the depths of the o.o. in 
any positions, y, y-{-k, y+k', y+k* those of the centre of pressure m the same 
positions, then 

k 9 h t h(k-h) =0. 
h\ h\ K\k'-W) 
k\ h\ 
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8. A right cone is totally immersed in water, the depth of the centre of its 
base being given. Prove that, P, P', P" being the resultant pressures on its 
convex surface, when the sines of the inclination of its axis to the horizon are 
8, 8 ', 8* respectively, 

P 2 (s'-s // )+P /2 («"-s)+P" a («-O=0. 

9. A quantity of liquid acted upon by a central force varying as the distance 
is contained between two parallel planes; if A, B be the areas of the planes in 
contact with the fluid, show that the pressures upon them are in the ratio 
A*: B\ 


10. A solid sphere rests on a horizontal plane and is just totally immersed 
in a liquid. It is then divided by two planes drawn through its vertical 
diameter perpendicular to each other. Prove that if q be the density of the 
solid, a that of the fluid, the parts will not separate provided a> Jg. 

11. A closed cylinder, very nearly filled with liquid, rotates uniformly 
about a generating line, which is vertical; find the resultant pressure on its 
curved surface. 

Determine also the point of action of the pressure on its upper end. 

12. Show that the depth of the centre of pressure of the area included 
between the arc and the asymptote of the curve 


( r—a ) cos 6=b 


. « 
18 4 


3M-j-166 
37r5-f-4a 9 


the asymptote being in the surface and the plane of the curve vertical. 

13. If a plane area immersed in a liquid revolve about any axis in its own 
plane, prove that the centre of pressure describes a straight fine in the plane. 

14. A solid is formed by turning a parabolic area, bounded by the latus 
rectum, about the latus rectum, through an angle 0 ; and this solid is held 
under water, just immersed, with its lower plane face horizontal. Prove that, 
if <p be the inclination to the horizon of the resultant pressure on the curved 
surface of the solid, 


3 sin 2 0 tan 0=5 sin 0—3 sin 0 cos 0—20. 


15. A given area is immersed vertically in a heavy liquid and a cone is 
constructed on it as base, the cone being wholly immersed : find the locus of 
the vertex when the resultant pressure on the curved surface is constant, and 
show that this pressure is unaltered by turning the cone round the horizontal 
line drawn through the centre of gravity of the base perpendicular to the 
plane of the base. 


16. A vessel in the form of an elliptic paraboloid, whose axis is vertical. 


x % y % z 

and equation is divided into four equal compartments by its 


principal planes. Into one of these water is poured to the depth h ; prove 
that, if the resultant pressure on the curved portion be reduced to two forces, 
one vertical and the other horizontal, the lino of action of the latter will pass 
through the point (^a, T 5 g 5, f h). 

17. A regular polygon wholly immersed in a liquid is movable about its 
centre of gravity; prove that the locus of the centre of pressure is a sphere. 

18. A hemispherical bowl is filled with water, and two vertical planes are 
drawn through its central radius, cutting off a semi-lune of the surface; if 2a 
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be the angle between the planes, prove that the angle which the resultant 
pressure on the surface makes with the vertical 

-->" 01 -“} 

19. A volume £na 3 of fluid of density q surrounds a fixed sphere of radius 
b and is attracted to a point at a distance c(<b) from its centre by a force pr 
per unit mass ; supposing the external pressure zero, find the resultant pressure 
on the fixed sphere. 

20. A vessel in the form of a surface of revolution has the following 
property; if it be placed with its axis vertical, and any quantity of water 
be poured into it, the resultant vertical pressure has a constant ratio to the 
resultant horizontal pressure on either of the portions into which the surface 
is divided by a vertical plane through its axis ; find the form of the surface. 

21. Find the equation of a curve symmetrical about a vertical axis, such 
that, when it is immersed with its highest point at half the depth of its lowest, 
the centre of pressure may bisect the axis. 

22. A rectangular area is immersed in compressible liquid with its plane 
vertical and one side in the surface, where the pressure is zero. Show that, if 
the density is a linear function of the pressure, the depth of the centre of 
pressure is 

a ( m ~ 1 )gi+(l~|^ 8 )go 
m l)g 0 ' 


where a is the length of the vertical side, g 0 » gi are the densities at the top and 
bottom of the area, and 

m=log (Qi/q 0 ). 


23. A cubical box of side a has a heavy lid of weight W movable about 
one edge. It is filled with water, and hold with the diagonal through one 
extremity of this edge vertical. If it be now made to rotate with uniform 
angular velocity co, show that, in order that no water may be spilled, W must 
not be less than 


\6 + 2V3 g r ’ 


if W' is the weight of the water in the box. 


24. A small solid body is held at rest in a fluid in which the pressure p 
at any point is a given function of the rectangular co-ordinates x, y,z; prove 
that the components of the couple which tends to make it rotate round the 
centre of gravity of its volume are 




d*p 

dzdx 9 


and two similar expressions, where A , B f C, D, E, F are the moments and 
products of inertia of the volume of the solid with respect to axes through the 
centre of gravity. 


2*> A mass of homogeneous liquid is at rest under the action of forces whose 
potential is a quadratic function of rectangular co-ordinates, so that the 
surfaces of equipressure are ellipsoids. Show that, if a body of any shape is 
held immersed in the liquid, the resultant thrust on the body may be repre¬ 
sented as a force acting through Q, the centroid of its volume, and directed 
along the normal to the surface of equipressure through 0, together with a 

4. 
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couple which depends on the orientation of the body but not on the position 
of 0 in the liquid. 

26. A rigid spherical shell of radius a contains a mass M of gas in which 
the pressure is k times the density, and the gas is repelled from a fixed external 
point 0 (distant c from the centre) with a force per unit of mass equal 
to ^/(distance). Prove that the resultant pressure of the gas on the shell is 

kM 6c 2 —a* 
c 5c 2 -fa 2 ' 

27. A vessel full of water is in the form of an eighth part of an ellipsoid 
(axes a, b, c), bounded by the three principal planes. The axis c is vertical, 
and the atmospheric pressure is neglected. Prove that the resultant fluid 
pressure on the curved surface is a force of intensity 

j5e{w+«v+i(iwv}‘. 

28. A hollow ellipsoid is filled with water and placed with its a-axis making 
an angle a with the horizontal and its c-axis horizontal. Prove that the fluid 
pressure on the curved surface on either side of the vertical plane through the 
a-axis is equivalent to a wrench of pitch 

3c sin a cos a a 2 — b* 

2 4c 2 +9(a 2 sin 2 a-f-6 2 cos 2 a)* 

29. The angular points of a triangle immersed in a liquid whose density 
varies as the depth are at distances a, ft y respectively below the surface, show 
that the centre of pressure is at a depth 

3 (a+ p+y){a z +pj+y^+aPy 
6 a 2 +ft i +y 2 +a/?-j-/fy-j-ya 

30. A plane area, completely submerged in a heavy heterogeneous fluid, 
rotates about a fixed horizontal axis at depth h perpendicular to its plane. If 
the density of the fluid at depth z be equal to mz, and if the area be symmetrical 
about each of two rectangular axes meeting at the point of intersection of the 
area with the axis of rotation, prove that the locus in space of the centre of 
pressure is an ellipse with its centre at a depth 

(a 2 ^ 2 )^ 2 -^ 2 )’ 

where h 1 and k 2 are the radii of gyration of the area with respect to the axes 
of symmetry and the atmospheric pressure is 

31. Show that the pressure on any plane area immersed in water can be 
reduced to a force at the centroid of the area, and a couple about an axis in 
the plane of the area, and that the axis of this couple is perpendicular to the 
tangent at the end of the horizontal diameter of a momental ellipse at the 
centroid. 




CHAPTER IV 

THE EQUILIBRIUM OF FLOATING BODIES 

44. To find the conditions of equilibrium of a floating body . 

We shall suppose that the fluid is at rest under the action of 
gravity only, and that the body, under the action of the same 
force, is floating freely in the fluid. The only forces then which act 
on the body are its weight, and the pressure of the surrounding 
fluid, and in order that equilibrium may exist, the resultant fluid 
pressure must be equal to the weight of the body, and must act in 
a vertical direction. 

Now we have shown that the resultant pressure of a heavy 
fluid on the surface of a solid, either wholly or partially immersed, 
is equal to the weight of the fluid displaced, and acts in a vertical 
line through its centre of mass. 

Hence it follows that the weight of the body must be equal to 
the weight of the fluid displaced, and that the centres of mass of 
the body, and of the fluid displaced, must lie in the same vertical 
line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. If it be heterogeneous, the displaced fluid must 
be looked upon as following the same law of density as the sur¬ 
rounding fluid; in other words, it must consist of strata of the 
same kind as, and continuous with, the horizontal strata of uniform 
density, in which the particles of the surrounding fluid are neces¬ 
sarily arranged. 

If for instance a solid body float in water, partially immersed, 
its weight will be equal to the weight of the water displaced, together 
with the weight of the air displaced; and if the air be removed, 
or its pressure diminished by a diminution of its density or tempera¬ 
ture, the solid will sink in the water through a space depending 
upon its own weight, and upon the densities of air and water. This 

43 



44 


EQIJILIBBIUM OF A FLOATING BODY [chap, it 

may be further explained by observing that the pressure of the air 
on the water is greater than at any point above it, and that this 
surface pressure of the air is transmitted by the water to the 
immersed portion of the floating body, and consequently the 
upward pressure of the air upon it is greater than the downward 
pressure. 


45. We now proceed to illustrate the application of the above 
conditions, by discussion of some particular cases. 

Example 1 . A portion of a solid paraboloid , of given height , floats with its 
axis vertical and vertex downwards in a homogeneous liquid: required to find its 
position of equilibrium. 

Taking 4 a as the latus rectum of the generating parabola, h its height, and 
x the depth of its vertex, the volumes of the whole solid and of the portion 
immersed are respectively 2nab* and 2nax 2 ; and if g, a be the densities of 
the solid and liquid, one condition of equilibrium is 

g . 2nah 2 —o . 2 nax 2 ; 

which determines the portion immersed, the other condition being obviously 
satisfied. 


Example 2. It is required to find the positions of equilibrium of a square 
lamina floating with its plane vertical , in a liquid of double its own density. 

The conditions of equilibrium are clearly satisfied if the lamina float half 



immersed either with a diagonal vertical, 
or with two sides vertical. 

To examine whether there is any 
other position of equilibrium, let the 
lamina be held with the lino DOC in the 
surface, in which case the first condition 
is satisfied. 

But, if the angle CO A—6, and if 2 a 
be the side of the square, the moment 
about 0 of the fluid pressure, which is 
the same as the difference between the 
moments of the rectangle AK , and of 
twice the triangle QBD, is proportional to 


2a a . \a sin B—a % tan 6 • \{a sec 0-f a cos 6), 


or to sin 0(1— tan* 6), 

and this vanishes only when 0=0 or \n. 


Hence there is no other position of equilibrium. 
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Example 3. A triangular prism floats with its edges horizontal , to find its 
positions of equilibrium . 

Let the figure be a section of the prism by a vertical plane through its 
centre of gravity. 

PQ is the line of flotation and H the centre 
of gravity of the liquid displaced. When 
there is equilibrium the area APQ is to ABC 
in the ratio of the density of the prism to the 
density of the liquid, and therefore for all 
possible positions of PQ the area APQ is 
constant; hence PQ always touches, at its 
middle point, an hyperbola of which AB, AC 
are the asymptotes. 

Also HO must be perpendicular to PQ, 
and therefore since 

AH : HE—AO : OF, 

FE must be perpendicular to PQ, that is, 

FE is the normal at E to the hyperbola. 

The problem is therefore reduced to that of 
drawing normals from F to the curve. 

Lot xy—c 2 (1) 

be the equation of the curve referred to AB, AC as axes, and let 
BAC= 0, AB= 2a, AC=2b. 



Let x , y be the co-ordinates of E ; the co-ordinates of F are a, b, and the 
equation of the normal at E is 

y cos 0— x. 


v-y=: 


:,(£-*)• 


X cos 0- 

And if this pass through F, the co-ordinates of which are a, b. 


(b—y)(x cos 8— y)—(a— x)(y cos 6—x), 

or x 2 — (a-f-6 cos 0)x—y 2 — {a cos 6-{-b)y . . . (2) 

The equations (1) and (2) determine all the points of the hyperbola, the 
tangents at which can bo lines of flotation. 

Also (2) is the equation to a rectangular hyperbola, referred to conjugate 
diameters parallel to AB, AC ; the points of intersection of the two hyperbolas 
are therefore the positions of E. 

To find x, we have 


x 4 — (a-j-b cos 0) x 3 +(a cos 6-j-b)c 2 x— c 4 =0, 
an equation which has only one negative root, and one or three positive roots, 
and there may be therefore three positions of equilibrium or only one. 

If the densities of the liquid and the prism be q and a , we have, since the 
area PAQ 


~\AP . AQ sin 8=2xy sin 0=2c* sin I 
2 qc 2 sin 0=2cra& sin 0, 

or qc 2 —oab, 

from which c is determined. 
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Suppose the prism to be isosceles, then putting a—b, the equation for x 
becomes 

3 4 —c 4 — a(l+cos 0)(& 8 —c 8 &)=0 ; 

from which we obtain x=c, which gives y=c, and makes BC horizontal, an 
obvious position of equilibrium, and also 

a (a 2 i 

3 = 2 ( 1+008 0)± j j-(l+cos 0) 8 —c*j =a cos 8 £0±(a* cos 4 J0— c*)l; 

the isosceles prism will therefore have only one position of equilibrium, unless 

a cos 8 J0>c ; 

and since gc 2 =aa 2 , this is equivalent to 

cos 8 £0> V(<*/£)• 

46. If a solid float under constraint, the conditions of equi¬ 
librium depend on the nature of the constraining circumstances, 
but in any case the resultant of the constraining forces must act 
in a vertical direction, since the other forces, the weight of the 
body, and the fluid pressure, are vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of the 
fluid displaced should have equal moments about the fixed point; 
this condition being satisfied, the solid will be at rest, and the 
stress on the fixed point will be the difference of the two weights. 

As an additional illustration, consider the case of a solid floating 
in water and supported by a string fastened to a point above the 
surface ; in the position of equilibrium the string will be vertical, 
and the tension of the string, together with the resultant fluid 
pressure, which is equal to the weight of the displaced fluid, will 
counterbalance the weight of the body; the tension is therefore 
equal to the difference of the weights, and the weights are inversely 
in the ratio of the distances of their lines of action from the line of 
the string, these three lines being in the same vertical plane. 

47. For subsequent investigations, the following geometrical 
propositions will be found important. 

If a solid be cut by a plane , and this plane be made to turn through 
a very small angle about a straight line in itself the volume cut off 
will remain the same , provided the straight line pass through the 
centroid of the area of the plane section . 

To prove this, consider a right cylinder of any kind cut by 
a plane making with its base an angle 0. 

Let z be the distance from the base of the centroid of the section 
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A, 8A an element of the area of the section and V the volume 
between the planes. Then 

_ Z(8A.PN) 

A ; 

.% A cos 0s=Z(8A cos 0 . PN)=V 9 
or F=§(area of base). 

Now the centroid of the area A is also the centroid of all sections 
made by planes passing through it, as may be seen by projecting 
the sections on the base of the cylinder; it follows, 
therefore, that * being the same for all such 
sections, the volumes cut off are the same. 

In the case of any solid, if the cutting plane 
be turned through a very small angle about the 
centroid of its section, the surface near the curves 
of section may be considered, without sensible 
error, cylindrical, and the above proposition is 
therefore established. 

In other words, the difference between the 
volume lost and the volume gained by the change 
in the position of the cutting plane will be indefinitely small com¬ 
pared with either. 

48. Definitions. If a body float in a homogeneous liquid, the 
plane in which the body is intersected by the surface of the liquid 
is the plane of flotation. 

The point #, the centre of mass of the liquid displaced, is the 

centre of buoyancy. 

If the body move so that the volume of liquid displaced remains 
unchanged, the envelope of the planes of flotation is the surface 
of flotation, and the locus of H is the surface of buoyancy. 

Curves of flotation and curves of buoyancy are the principal 
normal sections at corresponding points on a surface of flotation and 
a surface of buoyancy. 

49. If a plane move so as to cut from a solid a constant volume , 
and if H be the centroid of the volume cut off\ the tangent plane at 
H to the surface which is the locus of II is parallel to the cutting plane . 

In other words, the tangent planes at any point of the surface 
of flotation, and at the corresponding point of the surface of 
buoyancy, are parallel to one another. 
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Turn the plane ACB , the cutting plane, through a small angle 
into the position aCb , the volumes of the wedges AC a, BCb being 
equal. 



Let G and G' be the centroids of these wedges. 

In GH produced take a point E such that 

EH : HG :: Volume ACa : Volume aDB. 

Join EG' and take H' such that 

EH 1 ': H'G' :: Volume BCb : Volume aDB ; 
then H’ is the centroid of aDb ; 
but EH :HG:: EH' : H'G', 

and HH' is therefore parallel to GG'. 

Hence it follows that ultimately when the angle ACa is in¬ 
definitely diminished, 

HH' is parallel to ACB ; 

and HH' is a tangent at H to the locus of H . 

This being true for any displacement of the plane ACB about 
its centroid, it follows that the tangent plane at H to the locus of 
H is parallel to the plane ACB . 

50. The positions of equilibrium of a body floating in a homo¬ 
geneous liquid are determined by drawing normals from G , the centre 
of mass of the body , to the surface of buoyancy. 

For if GH be a normal to the surface of buoyancy, the tangent 
plane at H, being parallel to the plane of flotation, is horizontal, 
and GH is therefore vertical. 

The two conditions of equilibrium are then satisfied, and a 
position of equilibrium is determined. 

The problem comes to the same thing as determining the posi- 
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tions of equilibrium of a heavy body, bounded by the surface of 
buoyancy, resting on a horizontal plane. 

51. Particular cases of curves of buoyancy. 

For a triangular prism, as in Art. 45, the curve of flotation is 
the envelope of PQ , which is an hyperbola having AB, AG for 
asymptotes; and, since AH~\AE, the curve of buoyancy is a 
similar hyperbola. 

If the body be a plane lamina bounded by a parabola, the curves 
of flotation and buoyancy are equal parabolas. 

If the boundary be an elliptic arc, the curves are arcs of similar 
and similarly situated concentric ellipses. 

If the immersed portion of a lamina 
(or prism) be a rectangle, the curve 
of flotation is clearly a single point; 
and the curve of buoyancy is a 
parabola. 

To prove the last statement, let H , H' 
be positions of the centroid corresponding 
to the positions ACB , A'CB' of the line 
of flotation. 

Then, if AC=CB=a, BB'=p, CH=c, 
and $=the area cut oft, 

Sy=S . H'N—\afi . 

and Sy 2 =£a z x. 

In the case of Ex. (2), Art. 45, S=2a 2 , and the curve of buoyancy 
is the parabola, 3y 2 =2ax. 

The radius of curvature at the vertex, H , of this parabola is Ja, 
which is less than HG. 

Hence it will be seen that three normals can be drawn to the 
curve of buoyancy, giving the three positions of equilibrium. 

52. In the case of a right circular cone floating with its vertex 
beneath the surface, the surfaces of flotation and buoyancy are 
hyperboloids of revolution. 


Sx=S .HN =\aftL+^-\afl{ 
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If F is the vertex of the cone, ACB the major axis of a section, 
and VK the perpendicular upon AB, the volume TAB is equal to 

\VK . \nAB . {AV . BY sin* a}*. 

But VK.AB=YA . VB sin2a, 

each expression being double the area VAB ; therefore, the volume 
being constant, it follows that the area VAB is constant. 

The locus of (7, the centroid of the plane section, is therefore a 
hyperboloid of revolution, and, VH being three-fourths of VC, the 
surface of buoyancy is a similar hyperboloid. 

53. Surfaces of buoyancy and flotation for an ellipsoid. 

If the ellipsoid have equation z*/a*-\-y % /b % +z*/c*~ 1, the substitutions 
x—ag, y—brj, z~cC reduce the problem to that of the sphere £ a -J-? 7 *-}-f a =l ; 
and if V denote the immersed volume of the ellipsoid, V/abc denotes the cor¬ 
responding volume of the sphere. It is clear that the plane which cuts off this 
volume touches a concentric sphere of radius r, such that 

J 7i(l— x*)dx= V/abc, 

or r) a (2-fr)= V/abc. 

Also the centroid of the volume cut off lies on a sphere of radius R, where 

rJ n(\—x x )dx— J nx(l—x*)dx 

or R= J( 1 -f r) 2 / (2 -f r). 

Returning to the original problem, we see that the surface of flotation is a 
similar ellipsoid of semiaxes ra, rb, rc, where 

(\—rY(2-\-r)—ZVfnabc . ( 1 ) 

and the surface of buoyancy is another similar ellipsoid of semiaxes Ra, Rb, 
Rc, where 

R=l(l+r)*/(2+r) .... (2) 

Similar results hold good for a hyperboloid of two sheets. 

54. Elliptic Paraboloid. 

This case can be deduced from the results for an ollipsoid by making a, b, 
c tend to infinity in such a way that a 2 /c-+a and b 2 /c-+ /?, where a, are the 
semi latera recta of the principal sections of the paraboloid. If, as before, V 
denotes the finite volume immersed, then Vfabc tends to zero, so that r and also 
R both tend to unity. Hence the surfaces of flotation and buoyancy are equal 
paraboloids. Also the distances between their vertices and the vertex of the 
given paraboloid are the limiting values of c(l— r) and c(l—i?). 

But from Art. 53 (1), we see that 

3Fc V 

' ' (2-\-r)7iab nVafi * 
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bo that the intercept on the axis between the given paraboloid and the surface 
of flotation is y, where 

y a = V/nVafi, 


Similarly, from Art. 53 (2), 

c(l-B)= 


c(l—r)(5-f 3r) 
4(2 +r) 




thus determining the corresponding intercept for the surface of buoyancy. 


55. Cylinder of any section. 

The surface of flotation is a point on the line of centroids Oz, given by Ac= V , 
where A is the cross-section and V the volume 
immersed. 

Let z=lx-j- my-\-c be the equation of the 
cutting plane, the origin being in the base. 

The co-ordinates (x, y, z) of the centre of 
buoyancy are given by 

Vx—tfxzdxdy integrated over the base 
=jjx(c-\-lx-\-my)dxdy 
—al+hm. 

Similarly 

Vy=\\yzdxdy 
~hl-\-bm ; 
and Vz=\\\zHxdy 

= J(aZ 2 +2/iZm+6m*)+ic*A ; O 

where a—\jx 2 dxdy, h—jfeydxdy, b—j\y*dxdy. 

If we use the principal axes of the section as axes of x and y, we have 
h—Oy and 

Yx—al , Vy=bm, V(z~ Jc)= J(aZ a -f bm % ). 

Therefore the equation of the surface of buoyancy is 

x * y * 2 z—c 
a 5 = y * 



EXAMPLES 

1. A solid formed of two co-axial right cones, of the same vertical angle, 
connected at the vertices, is placed with one end in contact with the horizontal 
base of a vessel: water is then poured into the vessel; show that if the alti¬ 
tude of the upper cone be treble that of the lower, and the common density of 
the spindle four-sevenths that of the water, it will be upon the point of rising 
when the water reaches to the level of its upper end. 

2 A cone, of given weight and volume, floats with its vertex downwards; 
prove that the surface of the cone in contact with the liquid is least when its 
vertical angle is 2 tan-U/v^. 

3. A hollow hemispherical shell has a heavy particle fixed to its rim, and 
floats in water with the particle just above the surface, and with the plane of 
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the rim inclined at an angle of 45° to the surface ; show that the weight of the 
hemisphere : the weight of the water which it would contain 

::4V2-5:6V2. 

4. A solid cone is divided into two parts by a plane through its axis, and 
the parts are connected by a hinge at the vertex ; the system being placed in 
water with its axis vertical and vertex downwards, show that, if it float with¬ 
out separation of the parts, the length of the axis immersed is greater than 
h sin* a, h being the height of the cone, and 2a its vertical angle. 

5. A cylinder floats in a liquid with its axis inclined at an angle tan _1 2/5 
to the vertical, and its upper end just above the surface ; prove that the radius 
is 4/7 of the height of the cylinder. 

6 . A cone floats, with vertex downwards, in a cylindrical basin of water, 
and is lifted just out of the water (without tilting); show that the work done is 

where W is the weight of the cone, l is the depth of the vertex below the sur¬ 
face in equilibrium, V is the length of the cylinder which would be filled by 
the water then displaced by the cone. 

7. If a given quantity of homogeneous matter be formed into a paraboloid 
of revolution and allowed to float with the vertex downwards, the square of 
the distance of the centre of gravity from the piano of flotation will bo inversely 
proportional to the latus rectum. 

8 . If the height of a right circular cone be equal to the diameter of the 
base, it will float, with its slant side horizontal, in any liquid of greater density. 

9. A cone, whose height is h and vertical angle 2a, has its vertex fixed at 
distance c beneath the surface of a liquid ; show that it will rest with its base 
just out of the liquid if 

<rc 4 cos 3 a cos d—Qh* [cob (0— a) cos (0-f-a)]?, 

where a and q are the densities of tho liquid and cone, and 0 is given by the 
equation c cos a—h cos (0-|-a). 

10. A right circular cylinder, whose axis is vertical, contains a quantity of 
liquid, the density of which varies as the depth, and a right cone whose axis is 
coincident with that of the cylinder and which is of equal base, is allowed to 
sink slowly into the liquid with its vertex downwards. If the cone be in 
equilibrium when just immersed, prove that the density of the cone is equal 
to the initial density of the liquid at a depth equal to ^th the length of the 
axis of the cone. 

11. A solid cone, of height h, vertical angle 2a, and density q, is movable 
about its vertex, and its vertex is fixed at a depth c below the surface of a 
liquid, the density of which, at a depth z, is /uz. The cone is in equilibrium with 
its axis inclined at an angle 0 to the vertical, and its base above the surface ; 
prove that 

jnc 6 cos 3 a cos Q—bqh^ {cos (0-fa) cos (0—a)}?. 

12. A hollow paraboloidal vessel floats in water with a heavy sphere lying 
in it. There being an opening at the vertex, the water occupies the whole of 
the space between tho vessel and the sphere. If the resultant pressure on the 
sphere be equal to half the weight of the water which would fill it, show that 
the depth of the centre of the sphere below the surface of the water is 4a 2 /3c, 
where 4a is the latus rectum of the paraboloid, and c the distance of the plane 
of contact from the vertex. 
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13. A right-angled triangular prism floats in a fluid of which the density 
varies as the depth with the right angle immersed and the edges horizontal; 
show that the curve of buoyancy is of the form 

r* sin 2 0 cos 2 0=c 8 . 

14. A life-belt in the form of an anchor-ring generated by a circle of radius 
a floats in water with its equatorial plane horizontal; show that z, the depth 
immersed, is given by the equations 

z=a(l—cos 0), 

2ti8= (20- sin 20); 

where s is the specific gravity of the material of the belt. 

15. An indefinitely small piece of ice, the shape of which may be taken to 
be that of a right circular cylinder, is floating in water with its axis vertical. 
The part immersed receives deposits of ice in such a manner as to continue 
cylindrical, the radius and axis receiving equal increments in equal times. 
Find the ultimate shape of the part not immersed. 

If the specific gravity of ice be *96, prove that the surface is formed by the 
revolution of the curve 

y*{9x—y)™=a z \ 

16. A solid bounded by the planes x= y= ±5, z=0, and z=c floats in 
water with the base z=0 wholly immersed. Show that for displacements such 
that the volume V immersed remains constant and the base is entirely under 
water and the opposite face entirely out of the water, the equation of the sur¬ 
face of buoyancy is 

x 2 y 1 Sabz 1 
a* + F‘ = 3F~3‘ 

17. A cylindrical vessel with its cross-section of any shape floats with a 
length 2c of its axis immersed when the axis is vertical. Prove that the 
equation of the surface of buoyancy is z 2 /a 2 -f y 2 /& 2 —z/c; where the origin is 
taken at the middle point of the portion of the axis immersed for the upright 
position, the axis of z is vertically upwards, and the axes of x , y parallel to the 
principal axes of moments of inertia of the plane of flotation for the upright 
position through its centre of gravity, and b, a are the radii of gyration for 
those axes of the plane of flotation. 
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THE STABILITY OF THE EQUILIBKIUM OF 
FLOATING BODIES 

56. If a floating body be slightly displaced it will in general 
either tend to return to its original position or will recede farther 
from that position ; in the former case the equilibrium is said to be 
stable , and in the latter, unstable , for that particular direction of 
displacement. 

Consider first a small vertical displacement: it is clear that, if 
the body be floating partially immersed in homogeneous fluid, or 
if it be immersed, either wholly or partially, in a heterogeneous 
fluid of which the density increases with the depth, a depression 
will increase the weight of the fluid displaced, and on the contrary 
an elevation will diminish it; in either case the tendency of the 
fluid pressure is to restore the body to its position of rest, and 
the equilibrium is stable with regard to vertical displacements. 
This, it will be observed, is only shown to be true of rigid bodies; 
if the increased pressure, caused by depression, have the effect of 
compressing any portion of the floating body, the equilibrium is 
not necessarily stable, and in fact it may be unstable. 

An arbitrary displacement will in general involve both vertical 
and angular changes in the position of the body ; if however the 
displacement be small, as we have supposed to be the case, the 
effects of the two changes of position can be treated independently ; 
and we proceed to consider the effect of a small angular displace¬ 
ment, on the supposition that the weight of fluid displaced remains 
unchanged, and consequently that the fluid pressure has no ten¬ 
dency to raise or depress the centre of mass of the body. 

57. A solid , floating at rest in a homogeneous liquid , is made 
to turn through a small angle in a given vertical plane; to determine 
whether the fluid pressure will tend to restore it to its original position 

or not . 
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Suppose that the body is turned through a small angle 9 about 
an axis Oy in the plane of flotation AOB ; Oy being at right angles to 
the plane of the paper, Ox 
in the plane of flotation 
and Oz vertical in the 
original position ; and as 
the body is turned let the 
axes be carried with it. 

If dxdy denotes an 
element of area on the 
plane of flotation AOB, 
the volume of an ele¬ 
mentary column PQ is 
zdxdy y where z denotes the length PQ. In the displaced position 
the length of the corresponding column P'Q is z+x0 and its volume 
is (z+x6)dxdy. Hence the volume V of liquid displaced will be 
the same in both cases if 

ff(z-j-x9)dxdy— V—ffzdxdy, 

where the integrations are over the section of the body made by 
the plane of flotation in the original position. 

This reduces to jjxdxdy= 0, which means that the centre of 
gravity of the surface section must lie on Oy , as was proved in 
Art. 47. 

Assume that this condition is satisfied. In the original position 
the centre of gravity G and centre of buoyancy H are in the same 
vertical, and we may denote the co-ordinates of the latter by (x, y, z) 
and note that G will have the same ( x , y). In the displaced position 
there is a new centre of buoyancy H' whose co-ordinates referred 
to the original axes are (#', y\ z f ). 

Now Vx=$$xzdxdy, Vy=$$yzdxdy, Yz=$\\z 2 dxdy. 

These integrals being written down by taking the elementary 
column PQ of volume zdxdy with its centre of gravity at the middle 
point of its length. 

In the displaced position the corresponding elementary column 
is P f Q of length z+x9 ; its centre of gravity is at a distance ^(z+£0) 
from P', and therefore at a distance l(z—xd) from P, so that we 
have 



Vx'={fx(z + x6)dxdy i Vy'=S$y(z-\- xd)dxdy 9 
F5'==fJ ±(z—x0)(z+xd)dxdy. 
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We observe that, to the first power of the small angle 0, we have 
z'=z, so that the tangent plane to the surface of buoyancy is parallel 
to the plane of flotation, as was proved in Art. 49. 

Now in the displaced position the body is subject to two equal 
and opposite parallel forces, viz. its weight W or gpV vertically 
downwards through G and the force of buoyancy vertically up¬ 
wards through H\ These forces form a couple and the plane of 
this couple will be at right angles to the axis of rotation if, and 
only if, the points G , H f are in a vertical plane perpendicular to 
Oy, i.e. if y'=y y 

or SSy{z+xO)dxdy=$fyzdxdy. 

This reduces to $fxydxdy—O y 

which means that the axis of rotation Oy must be a principal axis 
of inertia of the section of the body made by the plane of flotation. 

When this condition is satisfied the 
vertical through H' intersects the line 
HG in a point M called the meta¬ 
centre. The couple acting on the body 
is W . GM6, and it tends to restore the 
body to its former position or to in¬ 
crease the displacement according as M 
is above or below G. 

Also, we have HM . d=HH'=x , —x 

_ 6jjx 2 dxdy 

~ V * 

Therefore HM=Ak 2 IV, where Ak 2 denotes the moment of inertia 
of the section of the body made by the plane of flotation about 
the axis of rotation. 

The couple tending to restore the body is therefore 
g P 9V(HM-HG)=gpd{Ak 2 -V . HG ). 

58. Since there are two principal axes through the centre of 
gravity of the surface section of the body with corresponding 
moments of inertia I x and I 2 , it follows that a displacement about 
either of these axes would set up a couple in the plane of the dis¬ 
placement tending to restore equilibrium if GH < IJV and also 
< 1JV. Hence these conditions are necessary for stability of 
equilibrium. 
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69. Work done in producing a displacement. When the 
body has been displaced through a small angle 6 about either 
principal axis through the centre of gravity of the surface section, 
the couple acting on the body is 

gp(AJc 2 —V . HG)6 . 

Consequently the work that would have to be done by external 
agency in order to increase 0 by a small amount dd is 

gp(Ak 2 —V . HG)6dd, 

and, by integration, it follows that the work done in producing the 
angular displacement 0 is 

lgp(Ak 2 —V . HG)0 2 . 

60. Sufficiency of the conditions for stability. A small rotation 
about any axis in the plane of flotation through the centre 
of gravity of the water-section may be regarded as compounded of 
rotations 0 V 0 2 about the principal axes of the section. Each of 
these separately sets up a restoring couple, and the total work that 
would have to be done by external agency, or the gain in potential 
energy, in producing the displacement is * 

igp(Ii-V • HG)9 1 2 +lgp(I 2 -V . HG)0*. 

Whence it follows that the conditions HG < IJV and also < IJV 
are sufficient to ensure stability for displacements which do not 
alter the volume of liquid displaced. 

61. The question of stability may also be treated somewhat 
differently. 

Defining a metacentre as the point of intersection with the 
line HG of the vertical line through the new centre of buoyancy 
after a slight displacement, we are led to the following theorem : 

A metacentre is a centre of curvature of the surface of buoyancy 
at the 'point in the same vertical line with G. 

This is at once obvious from the fact that the point M is the 
point of intersection of consecutive normals to the surface. 

Hence it appears that for any displacement, consistent with the 
conditions for the existence of a metacentre, the direction of the 
fluid pressure is always a vertical tangent to the evolute of the curve 
of buoyancy. 

* That the expression for the work done in a displacement of this kind does not 
contain a term 0j0, may be proved as in Art. 66 following. 
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62. A most important case naturally presents itself; that is, 
the question of the stability of equilibrium of a ship when displaced 
by rolling. 

In general it is impossible for a ship to roll without tossing, 
because the two ends of the ship are unsy mm etrical; but in the 
case of a very long vessel, such as an Atlantic “ liner,” it may be 




assumed that the ship can be divided symmetrically by a plane 
perpendicular to its length, and in this case the ship has two vertical 
planes of symmetry, and consequently the vertical line IIG passes 
through the centroid of the plane of flotation. 

The line HG also divides the curves of buoyancy symme¬ 
trically, and the point H is a point of maximum or minimum 
curvature. In the first of these two cases the cusp of the 
evolute is pointed downwards; in the second case it is pointed 
upwards. 

The figures at once show the effects of displacement. 

In the first case the righting moment, which is the statical 
measure of stability for a given angle of displacement, is propor¬ 
tional to GY the perpendicular from G on the tangent PQ, and 
increases with an increase in the angle of displacement. 

In the second case the righting moment increases to a maximum 
value, and then diminishes, vanishing for the position given by 
the tangent GQ f P\ 

This is a position of equilibrium, but it is of unstable equili¬ 
brium, in accordance with the general mechanical law that positions 
of stable and unstable equilibrium occur alternately. 
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If the equation to the curve of buoyancy be obtained in the 
form p=/(^), 0 being the origin, 

GY=dpld<f>, 

and the righting moment is 

Wdpjd^y 

if W be the weight of the ship. 

In general the curve of buoyancy, for moderate displacements, 
is approximately an arc of an hyperbola ; in the case of a “ wall¬ 
sided ” ship, that is of a ship with the sides vertical near the water¬ 
line, the curve is an arc of a parabola. 

In the case of a ship, if M is the metacentre for rolling, the 
product W . GM is called the stiffness of the vessel. 

63. Dupin’s Theorem. In the case of a ship floating upright, 
the radius of curvature of a transverse section of the surface of 
flotation is 

r i=!y 2 tan ads/A, 

ds being an element of the perimeter, and A the area, of the water- 
section, and a the inclination of the side of the ship to the vertical; 
the axes of x and y being the longitudinal and transverse axes 
of the section of the vessel by 
the plane of flotation through its 
centroid C. 

To prove this let 0, C be 
neighbouring points on the trans¬ 
verse section of the surface of 
flotation, the tangent plane at C ' 
making a small angle 0 with the 
water-section APQB, and let 
apqb be the projection on the 
water-section of the section of 
the ship made by this tangent 
plane, so that E , the projection of O', is the centroid of the area 
apqb . Let PQ , pq be corresponding elements, and PQ=ds, then 

area PQpq=yO tan ads ; 

.-. CE . (.4)=Jy 2 0 tan ads, 

and, since and CE=CC' ultimately, it follows that 

fi4=J.v 2 tan ads. 
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an expression first given by C. Dupin, in a memoir presented to 
the Acad6mie des Sciences in 1814. A corresponding expression 
obviously exists for the radius of curvature (RJ of the longitudinal 
section. 


64. Leclert’s Theorem. Calling rand R the metacentric heights 
for transverse and longitudinal displacements, that is, the radii 
of curvature of transverse and longitudinal sections of the surface 
of buoyancy ; we know that 

r=y and R=y, 

where i and I are the principal moments of inertia of the water- 
section. E. Leclert has established the following relations between 
these quantities : 

di t jdr di yy . jjdR 

'•=dv= r+r ir ; B >-Jv- R+V d<r 

A translation of Leclert’s paper is given by Mr Merrifield in 
the Proceedings , for 1870, of the Insti¬ 
tution of Naval Architects , and in the 
Messenger of Mathematics , March 1872. 
The following is the first of the two 
proofs which are given; it is retained 
here for its historic interest, but a more 
rigorous treatment is given in Art. 67 
following. 

Taking a section parallel to the water- 
section, and at a distance dz from it, 

dV=Adz . 

Let apqb be the projection of this new section upon the water- 
section ; then di is the moment of inertia of the area between 
apqb and APQB ; 

.-. di—Sy 2 dz . tan ads, 
di 



and 


dz 


Hence 


= jy 2 tan ads . 
1 di di 




Adz dV 9 
di i Tr / % 

ri-r=- rrr ~TT=V- 1T J -=- r 


or 


~dV 

r^r+V- 


V 

dr 

W 


dV\ V J 
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65. Surface of buoyancy in general. 

Let the origin be taken in the vertical through the centroid of 
the original water-line section. Then if z—c be the original section, 
the plane in the slightly displaced position will be 

z=c+lx+my 

where l, m are small. 

If ( x Q , y Qi z 0 ) and ( x , y, z) denote the co-ordinates of the centre 
of buoyancy in the two positions 

V(x—x 0 ) = JJ (z — c)xdxdy~al + hrn, 

V (y~yo)=If(z—c)ydxdy=hl-\- bm, 

V(z—z 0 ) — Sfl (z 2 — c 2 )dxdy =\ ( al 2 +2 hlm+bm 2 ), 
where a—l\x 2 dxdy , h=$$xydxdy, b—jjy 2 dxdy . 

Hence 2(z— z 0 )=l(x—x 0 )+m(y—y 0 ) 

oi2{z-z 0 )=^-j^{b{x-x 0 ) i -2h{x-x 0 )(y-y 0 )+a(y-y 0 ) 2 } 


is the approximate form of surface of buoyancy. If the original 
axes of x and y are principal axes of the plane section, then ^—0, 
and if the origin be now moved to the centre of buoyancy in the 
first position, the surface becomes 

2 z= V x 2 1 a + Vy 2 jb . 

If we now define the metacentres as the centres of curvature of 
the principal normal sections of the surface of buoyancy, the heights 
of the metacentres above the centre of buoyancy are the principal 
radii of curvature a/V or b/V. 

66. Condition for stability. 

The tangent plane to the surface of buoyancy at a point (x t y , z) 
is given by 

£-z=^(€-x) + ^(r}-y). 

And the perpendicular distance of the centre of gravity (0, 0, S\ of 
the solid from this plane is 


Fas 2 Fj ! ] 


F 2 x 2 F 2 y 2 



Fa; 2 

*+4^+ 


Vf 

2b 



1- 


F 2 * 2 

2a 2 


F 2 y 2 1 
26 2 J 
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Now by Art. 50 the positions of equilibrium correspond to those 
of a heavy body bounded by the surface of buoyancy resting on a 
horizontal plane, so that for stability the height of the centre of 
gravity above the plane must be a minimum. This requires that 


2 should be less than ~ and or the centre of gravity must be 


below both metacentres. 


67. Surface of Flotation. Leclert’s Theorem. 

Suppose that the volume immersed is increased by a small 
amount SF by depressing the solid from the second position 
of Art. 65. 

If £> £ are the co-ordinates of the centre of gravity of the 
thin slice, of volume SF, since al+hm =difference of x-moments of 
volume displaced, therefore by Art. 65, 

l8a+m8h=£8V. 

Similarly rj8V=l8h+m8b ; 

and £8V=l{l 2 8a+2lm8h+m 2 8b). 

Also as the thickness of the slice is diminished the point 
(£, rj, £) tends to coincide with the corresponding point on the 
surface of flotation, i.e. the centroid of the water-line area. 

Hence on the surface of flotation we have 


x'. dV=lda+mdh 
y '. dV=ldh J r mdb 
2 . dV=\(} 2 da+2lmdh+m 2 db)> 

and its equation is 

In the special case in which dh= 0, this becomes 


—m 


and the radii of curvature of the surface of flotation are 
^ as in Art. 64. 


da 

dV 


and 


We observe that the principal axes of two parallel sections of 
the solid are not necessarily parallel, so that h =0 does not imply 
that dh/dV= 0. The results of Art. 64 are thus seen to be true 
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only in the cases there implied in which there are vertical planes 
of symmetry which contain all principal axes of horizontal sections.* 

68. We now append some examples of the determination of the meta¬ 
centre. 

Example 1. A solid cylinder of radius a and length h floating with its axis 
vertical . 

In this case the plane of flotation is a circular area, and 

Ak x —\jm l ; 

therefore, if h' be the length of the axis immersed, 

na*W . or HM—a i /4h\ 

and the equilibrium is stable if 

af_ h_V 
4A' > 2 2' 


Example 2. A cylinder floating with its axis horizontal and in the surface 
is displaced in the vertical plane through the axis. 

The plane of flotation is a rectangle, and 

Ak % —lah 9 t 

h being the length of the cylinder, and a its radius; 


.\ HM-. 


lh?_ 
3 na ; 


and the equilibrium is stable, if 

1 4 a 

3 7ia > 3n* 

or h>2a. 

Example 3. A solid cone floating with its axis vertical and vertex downwards. 
Let h be the length of the axis, 

z the portion of the axis immersed, 

2 a the vertical angle of the cone. 

Then Ak x —\nz K tan 4 a, 

and 7=| tiz* tan* a ; 


HM=%z tan* a ; 

also HQ=ih-lz, 

and therefore the equilibrium is stable or unstable, according as 
z tan* a >or< h— z, 

or z>or<&co8* a. 

But if q, a be the densities of the fluid and cone, 



* This correction to Leclert’s Theorem and the method of treatment of the last 
few Articles, as well as Arts. 76-78 below, are due to Dr Bromwich. 
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therefore the equilibrium is stable or unstable as 

a . 

— >or< cos® a. 

Q 

Example 4. An isosceles triangular prism floating with its base not immersed, 
and its edges horizontal . 

Referring to Art. 45, consider first the position of equilibrium in which 
the base is inclined to the horizon. 

In this case, if AQ=2y and AP—2z, and we put a—b in equation (2) on 
page 45, x and y are given by the equations 

x-\-y—%a cos 2 | 0 , 
xy— c a . 

The co-ordinates of 0 and H referred to AB, AC as axes are respectively 
la, \a, and \x, \y, 

EG 2 =${(a— x)*A~(a— y) 2 -j-2(a— x)(a— y) cos 0} 

— |{z 2 -f y 2 -\~2xy cos 0 — 2 a(l -j-cos 0)(x-\-y)+ 2 a 2 (l-f cos 0 )}, 
from which, by means of the above equations, we obtain 

HgA sin J 0 (o‘ cos 2 


The area PAQ=2c 2 sin 0, and if M bo the metacentre, and l the length of 
the prism, 

2 ?c 2 sin 0 . HM= ^PQ *. I, 

PQ 3 


But 


HM— 2^2 8 j n q - 

PQ 2 =4(x 2 -\-y 2 — cos 0 ) 

= 16 cos 2 J 0 (a 2 cos 2 \0— c 2 ); 

4 

, HM= - cos 2 iO(a 2 cos 2 i0-c 2 )3/c 2 sin 2 £0, 


and HM>HG, if c 2 sin 2 £0<cos 2 £0(a 2 cos 2 £0—c a ), 

i.e. if cos 2 £ 0 > c/a. 


Next, consider the case in which the base is horizontal, and PQ therefore 
parallel to BC. 

The area PAQ—2c 2 sin 0, 


Hence, 


AP=AQ=2c, and PQ=4csin $0. 

4 4 

HM—^c sin 2 £ 0 /cos \B, and HG—-^(a—c) cos 


and HM > HG if cos* £ 0 < c/a. 

Now in the Art. before referred to, we have shown that there are three 
positions of equilibrium, or one only, according as 

cos 2 £ 0 > or < c/a. 

Hence it follows, that when there are three positions of equilibrium, the 
intermediate one, in which CB is horizontal, is a position of unstable equi¬ 
librium, while in the other two positions the equilibrium is stable. 
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If there be only one position in which the prism will rest, its equilibrium 
is stable. 

It will be a useful exercise for the student to obtain these results by in¬ 
vestigating the equation to the curve of buoyancy, and determining the 
position of its centre of curvature. 


69. Finite displacements. If a solid body, floating in water, be 
turned through any given angle from its position of equilibrium, 
then, as before, the moment of the fluid pressure is restorative or 
not according as the point L at which the vertical through the new 
centre of buoyancy meets the line HG is above or below G y assuming 
these lines to intersect. 

It is not to be inferred that if L is above G , the body will when 
set free return to its original position and oscillate through it, or 
even that the original position is one of stable equilibrium, accord¬ 
ing to our previous definition of stability : it is a general law of 
mechanics that positions of stable and unstable equilibrium occur 
alternately, and the body may have been displaced from its original 
position through other positions of equilibrium. 

As a particular example take the following. 


A solid cone, floating with its axis vertical and vertex downwards , is turned 


through an angle 0 in a vertical plane, 
the volume of fluid displaced remaining 
the same; to determine the direction of 
the moment of the fluid pressure. 

Let AB be the major axis of the 
elliptic section made by the surface 
plane of the fluid, C its middle point, 
Aa, Bb, Cc lines at right angles to AB, 
and let the angle AVB=2a and 
VA=d. Then 

VAa=0—a, 

and VBb=n— 0— a. 

cos (0— a) sin (0-fa)) 
cos(0-|-a) sm 0 / 

_ d cos 0 
~cos(0+a) ; 



__ 3, cos 0 

VL~-d - 7 A- : -v 

4 cos (0+a) 
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The semi-minor axis of the ellipse AB is a mean proportional between the 
perpendiculars from A and B on the axis of the cone, 

its area= n\AB( VA . VB . sin 2 a)l 

n .sin a sin 2 a fcos ( 0 — a))l 
— 2 cos ( 0 +a) * lcos ( 0 +a)/ * 
therefore the volume of the fluid displaced 

=Jd cos ( 0 —a). (area of ellipse) 
f cos (0—a)) i 


=ljid 3 sin 2 a cos a {- 775 -—~ f . 

3 Vcos (0+a)J 


Hence, if g , a be the densities of the fluid and the cono, since the weight 
of the fluid displaced is equal to that of the cone, we have 


, 3 . a f cos ( 0— a) \i 

gd 3 sin 2 a cos a{ — / pr ~,—r } = 
* icos 


„ i 3 _ ct f cos (0 +-a) \ 1 


ah 3 tan 2 a, 

1 


And VL> VO it 


or if 


g\cos(d—a)j cos 3 a’ 
cos 0 


cos ( 0 +a) 


>K 


3 jcr cos a cos ( 0 +a) /cos( 0 —a)ll 
> cos 0 \cos ( 0 +a)j 


Supposing 0 indefinitely small, we obtain the condition of stability for an 
infinitesimal displacement, 


3/cr 


— > cos 2 a ; as beforf, Ex. 3, Art. 68. 

Q 

Let the equilibrium of the cono bo neutral for small displacements, that is, 
let 

a—g cos* a, 

then, after a finite displacement, the action of the fluid will tend to restore 
the cone to its original position, if 

cos a . cos 0 > Vfcos (0 + a) • cos (0—a)}, 

a condition which is always true, a and 0 being each less than a right angle. 

In the case of neutral equilibrium of a cone, the equilibrium may therefore 
be characterised as stable for any finite displacement. 


70. When liquid is contained in a vessel, which is slightly dis¬ 
placed from its original position, the preceding investigations enable 
us to determine the line of action of the resultant downward 
pressure. 

The problem in fact in this case, as in the previous one, is the 
following. 

A given volume, the centroid of which is H> is cut from a solid 
ABO by a plane, and the line CH is perpendicular to the plane; 
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the same volume being cut off by a plane making a very small 
angle with the plane AB, to determine the position of the straight 
line perpendicular to the second plane, and passing through the 
centroid of the volume cut off by it. 

If the interior surface of the vessel is symmetrical with respect 
to the plane through H perpendicular to the line of intersection of 
the two planes, the line whose position is required will intersect 
CH in a point M, the metacentre , the position of which is deter¬ 
mined by our previous results. 

71. Vessel containing liquid. A hollow vessel containing liquid , 
floats in liquid; required to deter¬ 
mine the nature of the equilibrium , 
supposing that the body is sym¬ 
metrical with respect to the vertical 
plane of displacement through its 
centre of mass , and that the centres 
of mass of the body and of the liquid 
are in the same vertical line . 

Let M be the metacentre for 
the displaced fluid, and M' for the 
contained fluid, W , W\ the weights 
of the displaced and contained 
fluid.* 

Taking moments about G , the centre of mass of the vessel, the 
resultant fluid pressures will tend to restore equilibrium, or the 
reverse, according as 

W . GM—W' . GW 

is positive or negative, i.e. as 

W GW 
w ,>ot< gm • 

Example. A hollow cone containing water floats in water with its axis 
vertical . 

Let A=the length of the axis of the cone, 

&'=the length of the axis in the contained fluid, 

2= the length beneath the surface of the external fluid. 



* This is the case of a leaky ship rolling; the next article discusses the pitching 
of a leaky ship. 
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Taking 2 a as the vertical angle of the cone, we have 
HM—^z tan 2 a. 

But HQ=lh-lz; 

•\ GM=\z sec 2 a— 

Similarly QM'= | K sec 2 a— $h, 

also W _ z 3 

therefore the equilibrium is stable if 

z \ 8 9Vscc 2 a—8A 
h'J > 9 z sec 2 a—8h 9 
z being given by the equation 

IT— W'=\gQ7i tan 2 a(z 3 —A' 3 )—weight of cone. 

72. In the case in which the centres of mass of the contained 
and of the displaced fluid are not in the same vertical, suppose the 
displacement to take place in direction of the vertical plane through 
the centres of mass, and that the body is symmetrical with respect 
to that plane. 

Let G be the centre of mass of the body, H of the fluid displaced, 

H f of the contained fluid, and 
M, M\ the metacentres. 

Also let GNN' be horizontal 
in the position of equilibrium, 
and GLL' the horizontal line 
through G in the displaced 
position. 

Then W , W', having the 
same meanings as before, and 
6 being the angle of displacement, the equilibrium is stable or 
unstable, as 

W .GL> oi <W' .GL’, 

or W(GN cos 6-\-MN sin 9) > or < W'(GN' cos 6+M'N' sin 6), 

i.e. since W . GN—W '. GN', 

W M'N ' 
as w > 01 < MN • 

73. Constraints. Stability of the equilibrium of bodies floating 
under constraint . 

Consider the case in which a body is free to turn about a hori¬ 
zontal axis fixed at a depth h. Draw GO at right angles to the 
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axis, and, if the centre of buoyancy is not in the vertical plane 
through GO, let H be its projection on this vertical plane. Let 
C, L, N be the projections on the 
plane of flotation of 0, G, H. 

Take an axis of y through C 
parallel to the axis of rotation 
and CLN as axis of x. Then if 
the body turns through a small 
angle 0 about the given axis so 
that G , H are displaced to G', W, 
the vertical displacement of C is 
of order 0 2 , and it is easy to see 
that the restorative moment due 
to the change in the displaced 
liquid is gpAk 2 0, correct to the first power of 6; where Ah 2 is the 
moment of inertia of the surface section about Cy. Also the loss 
of moment due to the displacement of II is 

g P V . NN'=gpV . HH ' sin N’H'N=gp7(HN-h)0. 

Similarly there is a loss of moment of the weight of the body due 
to the displacement of G of amount W(GL—h)6. 

Hence the condition for stability is that 

gpAk*-gpV(HN-h)+W(GL-h)0 

must be positive, with the condition 

W . CL—gpV . ON. 

Cor. If a body, floating freely in homogeneous liquid, has a 
plane of symmetry and is turned through a small angle 0 about any 
horizontal axis in the plane of symmetry, the restorative couple is 
gp0(Ak 2 — V . HG ), where Ah 2 is the moment of inertia of the surface 
section about its intersection with the plane of symmetry. 

74. The equilibrium of a body floating partially immersed in two 
liquids . 

Let p be the density of the upper liquid, and p+p' the density 
of the lower liquid. 

Also let V be the total volume immersed and V f the portion of 
V immersed in the lower liquid, and let A , A' be the areas of the 
two planes of flotation. Then the forces which support the weight 
of the body are the weights of the masses of liquid pV and p'F', 
supposed to act upwards. 
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Take the case in which the body is symmetrical with regard to 
a vertical plane perpendicular to the plane of displacement, so that 
the centroids, G, H, H', of the body and of the masses pF, p'F' are 
in the same vertical line. 

Then, if the body is displaced through a small angle 0 about 
any horizontal axis in the plane of symmetry, the total moment 
about G of the forces tending to restore equilibrium is 
gp{Ak 2 -V . HG)e+gp'{A'Jc' 2 -V '. H'G) 0, 
or g P V . GM . 6+gp'V '. GW . 0, 

in which the positive direction of GM, GM ' is upwards. 

The equilibrium is clearly stable if M and M' are both above G; 
but if M' is below G, for stability we must have 
pF . GM>p’V '. MV, 

or p(AJc 2 —V . HG)> P '(V . H'G—A'k' 2 ). 


75. Heterogeneous liquid. 

The metacentric height in the case of heterogeneous liquid may 
be investigated by the method used for homogeneous liquid at the 
beginning of this chapter. Using the figures and notation of Art. 
57, let p=f(z) denote the density at depth z, where z is measured 
vertically. After the displacement the density at the point ( x, y, z) 

of the liquid displaced is f(z+x6), or p+x8^f, to the first power 

dz 

of 0. The condition that the mass displaced remains constant is 


JJ* ^p-\-x0^jd x dydz^-^p L x0dxdy=^^pdocdydz . (1) 


where the volume integrals are taken through the original volume 
displaced, and the surface integral over the surface section refers 
to the wedges at the surface, and p x is the value of p at the surface. 
This condition will be satisfied if at all levels ffxdxdy— 0, i.e. if the 
centroids of all horizontal sections in the original position are in 
the plane yz . 

Again, if we suppose that the mass M 0 of liquid displaced is con¬ 
stant, the co-ordinates of the centres of buoyancy H, H' in the two 
positions are given by 


Mtfc^^pxdxdydz, M 0 y=jjjpydccdydz, M^==jjjpzdxdydz; 


JM' tl ac / =JJJ(p-f- x6^^xdxdydz+Qp x x 2 0dxdy, 
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M °y' = \\\( y p+xe ^j ydxdydz+ \\ piyxSdxdyi 

to the first order of 6. 

The condition that the vertical through H' may intersect EG 
is y'=y, as in Art. 57, 


xd^-jzdxdydz 


or 


^^xy^dxdyiz-\- ^p^ydxdy—0 


( 2 ) 


which is satisfied if at all depths the plane yz meets the horizontal 
section in a principal axis of that section. When conditions (1) 
and (2) are both satisfied we have 


HM . 6=HH'=x r ~x 


= | ^^x 2 O ( ~dxdydz+^p 1 x i 0dxdy j ^M 0 . 

And if Aft 2 denotes the moment of inertia of the section at depth 
z about its axis in the yz plane, this gives 



or, integrating by parts, 

HM= | [pAVf-^p^Ak^dz+p^lcf j jM 0 

= { } I Mo 

where the suffixes 1,2 refer to the top and bottom sections, and A 2 
is zero unless the body has a flat bottom. 

An alternative method will be given in the next Article. 


76. Surface of buoyancy for a solid floating in a liquid of variable 
density . 

Consider first the case of a body floating in a liquid formed of 
layers of different densities p v p 2 • • • pn i n descending order. 

Let v n denote the total volume of the solid immersed below the 
upper surface of the layer of density p n . 

As in Art. 65 let «=c be the original water-line section, and 
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let z=c+lx-{-my denote the plane in a slightly displaced position, 
then we have 

ipl V l'\-(P2’—Pl) V +(P3 — P2) t; 3+ +(Pn—Pn-l) V n}( x — X o) 

= = {Pl a l+(P2—Pl) a 2+' • • + (P»“ Pn-l) a n}l 

”b{Pl^l~t~(P2 Pl)^2+* • • 4"(Pn P«-l)^n} m > 

and corresponding equations for (y—y 0 ) and (z— z 0 ) when ( x 0 , y 0 , z 0 ), 
(x, y , z) are the centres of buoyancy in the two positions, and a r , h r> b r 
denote 


JJaftfedy, jjxydxdy, 


taken over the corresponding section. 

Proceeding to the case of a continuous fluid we get 
M(x—x 0 ) =Al J rHm, 

M(y-y 0 )=Hl+Bm, 

and M(z—z 0 )=l(Al 2 +2Hlm+Bm 2 ) f 

where M=p 1 v 1 +^vdp 

fn 

and A—p^a^Xadp 

n C n 

=Pi*i+\pa)-\pda 

“Pn^n+J pd a > 

and a like expression for B , the suffixes 1, n referring to the top and 
bottom sections of the immersed solid, v n being in this case clearly 
zero, and a n is also zero except when the solid has a flat bottom. 

The surface of buoyancy is obtained from three equations as in 
Art. 65, and, in the special case in which H= 0, and the origin is 
at the equilibrium position of the centre of buoyancy, the equation 
becomes 

2 z—Mx 2 /A +My 2 /B, 

and the metacentric heights are AjM and BjM. 

77. Solid floating wholly immersed . 

In this case we have similar equations, with 

pdv , and adp or (pn a n—pi a i)+j pda* 
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there being no displacement of the centre of buoyancy with a solid 
immersed in homogeneous fluid. 

78. Examples. (1) Cone of semiangle a vertex downwards. 

If a: is the distance of a section from the vertex 0, we have 
a= \nx A tan 4 a, 

•\ da= nx % tan 4 adz. 

Also dv= nx z tan 1 adx, so that da—x tan* adv f 

and AJM —J gdaj\gdv— tan* ajxQdv/jgdv 

—x tan* a, 

where x is the height of the centre of buoyancy above O, and thus the height 
of the metacentre above 0 is x sec* a. 

(2) Paraboloid of latus rectum l 0 , vertex downwards . 

Here a=\nl Q % x* t .\da-\nljxdx. 

Also dv~nl 0 xdx, so that da—\l Q dv, 

and A/M—jQda/jQdv=^l 0 . 

(3) Cylinder with axis vertical . 

Here a= constant, so that A/M~q n ajM. 

79. Potential Energy. The theory of the stability of the 
equilibrium of floating bodies may also be based on the principle 
of energy and the subject may be treated from this point of view by 
direct calculation of the changes in the potential energy. 

To find the work done in inserting a body in a sea of heavy liquid ; 
neglecting the alteration in the level of the liquid , and the disturbance 
caused by the insertion of the body • 



If a vertical prism of cross section dxdy cuts the boundary of 
the body in contact with the liquid in elements dS v dS 2 , at depths 
z i> z 2 , at which the pressures are p v p 2 respectively, and 0 V d 2 are 

6 
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the acute angles which the normals to dS v dS 2 make with the 
vertical; then the work done against the thrusts on these elements, 
as the depth is increased by a small amount dz, is 

(p x dSi cos 0 1 —p 2 dS 2 cos 0 2 )dz=(p 1 —p 2 )dxdydz. 


Therefore the work done in placing the body in the position under 
consideration 


=27 pfiz —| pflz'j j 

= 271 dxdy^ pdz j 
= Q^pdxdydz .. 


.( 1 ), 


where the integration extends to the volume immersed. 

If the liquid be homogeneous p—gpz and the work done 


—gp^^zdocdydz 


=gpVz, 

where V is the volume of liquid displaced, and z the depth of its 
centroid. 

When a body floats in a liquid it possesses potential energy in 
virtue of the work that has been done in placing it in the liquid; 
and if the liquid be homogeneous, and G } H the centres of mass of 
the body and of the liquid displaced, and £ and z their depths, the 
measure of the potential energy of the body may be taken to be 
gpV(z —£), or, when the body floats in equilibrium, gpV . HG.* 


80. To find the work done in turning a floating body through a 
small angle 0 about any axis in the plane of flotation. 

Let Oy be the axis of rotation, Oz vertically downwards, and let 
the plane xOz contain the centre of mass G of the body and the 
centre of buoyancy H. Let the co-ordinates of H and G be (x, 0, z) 
and (£, 0, £) respectively, so that in equilibrium £=£. 

In the initial position the potential energy due to the displaced 
liquid 

=gpVz or \gpHzHxdy. 


Turn the body about Oy through a small angle 0 and let the 
axes Ox , Oz move with the body. 

* The zero configuration is a hypothetical one, in which the space occupied by 
the body in the liquid is filled with liquid of the same kind, and the whole mass of 
the body is at the level of the free surface of the liquid. 
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The length to the surface of the prism of cross-section dxdy 
immersed in the liquid becomes z+x tan 0=z+£0, and the depth 



of its centre of mass is %(z+x6) cos 0; therefore the increase in 
the potential energy due to the displaced liquid 


=\gp\^{z+x0)\l-\6 2 )dxdy-\gp^zHxdy 


|| {x*—\z*)dxdy+gp6^xzdxdy. 


But the loss of potential energy due to displacement of the body 
=gpV{£ cos 0+f sin 0-£)=— IgpPVi+gpdVf, 
therefore the total gain in potential energy is 

E=\gp^{x*-\*)Axdy+\gpPVt, 

=lg P e*(Ak*-Vz+VQ 

=\g P ffi{Ak*-V .HG) .(1), 


where A is the area of the surface section of the body and k is its 
radius of gyration about Oy. 

From this it follows that the equilibrium is stable if Ak 2 >V . HO, 
and that the restorative couple is 

' f e =g P 6(Ak*-V.HG). 


The conditions previously obtained for the stability of a body 
floating under constraint and of a body floating in heterogeneous 
liquid may also be found by evaluating the changes in potential energy 
as far as the second power of 0. The work is to be found in earlier 
editions of this book, but is not regarded as of sufficient importance 
to be reproduced. 
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81. Potential energy where a body floats in liquid contained in 
a cylindrical vessel . 

Take the zero of reckoning to be the undisturbed level of the 
liquid in the vessel before the body is immersed. Let B be the 
cross-section of the vessel and S the water-section of the body when 
floating. Let F 0 be the volume immersed in the equilibrium 
position; taking gp= 1, F 0 also denotes the weight of the body. 
Let F be the volume immersed in any other position. In this 
latter position the level of the water is raised a height V/B, so that 
if the centre of buoyancy is at a depth p below the zero level, a 
weight F has been raised a height p+V/2B and the work done is 
Vp+V 2 /2B. Hence if q denote the height of the centre of gravity 
of the body above the zero level, the whole potential energy is 

V 0 q+Vp+V 2 /2B. 


Now let F=F 0 +v, and let p 0 be the depth of the centroid of 
the volume F 0 of the body in the displaced position, so that 
Vp=V 0 p 0 +v^ where, provided that v is small, £=i;/2/S— V/B. 

Then the potential energy is 

F 0 (?+2>o)+^-^+^ 


-=v o(q+p 0 )+^ 


V 

2 S 


Fo-ftA I (?»+*)* 
B y 2B 


=Fo£+^ 2 ^—g^+constant, 

where £ denotes the vertical distance between the centre of buoy¬ 
ancy and the centre of gravity. 


82. Example. A cylinder floating in a cylinder . 

/ Take the origin 0 at the centroid of the base 

of the floating cylinder, which is of area A. Let 
the plane of the surface of the liquid be 

lx-{-my-\-nz=p, 

where l, m, n are direction cosines of the upward 
vertical. 

Then V 0 =Ap/n, and the projection on the 
upward vertical of the line OH 09 Whore H 0 
is the equilibrium position of the centre of buoyancy, is 
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y-J J (lz+my+lnz)zdxdy 
=-j f-Jj\(p+hc+my^p-lx—my)dxdy 

~2nV 0 f I 

=2^yUp , -(al t +fim , +2ylm)} ; 

where a=\jx z dxdy, f}= \\y 2 dxdy, y—\\xydxdy integrated over the cross- 
section. 

Also, if a, b, c are the co-ordinates of the centre of gravity O of the body, 
we see that 

V 0 £= V 0 (la+mb+nc)—(al*+Pm % +2ylm)} 

and S=A/n, so that the potential energy is 

( n 1 \ 2 71 Fa* 

2 -^J+F 0 (^+m 6 -fwc)+^(aZ 2 +/?m*-f 2 yZm)-J-j-+const. 

Suppose, for example, that a=6=0, so that G is on the line of centroids 
Ozy and write V 0 —Ah so that h is the draught in the vertical position ; then 
the potential energy is 

i - ]j)-+ \nAh{2c- h)+^(<d % +Pm*+2ylm). 

In the case in which the cylinder is nearly vertical we put n=l— |(Z*+m*) 
approximately, and the coefficients of l* and m* become 

\{a-\Ah(2c-h)} and \{p-\Ah(2c-h))y 

so that for stability we must have \Ah{2c— h) less than the least moment of 
inertia of the section. 

If, further, the section is a circle or any form for which a= /?, y— 0, then 
the potential energy in a position in which the axis makes an angle 0 with the 
vertical is 

/cos 0 1 \ sin* 0 

K"T-s) + * 008 dAh{2c ~ h)+ia ^e- 

Taking the volume displaced as constant, we put v=0, so that for equi¬ 
librium in an oblique position we must have 

— Ah(2c— ft)+a(2-ftan* 0)=0, 
which gives a real value for 0, when 

\Ah(2C—h) >dy 

».e. when the vertical position is unstable. 

EXAMPLES 

1. If a solid paraboloid, bounded by a plane perpendicular to its axis, float 
with its axis vertical and vertex immersed, the height of the metacentre above 
the centre of gravity of the displaced liquid is equal to half the latus rectum. 
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2. A oone, whose vertical angle is 60°, floats in water with its axis verticaJ 
and vertex downwards ; show that its metacentre lies in the plane of flota¬ 
tion ; and that its equilibrium will be stable provided its specific gravity > $J. 

3. An isosceles wedge floats with its base horizontal, and its edge immersed; 
show that the equilibrium is stable for displacement in a plane perpendicular 
to the edge, if the ratio of the density of the wedge to that of the fluid is greater 
than the ratio cos 4 a : 1; 2a being the angle of the wedge. 

4. A closed cylindrical vessel, quarter-filled with ice, is placed floating in 
water with its axis vertical; the weight of the vessel is one-fourth of the weight 
of the water which it can contain; examine the nature of the equilibrium 
before and after the ice melts, neglecting the change of volume consequent on 
the change of temperature. 

5. A solid in the shape of a double cone bounded by two equal circular 
ends floats in a liquid of twice its density with its axis horizontal: prove that 
the equilibrium is stable or unstable according as the semivertical angle is less 
or greater than 60°. 

6. The cross-section of a cylindrical ship is two equal arcs of equal parabolas 
of latus rectum l which touch at the keel, the common vertex of the two 
parabolas, so that the sides of the ship are concave to the water. The ship is 
floating upright with its keel at a depth h. Prove that the height of the meta¬ 
centre above the keel is 



7. Find a solid of revolution such that, when a segment of it is immersed 
in liquid, the distance between the centre of buoyancy and the metacentre 
may be constant, whatever be the height of tho segment. 

8. Water rests upon mercury, and a cone is too heavy to rest without its 
vertex penetrating tho mercury ; find the density of the cone that the equili¬ 
brium may be stable assuming the cone to be completely immersed. 

9. If the floating solid be a cylinder, with its axis vertical, the ratio of 
whose specific gravity to that of the fluid is a, prove that the equilibrium 
will be stable, if the ratio of the radius of the base to the height be greater 
than {2cr(l—cr)}* . 

10. A hemispherical shell, containing liquid, is placed on the vertex of a 
fixed rough sphere of twice its diameter ; prove that the equilibrium will be 
stable or unstable, according as the weight of the shell is greater or less than 
twice the weight of tho liquid. 

11. A solid of revolution floats with its vertex downwards, determine its 
form when the position of the metacentre is independent of the density of the 
liquid. 

12. A solid cone is placed in a liquid with its axis vertical, and with its 
vertex downwards and resting on the base of the vessel containing the liquid. 
If the depth of the liquid be half the height of the cone, and its density four 
times the density of the cone, prove that the equilibrium will be stable if the 
vertical angle of the cone exceeds 120°. 

Replacing the solid cone by a thin conical shell of the same height, of 
vertical angle 60°, containing liquid, up to the level of the middle point of its 
axis, of half the density of the liquid outside, provo that the equilibrium will 
be stable if the weight of the shell be less than three-fourths of the weight of 
the liquid inside. 
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13. A cylindrical vessel, the weight of which may be neglected, contains 
water, and the vessel is placed on the vertex of a fixed rough sphere with the 
centre of its base in contact with the sphere. Find the condition of stability 
for infinitesimal displacements, and prove that, if the equilibrium be neutral 
for such displacements, it will be unstable for small finite displacements. 

14. A cylindrical vessel is movable about a honzontal axis passing through 
its centre of gravity, and is placed so aS" to have its axis vertical; if water be 
poured m, show that the equilibrium is at first unstable, and find the con¬ 
dition which must be satisfied, m order that it may be possible to make the 
equilibrium stable by pouring m enough water. 

15. A thin comcal vessel of given weight is movable about a diameter of 
its base, which is honzontal, and is partly filled with a heavy fluid , show that 
the eqmlibnum is always stable if the semivertical angle of the cone is < 30° ; 
and if it be greater than this, determine when the equilibnum is stable or 
unstable. 

16 A paraboloidal cup, the weight of which is W, standing on a honzontal 
table, contains a quantity of water, the weight of which is nW ; if h be the 
height of the centre of gravity of the cup and the contamed water, the equili¬ 
brium will be stable provided the latus rectum of the parabola be 

>2(n+l)ft. 

17 A solid cone whoso axis is vertical and vertex downwards is movable 
about an axis coincident with a generating hne , to what depth must the 
system be immersed in water, in order that the equilibnum of the cone may be 
stable ? 

18 Prove that the work done m turning a floating body through a small 
angle 6 round its centre of gravity is 

lgQ(Ak*+Ab*-cV)d*, 

where c is the distance between the centres of gravity of the body and the 
liquid displaced, and b is the honzontal distance between the centre of gravity 
of the body and that of the area of the plane of flotation 

19 A paraboloidal cup, whose latus rectum is 4 a and whose centre of 
mass is at a distance from the \ertex equal to 2a, floats m two liquids of 
densities a and q (a >q), prove that tho work reqmred to turn the body 
through a small angle 6 about a horizontal axis is 

$7zagd\h*(a-Q)Mh+h')*(>} 9 

where h, h' are the lengths of the axis immersed m the fluids 

20 A thin metal circular cylinder contains water to a depth h and floats m 
water with its axis vertical immersed to a depth h' Show that the vertical 
position is stable if the height of the centre of gravity of the cylinder above its 
base is less than \(h+h'). 

21 A uniform liquid of density <r 2 overlies another of greater density a lf 
and a body with a plane of symmetry floats with its plane vertical so as to be in 
contact with both liquids Prove that its metacentnc height from the bottom 
of the body is 

( z iP i~f‘Ki > A 1 )(cr 1 2 -f-*»*A 2 )<7 2 

when V x is the volume submerged m the lower liquid, z x the height of the 
centre of buoyancy of this volume above the lowest point of the body, A l9 k x 
the area and radius of gyration of the lower “ water hne ” ; and V % is the 
whole volume below the upper “ water hne,** z % is the height of the centre of 
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buoyancy which this volume would have if it were submerged in a single liquid, 
and A a , k z refer to the upper “ water-line.” 

22. A right-angled isosceles wedge floats vertex downwards in a fluid 
with its base horizontal and £ of its volume immersed, so that its centre of 
gravity and metacentre coincide. Determine whether the equilibrium is 
really stable or unstable. 

23. A solid in the form of a paraboloid of revolution floats with its axis 
vertical; if the centre of inertia coincides with the metacentre, prove that the 
equilibrium is stable. 

24. A right circular cylinder of radius a rests in a liquid with its axis 
vertical and a length c immersed. The density at a depth z being <f> (z), show 
that the depth of the metacentre is 

z<p(z)dz—\a*<f>(c) 



25. A paraboloid of revolution floats with its axis vertical and vertex 
downwards in a liquid, the density of which varies as the depth ; the equili¬ 
brium will be stable or unstable, according as 4c is less or greater than 
3(m+a), where c is the length of the axis, a the length immersed, and m the 
latus rectum of the generating parabola. 

26. An oblate spheroid floats half immersed, with its axis vortical, in a 
liquid, the density of which varies as the square of the depth ; prove that the 
height of the metacentre above the surface is 

5 a 2 —6* 

8 

27. A solid paraboloid of revolution floats with its axis vertical, vertex 
downwards, and focus in the surface of a liquid, the density of which at the 
depth z is ju(a-\- z), 4 a being the latus rectum of the generating parabola; 
prove that the distance of the mctacentre from the vertex is 2 ±a. 

28. A right circular solid cone of semi vertical angle a floats, wholly 
immersed, with its vertex upwards and axis vertical, in a liquid the density 
of which varies as the depth. If h is the height of the cone, and b the depth 
of its vertex below the surface, the distance of the metacentre from the vertex 
is equal to 

3 5b-\-4ih—h tan 2 a 

a 46+3A * 

29. A cylindrical tub of sheet iron of uniform thickness, of radius a feet 
and weight w pounds, floats upright in water ; show that its centre of gravity 
cannot be higher above the lower end than 

w 49 a 4 
393a a+ "u> ' 

Prove also that, whatever be its weight, its metaccntre is always more than 
•7a feet above the lower end. 

30. A cylindrical cup is made of thin uniform sheet-metal; the cup has 
a circular section, a flat base and an open top; its length is 4£ times the 
radius of the base, and the weight of water which would fill the cup is W. 
Prove that the cup cannot float in water in stable equilibrium with its 
generators vertical, if its weight is between (*029) W and (*871) W, 
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If the weight of the cup is jW, it can be steadied by pouring in water, so 
as to float with its generators vertical, provided that the weight of the water 
poured in lies between £TF and f W. 

31. A twin steamer is formed of two equal and similar ships united along¬ 

side one another and similarly loaded. Show that, if d is the height of the 
metacentre above the centre of gravity in the case of the separate ships for 
rolling, the height in the twin ship is where A is the area of the 

plane of flotation, V the volume immersed of either, and 2b the distance 
between the medial planes. 

32. Prove that the equilibrium of a prismatic body with vertical sides 
near the water-line, which is so loaded that its centre of gravity coincides 
with its metacentre for displacement by rotation about a line parallel to its 
edges, is stable. 

33. A cylindrical water-tank is free to swing on a horizontal axis which is a 
diameter of one of its cross-sections, situated below the middle of its height. 
Show that it will hold less water before it tips over, if the surface of the water 
is free, than if it is held by a lid fixed to the tank. If in the former case the 
water may rise to a height H above the axis of free rotation, show that in the 
latter it may rise an additional height {H*+2ic*)l—H, where the moment of 
inertia of the cross-section, of area A, with respect to the axis of rotation, is Ah 2 . 

34. A uniform right circular cylinder of height h, radius o, and specific 
gravity $(<1) is placed with one of the circular ends below the surface of a 
large sheet of water ; the volume of water displaced is na*x and the axis of the 
cylinder makes an angle 6 with the vertical. Prove that the potential energy 
of the system is equal to 

\wna%x 1 — 2hsx-\-h l s) cos 0-f Ja* sin 0 tan 0}, 

where w is the weight of unit volume of water. 

Apply this to show that, if an oblique position of equilibrium does exist 
with one circular end above and one below the water surface, it is a stable 
position. 

35. Prove that a ship after passing from fresh to salt water has, in addition 
to change of draught, a very slight change of trim (measured by change of differ¬ 
ence of draught fore and aft); calculate the amount in inches for a ship 300 
feot long, longitudinal metacentric height 350 feet, distance of centre of gravity 
of area of water section from vertical through centre of gravity of ship 10 feet, 
increase of density ^ 0 th part. 

36. Assuming the stability of a floating body for a certain type of displace¬ 
ment to bo measured by the height of the corresponding metacentre above the 
centre of gravity, show that, if a wall-sided ship is moving slowly from fresh 
water into salt water, this stability increases at a rate proportional to the height 
of the metacentre above the plane of flotation and to the rate of increase of the 
logarithm of the density of the water. 

37. Show that, if the position of a floating body be unstable, the centre of 
gravity being over both metacentres, the fixing of a line in the body in the 
plane of the water surface gives a stable position for rotation about the line 
if the line lie outside a definite ellipse. 

38. A heavy homogeneous cube is completely immersed with two faces 
horizontal in a fluid whose density=* times the cube of the depth. Prove 

kq? 

that the metacentric height is w ^ ere ^ mass a °* 

an edge of the cube. 
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39. A thin vessel in the form of a right circular cone, whose weight is 
negligible, floats with axis vertical in liquid whose density is ju(a-f z), z being 
the depth below the surface and h the length of the axis immersed. Prove 

that, if it contain liquid of density the equilibrium will be stable 

provided 

4o+A 
6W > 5o+V 

40. A cube, whose edge is a, floats with two faces horizontal, a length l of 
the vertical edges being under water. Show that the work done in turning the 
cube through a finite angle 0 about an axis parallel to one of the horizontal 
edges without altering the volume of water displaced or immersing any part 
of the upper face of the cube is 

w [ 

where W is the weight of the cube. (See Art. 82.) 

41. A ship contains water in its hold and floats in the sea. A solid is held 
partially immersed in the hold by a machine on land, so as to displace a weight 
w of water ; it is then depressed so that a small extra length 8x is immersed. 
Prove that the gain in the potential energy of the ship and contained water is 

where W is the weight of the ship and the contained water, A is the area of 
the water section of the held solid, C is that of the ship, and B is the area of 
the surface of the contained water. 

42. Show how to determine the effect on the trim of a ship of the displace¬ 
ment of a weight small compared to the total weight: prove that, if the dis¬ 
placement bo across the horizontal deck in a direction making an angle 0 with 
the medial line, the resulting slope of the deck is such that the line of greatest 
slope makes an angle tan _1 (m tan 0) with the medial line, where m is tho ratio 
of the metacentric heights. 

43. A log of square section floats in water with the two square faces vertical 
and three of the edges perpendicular to them wholly immersed. Show that 
there are three positions of equilibrium with a given edge not immersed, pro¬ 
vided the specific gravity of the substance of the log lies between 23/32 and 
3/4; and that if this condition be satisfied the two unsymmetrical positions 
are stable for rolling displacement, and the symmetrical position is unstable. 

44. A homogeneous body is floating freely in stable equilibrium. Show 
that, if the body be turned upside down, so as to float with the same plane of 
flotation in a liquid of suitable density, the equilibrium will be stable. 

45. Form an estimate of the effective increase in metacentric height when 
a ship is steadied by a rapidly spinning flywheel. 

46. A uniform solid body, in the form of the portion of the paraboloid 
a?*/ a *-j- y 2 /b 2 — 4z/Z cut off by the plane z=l, is floating freely in a liquid with 
its vertex downwards. A small weight is placed at the point f, rj on its plane 
base, prove that these points in the plane base which suffer no vertical displace¬ 
ment he on the line whose equation is 

h , w i n _o 

a*—(1—n)Z a /3 ^6»-(l-«)ZV3 + ' 

where n* is the ratio of the density of the solid to that of the liquid. 


a* 0 

sin 0 tan 0— (<z— l) sin® -g , 



CHAPTER VI 

PRESSURE OF THE ATMOSPHERE 

83. If a glass tube, about three feet in length, having one end 
closed, be filled with mercury, and then inverted in a vessel of 
mercury so as to immerse its open end, it will be found that the 
mercury will descend in the tube, and rest with its upper surface 
at a height of about 29 inches above the surface of the mercury in 
the vessel: this experiment, first made by Torricelli, has suggested 
the use of the Barometer , for the purpose of measuring 
the atmospheric pressure. 

The Barometer, in its simplest form, is a straight 
glass tube AB, containing mercury, and having its 
lower end immersed in a small cistern of mercury; 
the end A is hermetically sealed, and there is no air in 
the branch AB . 

It is found that the height of the surface P of the 
mercury above the surface C is about 29 inches, and, as 
there is no pressure on the surface P, it is clear that 
the pressure of the air on C is the force which sustains 
the column of mercury PQ. 

We have shown that the pressure of a fluid at rest 
is the same at all points of the same horizontal plane; 
pressure at C is equal to the pressure of the mercury at 

Let q be the density of mercury, and n the atmospheric pressure 
at (7, then 

IL^gaPQ, 

and the height PQ measures the atmospheric pressure. 

On account of its great density, mercury is the most convenient 
fluid which can be employed in the construction of barometers, 
but the pressure of the air may be measured by using any kind of 
liquid. The density of mercury is about 13*568 times that of water, 
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and therefore the height of the column of water in the water- 
barometer would be about 33f feet. 

The density of mercury changes with the temperature, and 
a must therefore be expressed as a function of the temperature. 

Experiment shows that, for an increase of 1° centigrade, the 
expansion of mercury is xsW^h of its volume; hence if <j t be the 
density at a temperature t°, and cr 0 at a temperature 0°, 

<To=a { 1+ 6^o) =<T<{1+ '° 0018018<) 5 

/. a t =a o (l-0l) if 0=*00018018, 
and n= 0 <r o (l- 8t)PQ. 

By means of the formula, U=gcr o (l — 0t)h } the atmospheric 
pressure at any place can be calculated, making due allowance for 
the change in the value of g consequent on a change of latitude. 
It is found that this pressure is variable at the same place, with or 
without changes of temperature, and that in ascending mountains, 
or in any way rising above the level of the place, the pressure 
diminishes. This is in accordance with the theory of the equili¬ 
brium of fluids, for, in ascending, the height of the column of air 
above the barometer is diminished, and the pressure of the air upon 
(7, which is equal to the weight of the superincumbent column of air, 
is therefore diminished, and the mercury must descend in the tube. 

If then a relation be found between the height of the mercury 
and the height through which an ascent has been made, it is 
clear that by observations, at the same time, of the barometric 
columns at two stations, we shall be able to determine the difference 
of their altitudes. 

We shall investigate a formula for this purpose; but it is first 
necessary to state the laws which regulate the pressures of the air 
and gases at different temperatures, and also the laws of the mixture 
of gases. 

84. We have before stated the relation 
jp =&p( 1 -f- at) 

between the pressure, density, and temperature of an elastic fluid : 
it is deduced from the two following results of experiment: 

( 1 ) If the temperature be constant , the pressure of air varies in - 
versely as its volume. ( Boyle's Law.) 

( 2 ) If the pressure remain constant , an increase of temperature 
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of 1° C. produces in a mass of air an expansion -003665 of its volume 
at 0° C. (Dalton's and Gay-Lussac's Law.) 

Hence, if p be the pressure and p 0 the density of air, at a tem¬ 
perature zero, 

p=k Po .' 

Suppose now the temperature increased to t , the pressure re¬ 
maining the same: the conception of this may be assisted by 
considering the air to be contained in a cylinder in which a movable 
piston fits closely, and has applied to it a constant force, so that 
an increase of the elastic force of the air would have the effect of 
pushing out the piston, until the equilibrium is restored by the 
diminution of density, and consequent diminution of pressure: 
we shall then have from the 2nd law, 


Po=p( 1 +«-0» 

taking p as the new density and a= *003665 ; 

p=kp(l+at). 


If p\ p be the pressure and density of the same fluid at a tem¬ 
perature t\ 

/=fcp'(l + a O> 

p _p 1-f-a t 
p~J' T+rt r 


and 


The quantity a is very nearly the same for gases of all kinds, 
but k has different values for different gases, and must of course 
be determined experimentally in every case. 


85. Absolute Temperature. If we imagine the temperature 
of a gas lowered until its pressure vanishes, without any change 
of volume, we arrive at what is called the absolute zero of tempera¬ 
ture, and absolute temperature is measured from this point. 

Assuming t 0 to represent this temperature on the centigrade 
thermometer, we obtain, from the equation l+a£ 0 =0, 

t 0 = —-=—273°. 

a 

In Fahrenheit's scale the reading for absolute zero is —459°. 
The equations, p=kp(l+at), 

0=kp(l-\-at 0 ) 9 

lead to p=kpa(t—t 0 ) 

=kpaT, 

if T be the absolute temperature. 
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Since pV is constant, it follows that pV/T is constant, and 
this law expresses, in the absolute scale, the relation between 
pressure, volume, and temperature. 


86. Mixtures. The pressure of a mixture of different elastic fluids. 

Consider two different gases, contained in vessels of which the 
volumes are V and V', and let their pressures and temperatures, 
p and t , be the same. 

Let a communication be established between the two vessels, 
or transfer both the gases to a closed vessel, the volume of which 
is F+F': it is found in the case in which no chemical action takes 
place, that the two gases do not remain separate, but permeate 
each other until they are completely mixed, and that, when equili¬ 
brium is attained, the pressure and temperature are the same as 
before. From this important experimental fact we can deduce the 
following proposition. 

If two gases having the same temperature he mixed together in a 
vessel, the volume of which is V, and if the pressure of the two gases, 
alone filling the volume V, he p and p', the pressure of the mixture 
will be p-f p'. 

Suppose the two gases separated; let the gas, of which the 
pressure is p, have its volume changed, without any alteration of 
temperature, until its pressure becomes p '; its volume will be, by 
Boyle’s law, pV/p'. 

Let the two gases be now mixed in a vessel, of which the volume 
is 


r+— ,7, or 
p 


P±£y 

P' 


the pressure of the mixture will still be p r , and the temperature 
will be unaltered. If the mixture be then compressed into a volume 
F, its pressure will become, by the application again of Boyle’s 
law, p+p'. 

This result is obviously true for a mixture of any number of gases. 


87. Two volumes V, V' of different gases, at pressures p, p' re¬ 
spectively , are mixed together, so that the volume of the mixture is 
U ; to find the pressure of the mixture . 

The pressures of the two gases, reduced to the volume U, are 
respectively 


V V' 
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and therefore, by the preceding article, the pressure of the mixture 
is 


V V' 

u?+u p,i 


and if trr be this pressure, we have 

&U=pV+p'V'. 

If the absolute temperatures of the gases before mixture are 
T and T\ and if after mixture the absolute temperature is r, and 
the volume E7, the pressures of the gases will be respectively 


pVr A 

Yt ” 1 


p'V' T 

r u * 


Hence sr, the pressure of the mixture, is the sum of these two 
quantities, and therefore 


rsUpV p'V' 

r t + r ‘ 


In the case of the mixture of any number of gases, we have 

&U ypV 

r " 2 r 


88. The laws and results of the preceding articles are equally 
true of vapours, the only difference between the mechanical qualities 
of vapours and gases, irrespective of their chemical characteristics, 
being that the former are easily condensed into liquid by lowering 
the temperature, while the latter can only be condensed by the 
application either of great pressure or extreme cold, or a combination 
of both.* 


89. Vapour. If water be introduced into a space containing 
dry air, vapour is immediately formed, and it is found that the 
pressure and density of the vapour are dependent only on the 
temperature, and are quite independent of the density of the air, 
and indeed are exactly the same if the air be removed. If the 

* Professor Faraday succeeded in condensing carbonic acid gas, and other gases 
requiring a considerable pressure for the purpose, and the result of his experiments 
led to the conclusion that, in all probability, all gases are the vapours of liquids. 
This conclusion was remarkably supported in 1877, when M. Pictet, in the early part 
of the year, liquefied oxygen by applying to it a pressure of 300 atmospheres, and, 
in December of the same year, M. Cailletet liquefied nitrogen, and atmospheric air. 
In 1884 hydrogen was liquefied by Wroblewski, in 1899 Dewar obtained solid 
hydrogen, and now liquid air and various other gases in liquid form are articles of 
commerce. 



88 


PRESSURE OF THE ATMOSPHERE 


[OHAP. VI 


temperature be increased or the space enlarged, an additional 
quantity of vapour will be formed, but if the temperature be lowered 
or the space diminished, some portion of the vapour will be 
condensed. 

While a sufficient quantity of water remains, as a source from 
which vapour is supplied, the space will be always saturated with 
vapour, that is, there will be as much vapour as the temperature 
admits of; but if the temperature be so raised that all the water 
is turned into vapour, then for that, and all higher temperatures, 
the pressure of the vapour will follow the same law as the pressure 
of the air. 

In any case, whether the space be saturated or not, if p be the 
pressure of the air, and & of the vapour, the pressure of the 
mixture is p+zs. 

90. The atmosphere always contains aqueous vapour, the 
quantity being greater or less at different times ; if any portion 
of the space occupied by the atmosphere be saturated with vapour, 
that is, if the density of the vapour be as great as it can be for 
the temperature, then any reduction of temperature will produce 
condensation of some portion of the vapour, but if the density of 
the vapour be not at its maximum for that temperature, no con¬ 
densation will take place until the temperature is lowered below 
the point corresponding to the saturation of the space. 

Formation of Dew. If any surface, in contact with the atmo¬ 
sphere, be cooled down below the temperature corresponding to 
the saturation of the space near it, condensation of the aqueous 
vapour will ensue, and the condensed vapour will be deposited in 
the form of dew upon the surface. The formation of dew on the 
ground depends therefore on the cooling of its surface, and this is 
in general greater and more quickly effected when the sky is free 
from clouds, and when, consequently, the loss of heat by radiation 
is greater than under other circumstances. 

The Dew Point is the temperature at which dew first begins 
to be formed, and must be determined by actual observation. 

The pressure of vapour corresponding to its saturating densities 
for different temperatures must also be determined experimentally, 
and, if this be effected, an observation of the dew point at once 
determines the pressure of the vapour in the atmosphere. For 
if V be the dew point, and p' the known corresponding pressure. 
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then at any other temperature t above t' the pressure p is given by 
the equation 

p _1 +at 
p'-~T+*t r 

91. Effect of compression or dilatation on the pressure and tem¬ 
perature of a gas. 

It is found by experiment that if a quantity of air, enclosed 
in a vessel impervious to heat, be compressed, its temperature is 
raised; and that, if a quantity of air, enclosed in any kind of 
vessel, be suddenly compressed, so that there is no time for the 
heat to escape, the temperature is similarly raised. 

92. Thermal Capacity. The thermal capacity of a body is 
measured by the amount of heat required to raise the temperature 


The unit of heat which is actually employed is the quantity of 
heat required to raise by one degree the temperature of one unit 
of mass of water, supposed to be between 0° C. and 40° C. 

Specific Heat. The specific heat of a body is the thermal 
capacity of one unit of mass, or, which is the same thing, it is the 
ratio of the amount of heat required to increase by 1° the temperature 
of the body to the amount of heat required to increase by 1° the 
temperature of an equal weight of water. 

If an amount of heat dQ produce in the unit of mass a change 


of temperature dt , the measure of the specific heat is 


dQ 

dt' 


In gases it is necessary to consider two cases: (1) when the 
pressure remains constant, the gas being allowed to expand, (2) 
when the volume remains constant. 

We shall denote the specific heat in these two cases by the 
symbols c p and c v . 

It is easy to see that c v is greater than c v , for in the first case 
the heat imparted does work in expanding the gas as well as in 
raising its temperature. 


93. Internal Energy. A mass of gas in a given state possesses 
internal energy depending upon the configuration and motion of its 
molecules. The difference between the energies in two given states 

7 
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depends only upon those states, and not upon the mode of change 
from the one to the other. If we denote by U the difference between 
the internal energies in any assigned state and in some standard 
state, then dU is a perfect differential of a function determined by 
the state of the gas. 

For a gas the first law of thermodynamics may be expressed by 
the relation 

dQ=dU+pdv . . . . (1) 

or the quantity of heat imparted is equal to the increase in internal 
energy together with the work done by the pressure as the gas 
expands. 

A perfect gas is an ideal substance which is assumed to obey the 
relation pv=KT for all ranges of temperature, where T denotes 
absolute temperature and K is a constant. There are experimental 
reasons for concluding that for such a gas the internal energy U is 
a function of T only. 

If we suppose the volume to be kept constant while heat is im¬ 
parted, then c v —dQ/dT. Hence it follows from (1) that c v =d U/dT ; 
but U is a function of T alone, therefore c v is a function of T alone. 
Now it is found that for the permanent gases and for all but very 
high or very low temperatures, c v is independent of T, consequently 
it is assumed that for a perfect gas c v is independent of T , i.e. c v is a 
constant and d U =c v dT . 

Hence, for a perfect gas, (1) may be written 

dQ=c v dT+pdv .... (2) 

where pv=KT. 

Therefore pdv+vdp—KdT, 

so that dQ=c v dT+KdT—vdp ... (3) 

Now, suppose that the pressure is kept constant while a quantity 
of heat dQ is imparted, so that c v —dty\dT or dQ=c v dT. Sub¬ 
stituting this value in (3) and putting dp= 0, we get 

c v —c v —K .... (4) 

Consequently c v is also a constant for a perfect gas and, as stated 
in the last article, it is greater than c v . 

94. Adiabatic Expansion. Let a change of state take place 
without any heat being imparted to or lost from the gas. Such an 
expansion or compression is called an adiabatic change . 



93-05] 


PRESSURE OF THE ATMOSPHERE 


91 


In this case, since no heat is supplied or lost, we have 

dQ= 0, 

therefore, from (2) 

0—c v dT+pdv. 

But pv=KT, and from (4) K=c P —c Vi 
therefore pdv+vdp=(c P —c v )d T, 

and eliminating dT gives 

pdv+vdp +— l^jpdv =0, 

or ^+ C _’*=0. 

p C v V 

On integration we find that 

pvy= const., 

where y denotes the constant ratio cjc v . 

The equation pvi =constant is, in thermodynamics, the equation 
of the adiabatic, or isentropic lines, and it represents the relation 
between the pressure and volume of a mass of gas, when, during 
a change of volume, no heat is lost or imparted. 

The equation is true in the case of a sudden compression or 
dilatation of a mass of air, because there is no time for any sensible 
loss of heat, or for any addition of heat from external sources. It 
will be found that this relation is of great importance in the theory 
of sound. 


95. To find the work done in compressing a gas isothermally . 

Let v be the volume of a gas at the pressure p, dS an element 
of the surface of the vessel containing it, and dn an element of the 
normal to dS drawn inwards. 

Then the work done in a small compression 
—pZdSdn——pdv, 


and the work done in compressing from volume V to V 9 



since pv=C, 


V V 

log y,=pv log p 


If the compression takes place in a vessel surrounded by the 
atmosphere, as for example if the gas is confined in a cylinder by 
a piston, the pressure of the atmosphere assists in the work of com- 
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pression. Thus if the initial volume is V at atmospheric pressure II, 
the external work done in compressing it to volume V 9 
v 

(p—IL)dv, where pv=ILV 
v 

=ny log I-ikf-f'). 

96. The work done during an adiabatic compression of a gas . 

In the last paragraph we have assumed that the compression is 
isothermal. 

This state of things can be secured by performing the operation 
so slowly that any heat which may be generated is dissipated 
during the process. 

If the compression is adiabatic, that is, if the process is so 
arranged that no heat is lost or imparted, which is practically the case 
when the compression is very rapid, we have from Art. 94 the 
relation 

pv*— constant=0. 

Hence it follows that the work done in compressing from volume 
V to volume V 

Cv~ydv 

= (7 1_Y — t/ 1_Y ). 

i —y 

97. Isothermal Atmosphere. 

On the hypothesis of uniform temperature the law of pressure is 
given by 

dp——gpdz 9 

where p, p denote pressure and density at a height z. If p 0 , p 0 
denote the values at a height z 0 , we have 

p=p^k, 

P Po 

and k log p—C—gz ; 

whence log 2-==— 1 ( 2 —z 0 ) . . . (1) 

If we take z 0 =0 and suppose H to be the height of a homo¬ 
geneous atmosphere of density p 0 , that would produce the pressure 
Po, we have p 0 =gp 0 H, so that k=gH, and log p/p 0 = — zjH> 

P=Poe~ z/H - 




or 
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This shows that, as the altitude increases in arithmetical progression, 
the pressure decreases in geometrical progression. 

Formula (1) may be used for comparing differences of level by 
observing barometric pressure. Thus we have 

h\ p 
z- Zo = log f 
9 Po 

on the hypothesis that the temperature is constant. If the tempera¬ 
ture be not constant, the relation between p and p is p=kp(l+at), 
and if t, t 0 be the temperatures at the two stations and we proceed 
on the hypothesis of a mean uniform temperature £=|(t 0 +t), 
we have 

z-z 0 =~{1+Icl(t 0 +t)} log 

9 V o 

This formula may be further corrected by allowing for the 
difference in the value of gravity at different altitudes ; thus, if g 
is the measure of gravity at sea level and r is the earth’s radius, the 
attractive force at a height z is measured by gr 2 /(r-{-z) 2 . For 
accurate results corrections must be made to the barometer readings 
so as to allow for the difference of temperature of the mercury at 
different levels and for the aqueous vapour in the atmosphere, but 
a more detailed discussion is beyond the scope of our present 
purpose. 

98. Convective Equilibrium. An alternative hypothesis is that 
of the convective equilibrium of temperature in the atmosphere. 
As explained by Lord Kelvin,* “ when all the parts of a fluid are 
freely interchanged and not sensibly influenced by radiation and 
conduction, the temperature of the fluid is said to be in a state of 
convective equilibrium.” This state implies that if equal masses 
of air at different levels were interchanged without gain or loss of 
heat, i.e. adiabatically, they would merely interchange pressure, 
density and temperature so that on the whole there would be no 
change. In this case therefore the equations are 

dp~—gpdz . . . . (1) 

p—kp y and p=KpT , 

where T denotes absolute temperature at the height z ; 

.-. kyp y ~ 2 dp=—gdz, 

* Collected Papers, vol. iii. p. 255. 



94 


PRESSURE OF THE ATMOSPHERE 


[chap. 71 


and by integration 


1 = 

y-V 


0-gz\ 


y—ip 

K(T Tq)= gz t 

y—l 

where T 0 denotes the absolute temperature at sea-level; 

. jpl 

"To y ‘ KTo 

And if H is the height of the homogeneous atmosphere 


KpoTo — Po—gPoH \ 


To y H 


( 2 ) 


If in equation (1) we take gr 2 /(r+z) 2 instead of g , as before, we get 
on integration and substitution as above 


T y—l rz 

To y -J?(r+z) 


(3) 


99. The following problem is illustrative of the principles of 
this chapter. 

A piston without weight jits into a vertical cylinder , closed at its base and 
jilled with atmospheric air , and is initially at the top of the cylinder; water being 
poured slowly on the top of the piston , find how much can be poured in before it 
will run over . 

Let a be the height of the cylinder, and z the depth to which the piston 
will sink; then in the position of equilibrium the pressure of the air in the 
cylinder is n -\-ggz, where n is the atmospheric pressure, and q the density of 
water; but 

this pressure : n=a : a— z; 
n a 

s=i =n +<^. 

Let h be the height of the water-barometer, 

•% u=geh f 
ha={a—z){h+z), 

and z=0 or a—h. 

Unless then the height of the cylinder is greater than h , no water can be 
poured in, for, even if the piston be forced down and water then poured on it, 
the pressure of the air beneath will raise the piston. 

The negative solution, when a<h, can however be explained as the solution 
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of a different problem leading to the same algebraic equation. Suppose the 
cylinder to be continued above the piston, and let it be required to raise the 
piston through a space 2 by a force which shall be equal to the weight of the 
cylindrical space z of water. 

This leads to the equation 

n—ggz a 
n "“’a+z* 

or z—h—a. 


EXAMPLES 

1. The readings of a perfect mercurial barometer are a and /?, while the 
corresponding readings of a faulty one, in which there is some air, are a and b; 
prove that the correction to be applied to any reading c of the faulty baro¬ 
meter is 

(a-a)(p-b)(a-b) 

(a-c)(a-a)-(b-c)(p-b)‘ 

2. If a thermometer, plunged incompletely in a liquid whose temperature 
is required, indicate a temperature t, and t be that of the air, the column not 
immersed being m degrees, prove that the correction to be applied is 

m(t— t) 

6840-f t— 77l’ 

1/6840 being the expansion of mercury in glass for 1° of temperature, assuming 
that the temperature of the mercury in each part is that of the medium which 
surrounds it. 

3. A closed vertical cylinder of unit sectional area contains a piston, 
weight W . The piston is originally halfway up the cylinder, and the space 
above and below is filled with saturated air. On being left to itself the piston 
sinks to half its former height; prove that the tension of the saturated vapour 
is 3W— 4n where n is the pressure of the atmosphere : the temperature being 
supposed the same at the end and beginning of the process. 

4. A vertical barometer tube is constructed, of which the upper portion 
is closed at the top, and has a sectional area a 2 , the middle portion is a bulb 
of volume 6 3 , and the lower portion has a section c a , and is open at the bottom ; 
the mercury fills the bulb and part of the upper and lower portions of the 
tube, and is prevented from running out below by means of a float against 
which the air presses ; the upper part of the tube is a vacuum : find the change 
of position of the upper and lower ends of the mercurial column, due to a given 
alteration of the pressure of the atmosphere. 

Show also that, if the whole volume of the mercury in the instrument be 
c*H, where H is the height of the barometer, the upper surface will be un¬ 
affected by changes of temperature. 

5. A cylindrical diving-bell sinks in water until a certain portion V remains 
occupied by air, and in this position a quantity of air, whose volume under the 
atmospheric pressure was 2 V, is forced into it. Show how far the bell must 
sink in order that the air may occupy the same space as in the first position. 

Find also the condition that when the air is forced in at the first position 
no air may escape from beneath the bell. 

6. A vessel, in the form of the surface generated by the revolution about 
its axis of an arc of a parabola terminated by the vertex, is immersed, mouth 
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downwards, in a trough of mercury ; show that the pressure of the air con¬ 
tained in the vessel varies inversely as the square of the distance of the vertex 
of the vessel from the surface of the mercury within it. Supposing the length 
of the axis of the vessel to be to the height of the barometer as 45 is to 64, 
find the depth of the surface of the mercury within the vessel, when the whole 
vessel is just immersed. 

7. A piston without weight fits into a vertical cylinder, closed at its base 
and filled with air, and is initially at the top of the cylinder ; if water be slowly 
poured on the top of the piston, show that the upper surface of the water will 
be lowest when the depth of the water is \/(ah)—h t where h is the height of 
the water-barometer, and a the height of the cylinder. 

8. A cylindrical well of depth h and section A is maintained at constant 
temperature ; if p 0 and Q 1 are the densities of the air at the top and bottom, 
show that the total amount of air contained is Ah(Q L — Q 0 )l(\og pi—log q 0 ) : 
if the barometer at the top stand at 30 inches, and at the bottom at 31 inches, 
show that the mean density of the air in the well will differ from that due to a 
pressure of 30*5 inches by about 1 part in 11,000. 

9. A straight tube, closed at one end and open at the other, revolves -with 
a constant angular velocity about an axis meeting the tube at right angles ; 
neglecting the action of gravity, find the density of the air within the tube at 
any point. 

10. A bent tube of uniform bore, the arms of which are at right angles, 
revolves with constant angular velocity co about the axis of one of its arms, 
which is vertical and has its extremity immersed in water. Prove that the 
height to which the water will rise in the vertical arm is 



a being the length of the horizontal arm, n the atmospheric pressure, and q 
the density of water, and k the ratio of the pressure of the atmosphere to its 
density. 

11. A thin uniform circular tube of radius a contains air and rotates with 
angular velocity co about an axis in its plane, distant c from the centre ; find 
the pressure at any point neglecting the weight of the air. If c is less than a, 
and if p and p' are the greatest and least pressures, prove that 

V co a 

log ? = 2* (a+C) '- 

12. Two bulbs containing air are connected by a horizontal glass tube of 
uniform bore, and a bubblo of liquid in this tube separates the air into two 
equal quantities. The bubble is then displaced by heating the bulbs to 
temperatures t degrees and t' degrees : prove that, if the temperature of each 
bulb be decreased r degrees, the bubble will receive an additional displacement 
which bears to the original displacement the ratio of 

2ar: 2+a(J+$ / — 2 t), 
where a is the coefficient of expansion. 

13. A conical shell, vertical angle n/?, and height H, can hold double its 
own weight of water. It is inverted and immersed, axis vertical, in a mass of 
water. The water is now made to rotate with angular velocity (7gr 3 /2JBT 3 )l and 
the cone sinks till its vertex hes in the surface : prove that the height of the 
water-barometer is to that of the cone as 3 :^28. 
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14. If the pressure of the air varied as the (l-fl/m) th power of the density, 
show that, neglecting variations of temperature and gravity, the height of the 
atmosphere would be equal to (m-f-1) times the height of the homogeneous 
atmosphere. 

15. A piston of weight w rests in a vertical cylinder of transverse section 
k , being supported by a depth a of air. The piston rod receives a vertical blow 
P, which forces the piston down through a'distance h : prove that 

(u>+ni)jft-fa log(l-^)} + 7 ^ =0, 
n being the atmospheric pressure. 

16. Prove that, if the temperature in the atmosphere fall uniformly with 
the height ascended, the height of a station above sea level is given by 

z=a{l—(h/h 0 ) m } 9 

where h , h 0 are the readings of the barometer at the station and at sea level 
respectively, and a , m are constants. 

17. Show that in an atmosphoro in “ convective equilibrium ” the tempera¬ 
ture would diminish upwards with a uniform gradient; and calculate this 
gradient in degrees centigrade per 100 metres, assuming the following data 
(in O.Q.S. units): 

height of barometer =76*0, 

temperature (absolute) =272° C., 
density of air =-00129, 

density of mercury =13-60, 

ratio of specific heats (y)=l’42. 

18. In a vertical column of perfect gas the pressure and absolute tem¬ 
perature at any height z are p and T. Prove that 

p 0 fP oTdp 

z ~q» gTjp p ’ 

where p 0 , Q 0 , T 0 are pressure, density and absolute temperature at the bottom. 

Height is measured in an aeroplane by means of a specially graduated 
aneroid barometer. The graduations are such that the true height would be 
read direct if the temperature of the atmosphere were uniformly at 10° C. 
Show that the instrument will read differences of height correctly whatever 
the barometric pressure at ground level. 

To find the true height when the temperature is not uniform, it is necessary 
to read the temperature during the ascent. Show that the true height corre- 

ci T 

sponding to a recorded height z is I dz\ where z 0 is the reading at ground 

level and T the absolute temperature when the reading is z\ 

19. A perfectly flexible balloon contains a light gas of total mass m. At the 
ground level it is at the same temperature as the surrounding air. Prove that 
it will exert the same lift at all heights if it remains at the same temperature 
as the air round it, but that, if the gas inside expands adinbatically, the lift 
at height z will be less than the lift at the ground level by the amount 

(l—g^FWj, 

where a is the ratio of the density of air to that of the gas under standard 
conditions, y, y' are the ratio of the specifio heats for air and for the gas and H 
is the height of the atmosphere, t.e. the height at which pressure, temperature, 
and density vanish. It is supposed that the balloon is never fully extended. 
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100. It is a well-known fact that if a glass tube of small bore 
be dipped in water, the water inside the tube rises to a higher level 
than that of the water outside. 

It is equally well known that if the tube be dipped in mercury, 
the mercury inside is depressed to a lower level than that of the 
mercury outside. 

If a glass tumbler contain water it will be seen that at the line 
of contact the surface is curved upwards and appears to cling to 
the glass at a definite angle. 

If the tumbler be carefully filled, the level of the water will 
rise above the plane of the top of the tumbler, the water bulging 
over the round edge of the top. 

If water be spilt on a table, it has a definite boundary, and the 
curved edges cling to the table. 

These facts, and many others, are explained by the existence 
of forces between the molecules of the fluids, and of the solids 
and fluids, in contact; the field of action of the force exerted 
by any particular molecule being infinitely small.* And since 

these molecular forces are only 
exerted at very small distances, 
it follows that as far as mole¬ 



cular forces are concerned, 
(7) every element of a homogene- 

ous body, not near its bound¬ 
ing surface, is under the same conditions ; but that at the surface 
itself the sphere of action of a particular molecule is incomplete, 
and the molecule also falls within the field of action of molecules 
of whatever matter is on the other side of the bounding surface. 

* The field through which capillary forces are exerted is extremely small. In 
Quincke’s experiments the same phenomena were observed with water in a glass 
tube silvered with a coating *0000542 mm. thick, as in a silver tube of the same 
diameter. Pogg. Ann., cxxxix. (1870), p. 1. 

98 
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Also if we assume that the linear dimensions of the field of action 
are infinitely small as compared with the radii of curvature of the 
surface, then all parts of the surface of separation of two homo¬ 
geneous substances are under similar conditions as far as molecular 
forces are concerned, and the surface potential energy due to mole¬ 
cular forces must be in a constant ratio to the area of the surface, the 
constant depending on the nature of the substances in contact. 

101. Surface Tension. 

We shall see shortly that the surface potential energy is such as 
would exist if the surface were in a state of uniform tension T , so 
that the tension in the surface across any short line of length 8s in 
the surface is T8s at right angles to the line 8s. 

We proceed to show that, if such a surface tension exists, then 
there is a relation between the surface tension T, the curvatures 
of the surface, and the difference gt of the pressures on opposite 
sides of the surface. 

Let the equation of the surface be z—f(x , y). Consider the 
equilibrium of any portion S of the surface bounded by a curve s 
without singularities. The resultant of the tensions T8s across all 
the elements 8s of the curve s must balance the resultant of the 
pressure differences &8S on the various elements 8S of the surface S. 

Let A, fi, v denote the direction cosines of the normal to the 
surface at the point ( x , y } z), and let l, m, n denote the direction 
cosines of the tension T8s across 8s. The direction cosines of the 
tangent to the element Ss at (sc, y, z) are dxjds, dyjds , dzjds, or 
a/, y', z f ; and, since the tension is at right angles to 8s and to the 
normal to the surface, therefore (£, m, n), (A, /x, v ), and (sc', y\ z') are 
the direction cosines of three mutually perpendicular lines, and 

l _ m _ n 

fiz'—vy' vx'—h.’! \y'—fix' 

The equation of equilibrium obtained by resolving parallel to the 
axis of z is 

—jrwds=0, 

which is equivalent to 

Jr(Ady—pdcc)=0, 

where the integrations are over the projection of S on the xy plane 
and round the boundary of this projection. By using Green’s 
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Theorem * for transforming the line integral into a surface integral, 
this becomes 

Since this integral must vanish for all such ranges of integration, the 
integrand must be zero. Hence we have 



Now, in the ordinary notation, with p, q, r, $, t as partial differential 
coefficients of z with regard to x and y, we have 


> u v- 2ih 

(Z+f+l) 1 ' 

From this we find that 

dX dfi_r(l-\-q 2 )— 2pqs-{-t(l-{-p 2 ) 
dx dy (^ 2 +2 2 +l) 3 


= -+-> 

Pi P2 

where p v p 2 are the principal radii of curvature of the surface at 
( x , y, z ).f Therefore 

\P 1 P 2 

and resolution parallel to either of the other axes would have led 
to the same result. 


102. Application of the principle of energy to the case of a homo¬ 
geneous liquid at rest in a vessel under the action of gravity.% 

In equilibrium the value of the potential energy must be 
stationary, and it is composed of four parts : the gravitational 


energy gp 




where z is the height of an element dxdydz ; 


and the energy of the surfaces separating (a) liquid and air, (J3) liquid 
and vessel, (y) air and vessel. 

Hence we require that 


gp f [[zdxdydz+AS 1 +BS 2 + OS 2 


should be stationary, where S l9 S 2 , S 3 denote the surfaces (a), (/?), (y) 


* See any Court &'Analyse, e.g. de la Vall6e Poussin, t. i. p. 348 (4th ed.). 
t See C. Smith, Solid Geometry , p. 225. 

t This discussion of the theory of capillarity is taken from Mathieu, Theorie de 
la Capillar iti , 1883. 
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and A, B, C their energies per unit area respectively; subject to 


the condition that the volume 


|||efodycfe ii 


is constant. 


For a slight displacement of the surface S v between the liquid 
and air, if Bn denote the element of the normal 
to the surface between corresponding ele¬ 
ments of in the old and new positions, the 

variation of the first term is clearly gp^z8ndS v * 

Suppose, in the first place, that the line of 
contact of the liquid with the vessel does not 
vary, then S 2 and $ 3 are constant and 
changes to S x '. Consider an element ds 1 ds 2 of 
S 2 bounded by lines of curvature ; the normals 
through the boundaries of this element cut the 
surface S^ in an element ds^ds 2 , and if p v p 2 are the principal 
radii of curvature, 

•*. dS^ dS^ == ds^ ds 2 dsj L ds 2 z== ( I '\BndS]d8 2i 

\P i Py 



or 


8dS ± = 


But we require that 


I+lW.iWp 

Pi P%J 


^p||2;SniiS i +-48j|d/S i =0, 


or, that || | gpz —| BndS^O, 


( 1 ) 


subject to the condition of constant volume, viz. ||Snd5 1 =0; and 
this is equivalent to 

if {»<-*>- 

where ft is a constant and Bn is arbitrary. 


-a( - + 1 M SwdSj-O, 

\Pi Pi) ) 


AI-+- )=gp(z—h ); 
Pi P 2 t 


* It is probable that the density of the liquid infinitely near the surface varies 
owing to the molecular action, but as the thickness of the layer of variable density 
is infinitely small compared with dn, we may neglect this variation without affecting 
the argument. 
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If we wish to take account of the atmospheric pressure II above 
the liquid, we can do so by observing that, in the displacement con¬ 
sidered, an amount of work — would be done by this 

pressure, and regarding this as a loss of potential energy we must 
subtract this term from the first member of equation (1), and we 

then obtain the result /I i \ 

A( —|— J =gp[z—h) +n, 

\pi pi! 

and this is the result that would hold good if the surface were 
in a state of uniform tension A and the pressure difference on 

opposite sides of the surface were 
U-gp(h—z). 

Secondly, suppose that the line of 
contact of the liquid with the vessel 
is displaced from s to s'. If we 
draw normals to the surface S ± at 
all points of the line s , they will 
meet the surface S x ' in a line <r, and 
the surface 5/ may be considered 
as composed of two parts, the one 2 enclosed by the line cr, and 
the other 2' between the lines cr and s'.* As before, we get 

S-S 1 =-j\(l.+l.yndS 1 ; 

and, if 8A denote the distance between the elements ds, ds', 2’ may 
be considered as the projection of the elements 8Ads of the surface 
of the vessel on the surface S 2 ', so that if i is the angle between 
the normals to the surfaces S x and S 2 , then 



Also 


27=1* cos ihAds. 
8<S 2 =— SS 3 — fsAcfe. 


Now since the potential energy is stationary we have 
8 | gp^^zdxdydz-\~AS 1 +BS 2 -\-CS z j =0 

subject to the condition that the mass is constant; or 

* In the figure, PQ is an element da of the line of contact a of the liquid with 
the vessel, and P'Q', pq are corresponding elements of the lines 8% a respectively : 
P'pqQ' is an element of the surface 2'. The variation in the mass represented by 
the wedge-shaped elements PP'q round the line of contact of the liquid and the 
vessel is of a higher order of small quantities than the rest and may be neglected. 
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gp^^zhndSi-\-A(Z!’\~ S r —; 
or || | gpz~A^—+^- s j | Sni/Si+^-i cos t+5— C)8Ms=0 
subject to the condition 

||snd>S 1 =0, 

and, since SA is arbitrary, this gives equation (1) as before, and also 
A cos i+B— C=0 .... (2) 

or the angle between the surfaces of the liquid and the vessel is 
constant along the line of their intersection. 


103. From the foregoing considerations combined with the results 
of experiment we are led to two laws which may be stated as follows: 

(1) At the hounding surface separating air from a liquid , or 
between two liquids , there is a surface tension which is the same at every 
point and in every direction . 

(2) At the line of junction of the hounding surface of a gas and 
a liquid with a solid body , or of the hounding surface of two liquids 
with a solid body , the surface is inclined to the surface of the body at a 
definite angle , depending upon the nature of the solid and of the fluids . 

In the case of water in a glass vessel the angle is acute; in the 
case of mercury it is obtuse. 

Assuming these laws we can account for many of the pheno¬ 
mena of capillarity and of liquid films. 

104. Rise of liquid between two plates. 

If t be the surface tension, a the constant angle at which the 
surface meets either 
plate, called the angle 
of capillarity, h the 
mean rise, and d the 
distance between the 
plates, we have, for the 
equilibrium of the unit 
breadth of the liquid, 

2 i cos a=gphd , 
so that the rise in¬ 
creases with the dimi¬ 
nution of the distance 
between the plates. 
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It will be seen that the pressure at any point Q is less than the 
pressure at N by gp . QN, 

and .-.=11— gpQN. 

The atmospheric pressure at P being sensibly equal to the 
pressure at the water level outside, it follows that the weight PN 
is supported by the resultant of the surface tensions on its upper 
boundary. 

105. Rise of a liquid in a circular tube . 

In this case the column of liquid is supported by the tension 
round the periphery of its upper boundary, and therefore, if r be 
the internal radius, 

27tt£ cos a=gp7rr 2 h } 

or 2 1 cos a—gprh. 

The pressure at any point of the suspended column being less 
than the atmospheric pressure, it follows that if the column were 
high enough, the pressure would merge into a state of tension, 
which would still follow the law of fluid pressure of being the same 
in every direction. 

It may be observed that the potential energy, due to the ascent 
of the column, is independent of the radius. 

106. The Capillary Curve. The form of the surface assumed 
by a liquid in contact with a vertical wall can be investigated if we 
assume that the surface is cylindrical with horizontal generators. The 
cross-section of such a cylindrical surface is called the capillary curve. 

We shall take the case in which the angle of contact of the liquid 



with the wall measured in the liquid is acute, as when water is in 
contact with a vertical plane of glass. 
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Let EF be the wall which the liquid meets at an angle a. Take 
a horizontal axis Ox at right angles to the wall at the natural level 
of the liquid, i.e . the level at which the pressure in the liquid is equal 
to the atmospheric pressure II. 

Let r be the radius of curvature at P ( x , y) on the capillary curve, 
and let t be the surface tension. Then the theorem of Art. 101 
gives 

^=n -p=gpy. 

Hence, putting it—gpc 2 , we get 

ry=\c 2 .( 1 ) 

If iff denote the acute angle between the tangent at P and the 
axis of x as in the figure, and the arc s be measured from the wall, 
we have r=—dsldifj, and dsfdy= —cosec ip. 

Therefore ydy—\c 2 sin ifjdifj .... (2) 

Hence, since y and ip vanish together 

y 2 =Jc 2 (l — cos ifj)—c 2 sin 2 \iff t 

therefore 2/= ±c sin \\fs .... (3) 

and in the case considered the upper sign must be taken. Again, 
dyjdx= — tan if/ } so that 

dx— — £ c cos \ifj cot ifidift 

=—Jc( c °sec \iff —2 sin \ifi)difj. 

Therefore x=\c log cot \ifj~c cos \ifj . . . (4) 

provided that the origin be chosen so that x—b when if/=ir. The 
capillary curve is represented by equations (3) and (4). It has a 
loop as in the figure and is asymptotic to the axis of x. 

The height above the natural level at which the liquid meets the 
wall is given by (3) in the form EF=c sin a). 

In the case of a liquid, such as mercury, for which the angle of 
contact is obtuse, it is convenient to measure y downwards, and the 
figure is inverted. 

The differential equation (1) is also the equation of equilibrium 
of a flexible rod bent by terminal forces. The integration in finite 
terms obtained above depends on our being able to assume that 
y and iff vanish together. With any other constant of integration in 
the integral form of (2) we shall find that x is expressed by elliptic 
integrals : and the curve may assume a variety of forms, and is 
known as the elastic curve or the elastica . 


8 
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107. Drop o! Liquid. If a drop of liquid be placed on a 
horizontal plane, the equation of equilibrium will be 

1 l_w 

I ±9 

Pi P2 t 

where t is the surface tension, and T3 is the difference between 
the internal pressure and the atmospheric pressure. 

In general the drop 
will assume the form of 
a surface of revolution. 

The only case, how¬ 
ever, which is capable 
of simple treatment is 
that in which we may 
regard the drop as so 
large that it may be 
considered to have a 
flat top and that cur¬ 
vature in a horizontal sense is negligible. Thus, measuring y down¬ 
wards from the top when the pressure is atmospheric, we have 
cr=grpy, and putting 4 t=gpc 2 , we get as in Art. 106 

ry=\c\ 

and the vertical section is the capillary curve. 

With axes as in the figure we shall find that 
y=csin^, 

and x —Jc log tan \ifs+c cos + const., 

where ift is the inclination of the tangent to Ox. 

Thus, if a be the angle of contact of the liquid with the plane 
measured in the liquid, the height of the drop is c sin \a. 

This would hold good for the case of mercury upon glass or water 
upon steel. 

108. Floating needle. The well-known experiment of floating 
a needle on the surface of water can be explained by aid of the 
laws of surface tension. 

The figure representing a section of the needle and the surface 
of the water at right angles to the axis of the needle, the forces in 
action on the needle are the tensions on P and Q , and the water 
pressure on PAQ , which is equal to the weight of the volume 
NPAQM of water; these forces counterbalance the weight of the 
needle. 
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Further, the horizontal component of the tension at P, together 
with the horizontal water pressure on BD, is equal to the tension 
at B , PD being horizontal and BD vertical. 



These conditions determine the equilibrium, and lead to the 
equations 

2 1 sin (0—a)+gpc(cO+c sin 6 cos Q—2h sin 0)=w, 

M sin 2 i(0— a )=gp(c cos 0— h) 2 , 

where a is the angle of capillarity, w the weight of unit length of 
the needle c its radius, h the height of its axis above the natural 
level of the water, and 2 0 the angle POQ. 

109. Liquid films. Liquid films are produced in various 
ways ; a soap bubble is a familiar instance, and liquid fiW may 
be formed, and their characteristics observed, by shaking a clear 
glass bottle containing some viscous fluid, or by dipping a wire 
frame into a solution of soap and water, or glycerine, and slowly 
drawing it out. 

The fact that films apparently plane can be obtained, shows 
that the action of gravity may be neglected in comparison with 
the tension of the film. 

It is found that a very small tangential action will tear the 
film, and it is therefore inferred that the stress across any line is 
entirely normal to that line. From this it follows that the tension 
is the same in every direction. 

For if we consider a small triangular element of the surface, 
the equilibrium in the tangent plane is entirely determined by the 
tensions across the sides of the triangle, for the tangential impressed 
forces, if there be any, will ultimately vanish in comparison with 
the tensions; and since these tensions are at right angles to the 
sides, they must be in the ratio of their lengths, and therefore the 
measures of tension in all directions are the same. 

Further, the tension will be the same at all points of the surface, 
for, if a small rectangular element be considered, the tensions on 
opposite sides must be equal. 
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110. Energy of a plane film. If a plane film be drawn out 
from a reservoir of viscous liquid, a certain amount of work is 
expended, and the work thus expended represents the potential 
energy of the film. 

Imagine a rectangular film ABCD , bounded by straight wires 
AD, BC; AB being in the surface of the liquid, and CD a movable 
wire. 

The work done in pulling out the film is equal to r. AB . AD, and 
therefore, if S be the superficial energy, per unit of area, it follows that 

S=r. 

It should be observed that what we have here called the tension 
of the film is equal to twice the surface tension of either side of 
the film. 

111. Energy of a spherical soap-bubble. The energy of a 
soap-bubble is the work done in producing it. This consists of 
two parts, viz. the work done in pulling out the film and the work 
done in compressing the air in the bubble. 

If t be the surface tension, the former part is tS, where S denotes 
the area of the surface, for the energy of a small plane element is t8S. 
For the latter part, let p denote the pressure of the air inside when 

2 1 

the radius is r, and II the atmospheric pressure, then p— n=—; 

and, if the bubble contains a mass of air which at pressure n would 
occupy a volume V, then 

nV=i7Tr 3 p=pV', say, 

and by Art. 95 the work done in compressing the air from volume 
V to volume V' 

=UV log ^-n(V-V') 

=M( n 4‘M I+ sB'}- 

If we assume that the difference between the pressures inside 
and outside the bubble is small compared with the atmospheric 
2 1 

pressure, we may take — as small, and the last expression becomes 
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so that the work done in compressing the air is to that done in 
pulling out the film as 2 1 : 3rII. 


112. The forms of liquid films. Minimal surfaces. If the air 

pressure be the same on both sides qf a film, the condition of equili¬ 
brium is that 



Pi P 2 


or that the mean curvature is zero. 

This condition is satisfied in the cases of the catenoid and the 
helicoid, which are therefore possible forms of liquid films. 

In Cartesian co-ordinates the equation becomes 


f (dz\ 2 }d 2 z dzdz dH 
\ i+ [ d y) jdx 2 dxdydxdy 4 





as in Art. 101. 

The discussion of this equation is the subject of many memoirs 
by eminent mathematicians, and several very remarkable special 
solutions have been obtained. 

For instance, the surfaces 


e*=cos y sec x and sin z=sinh x sinh y 

will be each found to possess the property that its mean curvature 
is zero. 

In Plateau’s work, Sur les liquides soumis aux seules forces 
molfoulaires (2 vols. 1873), will be found an elaborate account of 
the labours of mathematicians on this subject, and of his own 
extensive series of experiments ; and, in Darboux’s Thiorie GSnirale 
des Surfaces , tome i., livre iii., there is a full discussion of minimal 
surfaces, that is, of surfaces which satisfy the condition given 
above. 


113. If the form of the film be that of a surface of revolution 
about the axis of x , and at any point (x, y) on the meridian curve 
the tangent makes an angle ip with the axis of x , by resolving parallel 
to this axis for the equilibrium of a portion of the film between 
planes perpendicular to the axis, we get 

2rry . t cos 0=const. 
y—c sec 


or 
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Thus dy/ds or sin ip—c sec ip tan ipdtpjds, 

and .\ s=c tan \p, 

provided we measure s and ip so that they vanish together. Hence 
the meridian curve must be a catenary; and a catenoid, or the 
surface obtained by revolving a catenary about its directrix, is the 
only possible form of revolution of a film when the pressure is the 
same on both sides. 

In the case of a surface of revolution, one of the principal radii 
of curvature at a point is the normal intercepted between the point 
and the axis of revolution. It is easy to see that in the catenary 
the intercept on the normal between the curve and its directrix 
is equal in length to the radius of curvature, and the catenoid 
being an anticlastic surface the relation 



Pi P 2 


is satisfied. We may also show conversely that this relation leads 
to the catenoid as the only solution. 

114. The same result is obtained by the principle of energy, 
for the area 

/2t7 yds 

is then a maximum or a minimum, and, by the Calculus of Varia¬ 
tions, this leads to a catenary as the generating curve, the axis of 
revolution being the directrix of the catenary. 

In Todhunter’s Researches in the Calculus of Variations it is 
shown that it is not always possible, when a straight line and two 
points in the same plane are given, to draw a catenary which shall 
pass through the two points and have the straight line for its 
directrix. 

It is also shown that, under certain conditions, two such 
catenaries can be drawn, and that, in a particular case, only one 
such catenary can be drawn. The two catenaries, when they 
exist, correspond to the figure formed by a uniform endless string 
hanging over two smooth pegs. 

When there are two catenaries the surface generated by the 
revolution of the upper one about the directrix is a minimum, but 
the surface generated by the lower one is not a minimum. When 
there is only one catenary, it is not a minimum. 
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Hence it appears that if a framework be formed of two circular 
wires, the planes of which are parallel to each other and perpendicular 
to the line joining their centres, it is not always possible to connect 
the wires by a liquid film. In certain cases it is possible to connect 
the wires by one of two catenoids, hut, in the case of the catenoid 
formed by the revolution of the upper catenary, the equilibrium is 
stable, while the other catenoid is unstable. 

When there is only one catenoid it is unstable. 

There is also a discontinuous solution of the problem, consisting 
of the two circles formed by the revolution of the ordinates of the 
points, and an infinitesimally slender cylinder connecting their 
centres. 

In the article on Capillarity in the Encyclopaedia, Britannica* 
by Clerk Maxwell, the question is discussed in the following 
manner. 

When two catenaries, having the same directrix, can be drawn 
through two given points, and the catenoids are formed by 
revolution about the directrix, the mean curvature of each 
catenoid is zero. 

If another catenary be drawn between the two catenaries, 
passing through the same two points, its directrix will be above 
the directrix of the other two, and therefore its radius of curvature 
at any point will be less than the distance, along the normal, of 
the point from the first directrix. 

The mean curvature of the surface of revolution is therefore 
convex to the axis, and it follows that if either catenoid is displaced 
into another catenoid between the two, the film will move away 
from the axis. 

Again, if a catenoid be taken outside the two, its mean curvature 
will be concave to the axis, and therefore if the upper catenoid be 
displaced upwards and the lower one downwards the film will, in 
each case, move towards the axis. 

Hence it follows that the outer of the two catenoids is stable, 
and that the inner one is unstable. 

This argument, however, does not apply to any other form of 
displacement, and therefore, for a complete proof of the case of 
stability, it is necessary to have recourse to the methods of the 
Calculus of Variations. 

* This article was revised by Lord Rayleigh in the eleventh edition of the 
Encyclopcedia. 
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115. If the pressure on the two sides of a film be different, 
and if tzr be the difference, the condition of equilibrium is 

1,1 JB 

> — * » 

Pi P2 t 

or that the mean curvature is constant. 

If the film be in the form of a surface of revolution, we can show 
that the meridian curve is the path of the focus of a conic rolling 
on a straight line. 

Let S be the focus of the conic and P its point of contact with the 
given line. 

Let SP—r and let p be the perpendicular SY from S to the line. 

The (p, r) equation of a conic is of the form 

l 2 ~t- 1 hn 

— ==p- or zero . . . (1) 

Jr T a 

according as the conic is an ellipse, hyperbola, or parabola ; where 
l denotes the semi-latus rectum and a the semi-major axis. 



Hence, if p be the radius of curvature of the locus of S and t/t 

the angle YSP , we have 

1 dib dd) . , d fp\ 

- = sm ip =—(£ . 

p as dp dp\r) 

Also, if the locus of S is rotated round the fixed line, the normal 
SP is one of the principal radii of curvature of the surface of revolu¬ 
tion, and 

p dr_ 
r 2, dp' 
l 1 dr 


p r r 


But from (1) 
whence we get 


p 8 r 2 dp 9 

1,1 ,1 
-+-=±- or zero, 
p r a 


according as the rolling curve is an ellipse, hyperbola, or parabola. 
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The third is the Catenoid; the first and second are called by 
Plateau the Unduloid and the Nodoid, the former being a sinuous 
curve, and the latter pre¬ 
senting a succession of 
nodes. 

To obtain a clear view 
of the generation of the 
nodoid, it must be con¬ 
sidered that, as one 
branch of the hyperbola 
rolls, the point of con¬ 
tact moves off to an infinite distance; the line then becomes 
asymptotic to both branches, and the other branch begins to roll, 
thereby producing a perfect continuity of the figure.* 

Of the numerous works and papers on the subject of liquid 
films the student will find full accounts in Plateau’s work, and in 
Professor Clerk Maxwell’s article in the Encyclopaedia Britannica ; 
and on the subject of Capillarity generally the following works 
and references may be useful: 

Mathieu, Thtorie de la Capillarite, 1883. 

F. Neumann, Vorlesungen uber die Theorie der Capillarit&t, 1894. 

Poincare, Capillarite , 1895. 

The articles Kapillaritat by H. Minkowski in Encykhp. der 
Math. Wissensch ., Bd. v., 1907, and by F. Pockels in Winkelmann’s 
Handbuch der Physik , Bd. i., 1908, both of which contain a full 
bibliography of the subject. 

116. Example. A soap bubble extends from fixed boundaries , so as with 
them to form a closed space whose volume is v 0 , and contains a gas at pressure p 0 
and absolute temperature 0 O . The temperature of the gas is gradually raised . If 
A be the area of the film when the temperature is 0, and pressure p, show that 



where t is the surface tension supposed constant and the external pressure is 
neglected. Deduce the relation between p and 6 when the bubble is spherical. 

The change of energy 

= tSA 
=pdv. 

But pv— kd; 

.\ pdv=kdd— vdp; 

* Plateau, vol. i. p. 136. See also an article by Delaunay, Uouville’s Journal, 
1841, and an article by Lamarle, Bulletins de VAcadfmie Belgique, 1857. 
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For a sphere 
Hence from above 


but 


1 w= k ~ v db 

-k(l- 

6 dp\ 

- V 

p do) 

Po V 0| 

f Odp\ 

“X 1 

\ pde) ■ 

II 

» 

1 

H 

-> i k 

= 16ji t*/pK 



Odp\ 

p> dd~ k \ 

pdd)’ 

At dp _ / 

e dp\ 

2 p d6~\ 

pde)’ 


pv=kO ; 

•\ J prA—kO or \tA=kd ; 
3 kO dp kO dp 

J dd ==k ~~J'dd ; 

20 dp 

p dd +1 ~° ; 

.\ p 2 0= constant. 


EXAMPLES 

1. Two spherical soap-bubbles are blown, one from water, and the other 
from a mixture of water and alcohol: if the tensions per linear inch are equal 
to the weights of one grain and T 7 ^ grain respectively, and if the radii be J inch 
and 1£ inch respectively, compare the excoss, in the two cases, of the total 
internal over the total external pressure. 

2. If two soap-bubbles of radii r and r', are blown from the same liquid, 
and if the two coalesce into a single bubble of radius R, prove that, if n be the 
atmospheric pressure, the tension is equal to 

n jR 3 -r 3 -r' s 
2 • r*-i-r /a -i2 a ‘ 

3. The superficial tensions of the surfaces separating water and air being 
8*25, water and mercury 42*6, mercury and air 55, what will be the effect of 
placing a drop of water upon a surface of mercury ? 

4. Show that if a light thread with its ends tied together form part of the 
internal boundary of a liquid film, the curvature of the thread at every point 
will be constant. 

If the thread have weight, and if the film be a surface of revolution about 
a vertical axis, prove that, in the position of equilibrium, the tension of the 
thread is 

l being its length, w its weight per unit length, and r the tension of the film. 
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5. A plane liquid film is drawn out from a soap-sud reservoir; prove that 
the numerical value of the energy per unit of area (e) is equal to that of the 
tension (T) per unit of length. 

If the film be removed from the reservoir, and if a denote subsequently 
the mass of unit of area, prove that 

de 

T— e— (Clerk Maxwell.) 

0. Any number of soap-bubbles are blown from the same liquid and then 
allowed to combine with one another. Find an equation for determining the 
radius of the resulting bubble, and prove that the decrease of surface bears a 
constant ratio to the increase of volume. 

7. If a film under unequal internal and external pressure form a surface of 
revolution, prove that the inclination <t> of the tangent plane at P to the axis 
is given by the equation 

s b 

cos 0=—I—: 

a x 

x being the perpendicular from P on the axis and o, b constants. 

8. Two soap-bubbles are in contact; if r Xt r 2 be the radii of the outer sur¬ 
faces, and r the radius of the circle in which the three surfaces intersect, 

_1__L 

4r*“r 1 *+r/“r 1 r; 


9. If water be introduced between two parallel plates of glass, at a very 
small distance d from each other, prove that the plates are pulled together 
with a force equal to 


2 At cos a 
d 


4 -Bt sin a. 


A being the area of the film and B its periphery. 

10. A needle floats on water with its axis in the natural level of the surface ; 
if a bo the specific gravity of steel referred to water, f3 the angle of capillarity, 
and 2a the angle subtended at the axis by the arc of a cross-section in contact 
with the water, prove that 

(no—a) sin |(a— /?)=cos a cos £(a+jff). 

11. A soap-bubble is filled with a mass m of a gas whose pressure is kx (its 
density) at the temperature considered. The radius of the bubble is a , when 
it is first placed in air. The barometer then rises, the temperature remaining 
unaltered. Show that the radius of the bubble increases or diminishes accord- 

9 km 

ing as the tension of the film is greater or less than ^ 

12. Prove that the equation 

y—x tan (az+b) 

represents a possible form of a liquid film, the pressure on both sides being 
the same. 


13. If two needles floating on water be placed symmetrically parallel to 
each other, show that they will be apparently attracted to each other, and that 
this is due to the surface tension. 

14. A small cube floats with its upper face horizontal, in a liquid such that 
its angle of contact with the surface of the cube is obtuse and equal to n—a. 
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If q is the density of the liquid, and a that of the cube, and if ggc* is the Burface 
tension, prove that the cube will float if 

a , , c 2 , c . (n a\ 

-<1+4^ 008 a+2-sm^-gj. 

15. Two equal circular discs of radius a arc placed with their planes per¬ 
pendicular to the line which joins their centres, and their edges are connected 
by a soap-film which encloses a mass of air that would be just sufficient in the 
same atmosphere to fill a spherical soap-bubble of radius c. If the film be 
cylindrical when the distance between the discs is b, prove that in order that 
it may become spherical the distance between the discs must be lessened to 2z , 
where 

r 6a 2 b— 8c 3 1 

z(3a 2 +2z 2 H 8c 2 — Sab -\ -==- l=6a&c 2 (2a-c). 

I \/a 2 +z 2 ) 

16. A liquid film of total surface tension T is in the form of a cylinder 
joining two equal parallel circular discs of radius 2a, with their centres at a 
distance 2a apart on a line perpendicular to their planes. A pin-hole is made 
in one of the discs so that the air slowly escapes ; show that a total quantity 

p 0 7ra[8a 2 {l4-T/(2an)}—c 2 {l+2 sinh (a/c)}] 

will escape, where q 0 and n are atmospheric density and pressure, and c is given 
by cosh (a/c)=2a/c. 

17. A plane plate is partly immersed in a liquid of density q and surface 
tension L The angle of capillarity for the liquid and substance of the plate is 
P, and the plate is inclined at an angle a to the horizontal. Prove that the 
difference of the heights of the liquid on the two sides of the plate above the 
undisturbed surface level is 


l i^} 


J 7i—2p 7i—2a 
cos —-— sin —-—. 


18. A volume %tzc* of gravitating liquid of astronomical density q is 
surrounded by an atmosphere at pressure n and contains a concentric cavity 
filled with air, whoso volume at this atmospheric pressure is ^tz a 3 . The surface 
tension of the liquid is t. Prove that the radius x of the cavity in the con¬ 
figuration of equilibrium is given by the equation 








19. A liquid film hangs in the form of a surface of revolution with its axis 
vertical. The upper boundary of the film is a circular wire held horizontally, 
the lower boundary is a heavy elastic thread, hanging freely in the form of a 
horizontal circle of radius r. The natural length of the thread is 2jia f its 
modulus of elasticity is A, and its weight is 27iaw. The tension of the film is t. 
Prove that r satisfies the equation 


(A 2 — aH*)r 2 - 2 War -f (A 2 +w 2 a 2 )a 2 =0. 


20. A wire circle (radius a) is placed in the surface of soapy water and 
raised gently, so as to draw after it a film. Prove that, neglecting its weight, 
the meridian section of the film is a catenary, and investigate the angle at 
which the film meets the undisturbed surface of the water. Also prove that 
the parameter of the meridian catenary, when the area of the film is equal to 
jot 2 , is a/z, where z is given by 

cosh” 1 z+z(z*— l)*=z 2 . 
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21. Two circular rings with a common axis at right angles to their planes 
support a closed liquid film containing air at a greater pressure than the ex- 

2 T 

temal air: show that the ends of the film are spheres of radius a— —, and 

P 

that the surface between the rings is a surface of revolution of which the 

x b 

meridian curve has an intrinsic equation' sin </>=-±-, where <t> is the in- 

d x 

clination of the normal to the axis and x is the distance from the axis. 

22. A long circular cylinder of radius r entirely immersed in liquid, whose 
acute angle of contact with it is a, is gradually made to emerge, its axis being 
kept horizontal. Show that contact with the liquid finally ceases when the 
axis reaches a height h above the original and ultimate level of the liquid given 
by the equations 

0 

h—r cos (0— a)+c cos 

2r 0 (f> n n 

— sin (0—a)+2 sin tanh- 1 sin ^=2 sin tanhr 1 sin 

the ratio of the surface tension to the density of the liquid being igc*. 

23. A long wedge of vertical angle 2a, floats in water with its base hori¬ 
zontal and its top edge in the natural level of the surface. Prove that, if the 
capillary action at the ends be neglected, 

w—w'—2T sec a(sin a+cos y), 

wheie w is the weight of the wedge per unit length, w' that of an equal volume 
of water, T the surface tension, and y the supplement of the angle of capillarity. 

24. A drop of fluid under no forces except uniform external pressure and 
surface tension rotates as a rigid body about an axis ; show that on the surface 
3/J?2— is constant, where R lt R 2 are the principal radii of curvature of the 
surface. 

25. Prove that, when the axis of z is along a downward vertical, and the 
origin suitably chosen, the surface of separation of two fluids of densities ju lt 
H a satisfies the relation 

2z=a 2 ( r 1 +e'- 1 )> 

where g, g' are the principal radii of curvature taken positive when the con¬ 
cavity is downwards, a 2 =2T/{g(ju 1 ~ju 2 )}, and T is the capillary constant of 
the interface. 

If the surface is one of revolution about the z axis, show that the approxi¬ 
mate equation (in cylindrical co-ordinates) of the part near the axis is of the 
form 

2(z— 2 0 )= Z 0 ar 2 r *+J (z Q a* -f- 22 0 3 )a- 6 r 4 , 

and indicate how, in the case of liquid in a tube, z 0 can be expressed in terms 
of the angle of contact. 
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THE EQUILIBRIUM OF REVOLVING LIQUID, THE 
PARTICLES OF WHICH ARE MUTUALLY ATTRACTIVE 

117. If a liquid mass, the particles of which attract each other 
according to a definite law, revolve uniformly about a fixed axis, it 
is conceivable that, for a certain form of the free surface, the liquid 
particles may be in a state of relative equilibrium ; since, however, 
the resultant attraction of the mass upon any particle depends in 
general upon its form, which is unknown, a complete solution of the 
problem cannot be obtained. 

For any arbitrarily assigned law of attraction, the question is 
one of purely abstract interest, and it is only when the law is that 
of gravitation that it becomes of importance, from its relation to 
one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our atten¬ 
tion to two cases; in the first of these the attractive forces are 
supposed to vary directly as the distance, and, in the second, to 
follow the Newtonian law. 

118. A homogeneous liquid mass , the particles of which attract 
each other with a force varying directly as the distance , rotates uni¬ 
formly about an axis through its centre of mass ; required to determine 
the form of the free surface. 

The resultant attraction on any particle is in the direction of, 
and proportional to, the distance of the particle from the centre of 
mass ; and if /x be a measure of the whole mass of fluid, px, py, pz 
may represent the components of the attraction, parallel to the axis, 
on a particle of fluid about the point x , y, z. 

Taking the origin at the centre of gravity, and axis of rotation 
as the axis of z, the equation of equilibrium is 

dp=p{(<o 2 x—px)dz-{-(aj 2 y—py)dy—pzdz} ; 
and therefore 

p=C+lp{(a) 2 -p)(x 2 +y 2 )-pz 2 }. 

118 
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At the free surface p is zero or constant, and the equation to 
the free surface is 

(i 

the constant D depending upon cd, and upon the mass of the fluid. 

When cd is very small, the free surface is nearly spherical, and as 
cd 2 increases from 0 to p, the spheroidal surface becomes more oblate. 

When <o 2 =/i, the free surface consists of two planes; to render 
this possible we may conceive the fluid enclosed within a cylindrical 
surface, the axis of which coincides with the axis of rotation. 

When cd 2 >(i , the free surface is a hyperboloid of two sheets, 
which for a certain value (cu') of cd becomes a cone, the fluid filling 
the space between the cone and the cylinder. Taking account of the 
volume of the fluid, the value of cd' can be determined by putting 
D=0, since the pressure in this case vanishes at the origin. 

If cd>cd', the surface is a hyperboloid of one sheet, which, as cd 
increases, approximates to the form of a cylinder, and it is therefore 
necessary, for large values of cd, to conceive the containing cylinder 
closed at its ends. 

The results of this article, it may be observed, are equally true 
of heterogeneous fluid, whatever be the law of variation of density 
in the successive strata. 

119 . A mass of homogeneous liquid, the particles of which attract 
each other according to the Newtonian law, rotates uniformly, in a 
state of relative equilibrium, about an axis through its centre of mass ; 
required to determine a possible form of the surface . 

For the reason previously mentioned a direct solution of this 
problem cannot be obtained, but it can be shown that an oblate 
spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 
z 2 x 2 +y 2 _ 1 

c 2 ~ r c\ 1+A 2 ) ’ 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a particle 
at the point (x, y , z) will be represented by 

Z= 2^ {(1+Aa) tan -1 A—A}, 
y= 2 4^{(l+A*)tan-iA—A}, 
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Z= 4 -^?{A-tan- 1 A}(l+A*), 


parallel, respectively, to the axes.* 

The equation of equilibrium is 

dp—p{(co 2 x—X)dx+(co 2 y—Y)dy—Zdz}. 

But from the equation to the spheroid, 

xdx+ydy +(1+ X 2 )zdz =0, 

and as this must be a surface of equipressure, we must have 
co 2 -Xjx=oj 2 -Y/y= —Z/(1+A 2 )z. 

Hence we get 

to 2 _ ( 1 + A 2 ) tan -1 A—A 2 ( A—tan^A) 

2 Vp~ A 2 A 2 ’ 


or 


to 2 _(3-f-A 2 ) tair^A—3A 


(a) 


2 np A 8 

If to and p are given, this equation determines A and thence the 
ratio of the semiaxes of the spheroid is known. 

To investigate the real solutions, let 

_(3-fz 2 ) tan "" 1 ^—Zx 


x 3 


(P) 


Substituting the series for tan which is known to be con¬ 
vergent when x<l, we get 

oo A n 

</=f(-) n 1 (2n+l)(2»+3) 3 ^" ' ' - ^ 


Also 


where 


dy (7z 2 +9) (x 2 +9) tan - 1x 

dx x\x 2 +l) x 4. 


cc 2 +9 f 7x 3 +9x 


x 4 \(x 2 +l)(a? 2 +9) 


-tan“ 






/(*) = 


7^+9a: 


-tan -1 #. 


(*) 


(* a +l)(^+9) 

The forms (y) and (/?) show that y vanishes for x—0, and x=<x >, 


* These expressions will be found in Laplace’s Mecanique Cileste, Poisson’s 
Micanique, Duhamel’s Mecanique , and Todhunter’s Statics. In the last named, the 
equation to the spheroid is (x 2 + y 2 )a 2 + z 2 /a 2 (l—e 2 ) — 1, but the expressions used in 
the text will result from the expressions there given by putting 

1—c 2 =l/(l +x 2 ). 

By the use of irrational quantities are avoided. Equivalent forms are given 
in Kelvin and Tait’s Natural Philosophy, § 527, and Routh’s Analytical Statics, 
voL ii. § 210. 
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respectively; we shall show that as x increases from zero y has one 
mayimnm value and only one. 

The sign of ~ depends only on that of f(x) t 

also when x=0, f(x)== 0, 

and when x= oo , f(x) 

Again, we find that 

ft _ 8# 4 (3 — x 2 ) 

J w (x^l) 2 ^ 5 ^) 2 ’ 

and this is positive from x—0 to x=V3, and negative for all greater 
values of x , so that f(x) begins by being positive and increases as x 
increases to V3 and then decreases continuously; f(x) therefore 
vanishes for a value of x greater than V3. By the help of tables 
we can easily show that/(2) is positive and/(3) negative, so that 
the value lies between 2 and 3. Also/(2 *5)=*0025 approximately, 
and Newton’s method of approximation gives for the root 

2 - 5 -^|^= 2 - 5 +-° 2 93 = 2 - 5 2 93 _ 



Hence ~ vanishes only when x=2*5293 . . . and y is then a 
maximum and its value is -2247. 

The graph of equation (/?) is therefore as in the figure, in which 
however the ordinate is drawn on a larger scale than the abscissa. 

We conclude that if a> 2 /27r/o>*2247 the oblate spheroid is not 
a possible form of equilibrium, but if o> 2 /27r/)<*2247 there are two 
spheroidal forms possible, for there are two real values A 1? A 2 of the 
abscissa corresponding to every value of the ordinate less than -2247. 

120. The ellipticity of the spheroidal forms. When there are 
two real values A 1? A 2 of A, one is greater and the other less than 
2*5293. Let A a be >A 1 , then as cu 2 /27rp is diminished we see from 

9 
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the graph that A x decreases and A 2 increases, and since A 2 >2-5293 
therefore V1+A 2 2 >2-72 ; but the ratio of the semiaxes is Vl +A 2 :1, 
so that the larger value of A always represents a much flattened 
spheroid, and the smaller we take o> 2 /27rp the flatter does the 
spheroid become that corresponds to the root A 2 . On the other 
hand, for small values of <o 2 / 27 rp the root A x will be small, and if e 
denote the ellipticity of the spheroid, we have 

c(l+e)=c\/l+A 1 2 , so that €=^X x 2 approximately, 


and therefore from (y) 
o> 2 /2t 


i*_ \ *»=- 

(2w+l)(2w-f-3) 1 15’ 


as far as the first power of e ; or 

€ == 15ci> 2 /107Tp approximately.* 

Maclaurin was the first to prove that an oblate spheroid is a 
possible form of equilibrium of a rotating mass of homogeneous 
fluid, and the spheroids are therefore commonly called Maclaurin’s 
Spheroids. 


121 . Application to the case of a fluid , the density of which is 
equal to the earth's mean density . 

Assuming for the moment that the earth is a sphere of radius 
r and mean density p, the attraction at the surface, which also 
measures the force of gravity ( g ) at the pole, is \rrpr. In c.G.S. units 
0=980 approximately and 27rr=4x 10 9 cm. 

Therefore in astronomical units 

p=3<7/47rr=367-5 X 10~ 9 . 

If we make o> 2 / 27 rp equal to its limiting value -2247 for the 
spheroidal form, and use the value just found for p, we obtain for 
the time of rotation 27 t/cj= 2 hrs. 25 mins. This is therefore the 
smallest time in which a homogeneous mass, of density equal to the 
earth’s mean density, could rotate uniformly in the form of an 
oblate spheroid. 

2 - 

Again, if we take for <o the earth’s angular velocity — ^ 
we obtain 

oj 2 2ttX10 9 aaoo . 

V-iMWir' 1 ® womm.t.ly, 

which is less than the critical value *2247, so that for this density 

* For a discussion in which the value of « a / 27r P is obtained correot to the third 
power of the ellipticity, see Darwin’s Scientific Papers , voL hi p. 423. 
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and ang ular velocity two spheroidal forms are possible, there being 
two real values for A as explained in Art. 120. The larger value 
corresponds to a very flat spheroid, and the smaller gives a spheroid 
whose ellipticity is by Art. 120 

is£ -“x «-0043 or L nearly. 

The earth, as is known by geodetic measurements, differs very 

slightly in its form from a sphere, its ellipticity being - Q ? - ■,* that 

zyy-lo 

is, the axes of the spheroid are in the ratio 300-15 :299*15. The 
fact that the axes of the homogeneous fluid spheroid, of the same 
mean density as the earth and rotating in the same time, are, as 
we have just seen, in the ratio 233 : 232 shows that it is extremely 
unlikely that the earth was at any period of its history a homo¬ 
geneous fluid mass. 

122. The prolate spheroid not a possible form. It must be 
observed that we have not solved the general problem of the form 
of a mass of rotating fluid in relative equilibrium, but merely shown 
that if o> t /27r/><-2247 an oblate spheroid is a possible form. And 
we notice that this result is independent of the mass of the fluid and 
depends only on the density and angular velocity. If co 2 /277/» -2247, 
it does not follow that equilibrium is impossible but only that there 
is no oblate spheroidal form possible in this case. 

To examine whether a prolate spheroid is a possible form we 
may write —A' 2 instead of A 2 in Art. 119, where A is to be <1. 
Equations (a) and (y) of that Article then give 

- = - E -—-A' 2n , 

2 7T P T(2w+l)(2n+3) ’ 

which is impossible because the opposite sides of the equation are 
of unlike signs. Hence a prolate spheroid is not a possible form of 
equilibrium. 

128. An important distinction has been pointed out by Poisson 
(tome ii. p. 547) between the surfaces of equal pressure in a fluid 
at rest under the action of extraneous forces, and in a fluid at rest, 
or revolving uniformly about a fixed axis, under the action of the 
mutually attractive forces of its particles. 

Let ABC be the free surface, and DEF any surface of equal 

* See Encyc . Brit, article, “ Figure of the Earth,” by A. R. Clarke and F. R. 
Helmert. 
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pressure ; then, in the former case, the resultant force at any point 
of DEF is perpendicular to the surface at that point, and is un¬ 
affected by the existence of the fluid between ABC and DEF ; this 
fluid could therefore be removed without affecting the equilibrium 
of the fluid mass bounded by DEF . In the latter case, the force at 
any point of DEF , although perpendicular to the surface at that 
point, is the resultant of the attractions of the mass of fluid con¬ 
tained by DEF , and of the mass contained between DEF and ABC ; 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external to DEF cannot 
in general be removed without affecting the equilibrium of the 
remainder. 

If, however, the fluid be homogeneous, and the particles attract 
each other according to the Newtonian law, so that the free surface 
may be spheroidal, the surfaces of equal pressure will be similar 
spheroids; and in this case, since the resultant attraction of an 
ellipsoidal shell, bounded by two concentric, similar, and similarly 
situated ellipsoids, on an internal particle is zero, the portion of fluid 
between ABC and DEF may be removed, provided the rate of 
rotation remain unaltered. 

Moreover we have shown, Art. 120, that for a given value of 
a) not exceeding a determined limit, there are two possible spheroidal 
forms : let ABC , the free surface, have one of these forms, and 
describe within the fluid mass a concentric spheroid, GHK, similar 
to the other spheroid ; then the fluid between ABC and GHK may 
be removed without affecting the fluid mass GHK . 

The action of the shell upon a particle at a point P of the sur¬ 
face GHK is not perpendicular to the surface at P, but this action, 
combined with the attraction of the mass GHK , and the hypo¬ 
thetical force measured by cn 2 r, is perpendicular to the surface, at P, 
of the spheroid passing through P, which is concentric with, and 
similar to, the surface ABC. 

In other words, the direction of sensible gravity, that is, of the 
weight, of a particle on the surface is normal to the surface, and of 
a particle inside, normal to the surface of equal pressure which 
passes through the particle. 

In the same manner if the free surface, ABC , have one of the 
possible forms, we can imagine a concentric shell of liquid added to 
the mass, and having its outer surface of the same form, or of the 
other possible form. 
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In the former case, ABC will still be a surface of equal pressure, 
but, in the latter case, ABC will cease to be a surface of equal 
pressure, since the new surfaces of equal pressure will be similar 
and similarly situated to the outer surface. 

124. If a fluid mass be set in motion, about an axis through its 
centre of mass, with an angular velocity such as to make the value 
of o> 2 /277p greater than the limit obtained in Art. 119, it does not 
follow that the fluid cannot be in equilibrium in the form of a 
spheroid, for it may be conceived that the mass will expand laterally 
with reference to the axis, taking a more flattened shape, until its 
angular velocity is so far diminished as to render the spheroidal 
form possible. 

If the mass consist of perfect fluid, its form will oscillate through 
the spheroid of equilibrium, but if, as is the case in all known fluids, 
friction be called into play by the relative displacement of the par¬ 
ticles, the oscillations will gradually diminish and at length a posi¬ 
tion of equilibrium will be attained. Employing the principle that 
the angular momentum of the system, relative to the axis, will 
remain constant, we can determine the final angular velocity, and 
the form ultimately assumed. 

Considering the question generally, suppose the mass of fluid 
set in motion in any way, and then left to itself ; the centre of mass 
will be either at rest or moving uniformly in a straight line, and all 
we have to consider is the motion relative to the centre of mass. 

Draw through the centre of mass the plane, in the direction of 
which the angular momentum is a maximum ; then, however during 
the subsequent motion the fluid particles act on each other, this 
plane, which may be called the “ momental ” plane, will remain fixed, 
and when the motion of the particles relative to each other has been 
destroyed by their mutual friction, the axis perpendicular to this 
plane will be the axis of rotation of the fluid mass in its state of 
relative equilibrium. 

Let H be the given angular momentum of the system, and w 
its ultimate angular velocity. 

Taking c and c\/(l+A 2 ) for the axes of the spheroid of equili¬ 
brium, and M for the mass, the expression for the angular momen¬ 
tum is %Mc\ l+A 2 )co; 

lMc 2 (l+X 2 )co=H ; 

we have also 47 rpc 8 (l+A 2 )=M, 
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and from these two equations, combined with the equation 


a) 2 (3+A 2 ) tan“ 1 A—3A 


2 7Tp A 8 

the values of c, co, and A can be determined. 
From the first two we obtain 


. Art. 119, 


a> 8 p)* n , y»_,. 

2 np~ 6M* U+ } ’ 

(3+A 2 )tan _l A—3A\ n , 

p |( 1 + A ) -QM a [m) 


is the equation which determines A. 

The equation always has a rout, for the left-hand member van¬ 
ishes and becomes infinite with A, so that it ought to take a value 
equal to the positive constant on the right-hand side for some value 
of A between zero and oo . It can be shown, moreover, that there is 
only one positive root, for the derivative of the left-hand member 
can be shown to be positive always. Therefore, regarding H and M 
as given quantities, there is one spheroidal form and only one,towards 
which the oscillating fluid mass continually approximates. 

This discussion may be found in Laplace’s Mecaniquc C&este, 
tome ii. p. 61 ; PontAcoulant’s Systeme du Monde , tome ii. p. 409 ; 
and in Tisserand’s Mecaniqve Celeste , tome ii. p. 96. 


125. Jacobi’s Ellipsoid. It was discovered by Jacobi that an 
ellipsoid with three unequal axes is a possible form of relative 
equilibrium for a mass of rotating liquid 

If a mass of liquid revolves, as if rigid, about the axis of z with 
the angular velocity oj , and if X, Y, Z are the components of the 
attraction at the point {x, y, z), the equation of the free surface is 

(X — co 2 x)dx +( Y—co 2 y)dy+Zdz= 0. 

Now, if the free surface is an ellipsoid, 

X=Ax, Y—By, Z=Cz, 

where A , B , C are independent of x, y , z . 

Hence, if a, 6, c are the semi-axes of the ellipsoid, we have if 
possible to identify the equations 

(A — o) 2 )xdx-\- (B—ajF)ydy-\- Czdz—0, 

>+£*+>-o- 
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We must therefore satisfy the equations 

a -“-=v c 4 

from which, by the elimination of A and w 2 , we obtain 
a 2 b 2 (B—A)—(a 2 —J> 2 )c 2 C=0 
Now, if D—{(a 2 +u)(b 2 +u) (c 2 + u )}•, 

and if M is the mass of the liquid, 


■-m 


du 

(a 2 -\-u)D’ 




du 

(& 2 -|-w).D , 


c =*"JT( 

The equation (1) then becomes 


{c 2 -\-u)D‘ 


C 2 ] 

) c 2 + M / -0 ' 


' ') 0 D\(a 2 +u){b 2 +u) c 2 +u) 

If a is different from b, the relation between the axes must 
satisfy the equation 


r^a+i-i+Jtw 

Jo Z) 3 U 2 ^b 2 c 2 'a 2 b 2 ) * 


If a and b are given, this is an equation for determining c, and, 
since the left-hand member is negative when c=0, and positive 
when c=oo, there must be one real value of c which satisfies the 
equation. 

Since u\D z is positive, and since 

— 

a 2 o 2 c 2 a 2 6 2 


is positive if u is large enough, it follows that, when u is small, this 
last expression must be negative. 

Hence it appears that 

1 1 , 1 t%\ 

c 2> a 2+ b 2 ‘ * * * (3) 

and therefore that c is less than the least of the two quantities a 
and 6. 

To find the angular velocity, we have 
a> 2 (a 2 —6 2 )= Aa 2 — Bb 2 

o 2#/ . O T ov f udu 


%M(a 2 6 2 )J q ( ai+u ^ b 2 +u)D ’ 

* See Kelvin and Tait’s Natural Philosophy , Art. 494 », or Minohin's Statics, 
vol. ii. p. 308. 
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and therefore, if a is different from b, 

o>*=pfJ<) ( ai+u )( b 2 +u)D • • • ( 4 ) 

and, this expression being a positive quantity, a possible value of 
oj is obtained, and it is established that an ellipsoid with three 
unequal axes is a possible form of a mass of liquid rotating about the 
smallest axis. 

126 . That c must be the least axis may also be seen as follows : 

2 a 2 A—c 2 C 

o) 2 = -n- 

a 2 

2a 2 Jo \a 2 -\-u c 2 -\-u) D 

_ 3it V af vdu 

2a 2 ' 'Jo (a 2 +«)(c 2 +w)Z)’ 

which shows that for w to be real, we must have c<a , and similarly 
c<b. 

127 . It was pointed out by Mr Todhunter, and demonstrated 
in the following manner, that the relative equilibrium of the rotating 
ellipsoid cannot subsist when the axis of rotation does not coincide 
with a principal axis. 

Kef erred to the principal axes, let l , m, n be the direction cosines 
of the axis of rotation, M any point ( x , y , z) of the mass, and N the 
foot of the perpendicular from M upon the axis. 

Then ON=lx+my+nz, 

and, if ON=v , the co-ordinates of N are Iv , mv, nv. 

The acceleration a) 2 MN, when resolved parallel to the axes, gives 
rise to the components 

a> 2 (x—lv), to 2 (y—mv), <x) 2 {z—nv ); 
therefore the differential equation of the free surface is 
{ o> 2 (x— Iv) — Ax}dx+ { co 2 (y—mv) — By}dy-\- {co 2 (z— nv)—Cz}dz=0 ; 
hence the form of the free surface is given by the equation 

o)\x 2 -\- y 2 +z 2 )—cj 2 (lx-\-my+nz) 2 —Ax 2 —By 2 — (7z 2 ==constant, 

and this cannot represent an ellipsoid referred to its principal axes, 
unless two of the quantities Z, m, n vanish. 

Mr Greenhill remarks that a particle of the liquid at the end of 
the axis of rotation will be at rest under the action of the attraction 
of the liquid alone, since the expression w 2 r vanishes at that point. 
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Hence the attraction on the particle must be normal to the 
surface, which is only the case at the end of an axis. 

128. We notice that if the mass of the fluid M be given, we have 
also an equation rpabc=M i and this equation together with 
(2), (4) of Art. 125 may be regarded as determining a, 6, c in terms 
of M, p, and a>. 

These equations were investigated by C. 0. Meyer,* and a full 
discussion will also be found in Tisserand’s Traite de Mecanique 
Celeste , tome ii., chap. vii. ; *j* showing that the maximum value of 
co 2 /2ttp that will make a Jacobian ellipsoid a possible form of equi¬ 
librium is *18709, and that for this particular value the ellipsoid is 
one of rotation coinciding with one of Maclaurin’s spheroids. It is 
further shown that this value gives a unique maximum to the 
function on the right-hand side of equation (4) of Art. 125, and that 
for smaller values of co 2 /27rp there is one and only one ellipsoid. 

To summarise our results relating to Maclaurin’s spheroids and 
Jacobi’s ellipsoids, we have : 

if o> 2 /27rp>*2247, no spheroidal or ellipsoidal form, 
if *2247 >a) 2 /27Tp> *18709, two oblate spheroids, 

and if *18709>a> 2 /27rp, two oblate spheroids and one ellipsoid 

with three unequal axes. 

129. It follows from Art. 125 (3) that the ellipticities of a Jacobian 
ellipsoid cannot be small, in fact that one of the axes is, in every 
case, at least V2 times the axis of rotation. In a complete dis¬ 
cussion of the Jacobian ellipsoids containing numerical tables and 
diagrams,J Darwin remarks that the longer the ellipsoid the slower 
it rotates; that, while the angular velocity continually diminishes, 
the moment of momentum continually increases, and that the long 
ellipsoids are very nearly ellipsoids of revolution about an axis 
perpendicular to that of rotation. 

130. Elliptic cylinder. It can also be shown that, theoretically, 
an elliptic cylinder is a possible form of the surface of an infinite 
mass of homogeneous gravitating liquid, rotating, as if rigid, about 
the axis of the cylinder. 

* Crelle' 8 Journal , tome xxiv. (1842). 

t For an abstract of the analysis see Appell, Traite de Micanique Rationnelle , 
tome iii. p. 170. 

t “ On Jacobi’s Figure of Equilibrium for a rotating mass of fluid,” Proc. Royal 
Soc., vol. xli. (1887), p. 319 ; or Scientific Papers, vol. iii. p. 119. 
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If a and b are the semiaxes, the components of the attraction 
at the internal point x, y are 

4:77pbx 4:77pay 


CL-\~b 


a+b 


(Kelvin and Tait, Art. 494 p), and the equation of the free surface 
is therefore 

Identifying this equation with 

xdx , ydy . 

we find that 

a> 2 = 4:77 pab I (a +6) 2 . 

This determines a> when p, a } b are given ; but if a>, p are given 
we see that since 

a~b 
u~j-h 

an elliptic cylinder will not be a possible form of equilibrium unless 

C0 2 <7Tp. 



131. Poincare’s Theorem. We have seen that a Jacobian 
ellipsoid is an impossible form of relative equilibrium if 


a) 2 /27rp>- 18709, 

an oblate spheroid is impossible if o> 2 /27rp>’2247, and an elliptic 
cylinder is not a possible form if oj 2 /27rp>*5 ; Poincar6 has proved 
that if a) 2 /27Tp>l there is no figure of equilibrium possible.* For a 
necessary condition of equilibrium is that at every point of the free 
surface the resultant of the attraction and centrifugal force should 
be directed towards the interior, otherwise a part would be detached. 
Let V be the potential of the attracting forces and r the distance 
from the axis, and let 

U=V+l<o 2 r 2 . 

dTJ 

The resultant outward normal force is and, for equilibrium, 


at every point of the free surface 


dU 

dn 


must be negative. 


By Green’s 


Theorem JJs" =\\\v*Udxdydz, where the first integral is taken 


* Bulletin Astron., tome ii p. 117, or Figures d'iquilibre d y une masse fluids, 
p. iz. 
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over the surface and the second throughout the volume of the 
fluid. And 

V 2 U =V 2 F+2co 2 = -47rp+2a> 2 . 


Therefore 2?r/)) X volume, 


and if a> 2 >2irp, the left-hand member is positive, which implies 
that at some points on the surface the resultant force is directed 
outwards and therefore equilibrium is impossible. 


132. Other equilibrium forms. In addition to the forms that 
we have considered, the annulus was first considered by Laplace * 
in connection with the theory of Saturn’s rings, and has since been 
the subject of much investigation. 

In the second edition of Kelvin and Tait’s Natural Philosophy , 
§ 778", a number of results relating to the stability of the forms 
already discussed were announced without proof. In attempting to 
establish these results, Poincar6 was led to write a celebrated paper 
which appeared in the Acta Mathematica , 7, Stockholm, 1885. In 
this paper the problem of figures of equilibrium is discussed in a 
more general manner. It is shown that possible figures of equili¬ 
brium form linear series, that is, series depending on a single para¬ 
meter, such as the angular velocity, and such that to each value of 
the parameter corresponds either one and one only, or else a finite 
number of figures, and such that these figures vary in a continuous 
manner when the parameter is varied. Thus the Maclaurin’s 
spheroids form a linear series, and Jacobi’s ellipsoids form another. 
It may happen that the same figure belongs to two distinct linear 
series ; such a figure is called a form of “ bifurcation.” Thus there 
is a particular member of the series of spheroids which at the same 
time belongs to the series of Jacobi’s ellipsoids. Poincar6 also 
considered, in this paper, the question of the stability of forms of 
equilibrium, and showed that if a series of figures are stable up to a 
form of bifurcation, then beyond that point the figures are unstable, 
the stable figures now belonging to the other series involved in the 
form of bifurcation. Thus Maclaurin’s spheroid is stable only so 
long as its eccentricity is less than ‘8127, which is the point of 
bifurcation, and at this point Jacobi’s ellipsoids become stable. In 
attempting to find points of bifurcation in the series of Jacobi’s 

* Micanique Celeste, tome ii p. 155. See also Tisserand, Mecanique Celeste, 
tome ii chaps, ix. x. xii., where the researches ol Laplace, Clerk Maxwell, and 
Mme. Kowalewski are dismissed. 
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ellipsoids by the use of Lamp’s functions, Poincar6 found that there 
are an infinite number of series of figures of equilibrium. AH the 
figures are symmetrical with regard to a plane perpendicular to the 
axis of rotation ; they all have at least one plane of symmetry pass¬ 
ing through the axis and some of them are figures of revolution. 
Among these figures only one is stable and it has only two planes 
of sy mm etry ; it is the form that arises from the first bifurcation in 
the series of Jacobi’s ellipsoids and has been called the pear-shaped 
figure of equilibrium, because of the resemblance to a pear of the 
figure sketched in Poincare’s paper.* Further investigation, how¬ 
ever, has shown that the true form has less resemblance to a pear 
than was at first supposed ; it has been discussed by Darwin in two 
papers,*{• and its form determined to a second approximation. At 
the point of bifurcation the axes of the Jacobian ellipsoid are as 
65066 : 81498 :188583, and aj 2 /27rp=-14200 ; and the pear-shaped 
figure represents a small departure from this Jacobian ellipsoid, 



which takes the form of a protuberance at one end of its longest 
axis, and a blunting of the other end. 

In the accompanying figures, taken by permission from the 
second of Darwin’s papers just referred to, the dotted line represents 

* Loc. cit., p. 347, also Figures d'iquilibre <Tune masse fiuide, p. 161. 

t “ On the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil. 
Trans., vol. 198 A (1901), p. 301, or Scientific Papers , vol. iii. p. 288; and “The 
stability of the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil. 
Trans., vol. 200 A (1902), p. 261, or Scientific Papers, vol. iii. p. 317. For a simple 
account of the stability of these figures see also an interesting paper by the same 
author on “ The Genesis of Double Stars,” being chap, xxviii. in the volume Darwin 
and Modern Science, 
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the Jacobian ellipsoid, and the other curve the pear-shaped figure; 
the upper is the equatorial section, and the lower is the meridional 
section in the plane of symmetry. 


133. The following expressions for the attraction of a solid 
homogeneous ellipsoid of small ellipticities are often of use in dis¬ 
cussing the forms assumed by masses of rotating liquid; viz. if a, 
by c, the semiaxes, are such that 6=a(l —e) and c=a(l— rj), then 
the component attractions at an internal point (x } y, z) are 

ApXy Bpyy CpZy 

where £ 77 ), 

B=i7T(l + l €-irj), 


(7—^7r(l —f €+^).* 

These expressions may also be written in the symmetrical form 


A-- 


4 / 2 2 a 

■W'l -« 


b-c 


y etc. 


or as 
where 


et °- 


134. Example. A mass m of homogeneous liquid and a distant sphere of 
mass M revolve in relative equilibrium about their centre of gravity with a small 
uniform angular velocity co ; show that the free surface of the liquid is an ellipsoid 
of small ellipticities with its longest axis pointing to M and its smallest axis at 
right angles to the plane of motion , and that the ratio of the ellipticities of the 
principal sections passing through the line joining the centres of gravity of the 
bodies is 4=M-}-rn: 3M.f (Math. Tripos, 1888.) 

If d is the distance between the bodies, the centre of gravity 0 of the 
jliM 

mass m has an acceleration and 0 may 

be reduced to rest if we apply this acceler¬ 
ation reversed to every element of the 
liquid mass. 

If A is the centre of gravity of the 
mass My and P any point in the liquid 

mass, the forces at P are toward® -a, 

_ pM 

the self-attraction of the liquid and the centrifugal force. Now pj, along 

PA is equivalent to . PO along PO and • OA parallel to OA, 



PA* 


* See Routh’s Analytical Statics , vol. ii. § 221 (2nd edition), 
t Problems of this olass were discussed by Laplace in the third book of the 
Micanique Cileste, 
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The former 


to the first order of rjd. 


fiMr fxMr 

’ {d 2 -f r 2 — 2dr cos 0}$” d* 


The latter combined with 

_ t xMd _ pMf, . 3r . i) 

~{d'+r*-2dr cos ©}» d 3 ~ d 3 \ 1+ d 008 9 1 J 
3 pMr cos 0 

~ I 3 

parallel to OA. 

If we assume an ellipsoidal form and take the axis of x along OA, and Oz 
for axis of rotation, we have 

dp uMr 3 uMx 

—= co 2 (xdx+ydy)— Aqxdx— Bgydy— Cgzdz - dr+ dx. 

And the free surface must be of the form 


.\ a*( Aq — 




Now since the masses are rotating about their centre of gravity 0 with 
angular velocity co, 

. ^ u • M 
co*. OG=—-p~, 

but ( M+m)OG=Md; 


• • ® d 3 ’ 


. a'A-b*B= 


0-K 1 


co* o 3 M 
= — 


q M-\-m 

since co 2 /? and a— 6 are small. 


So also 


o*A—c 2 C=- 


i/-j-ra/~ r M+mj 


co* 

= -a 2 TrT—. 

q M-\-m 


But from the last Article, 


a'A-b'B=$n{(a'-V)-*J^ 

=| W (a-6){a+6-f( - + ^ +6 * -a-6)}, 
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and to get a result correct to the first order of the small difference a— b we may 
put k~b=a in the last factor, so that 

a 2 A— b 2 B— \ l7ia(a— b). 
a 2 A—c 2 C— $ | na(a— c). 
a—b a 2 A—b 2 B ✓ 3 M 
a—c~ a 2 A — cHf~ 4 M -f m 


Similarly 

Hence 


EXAMPLES 


1. A thin spherical shell of radius a is just not filled with gravitating 
liquid of density q. If the liquid be rotating in relative equilibrium with 
angular velocity co about a diameter, prove that the tension in the shell across 
the great circle at right angles to the axis of rotation is at any point in that 
circle equal to co 2 ga 3 /S . 

2. A mass of liquid of density g x is surrounded by a mass of liquid of 
density g and the whole completely fills a case in the form of an oblate spheroid 
of small ellipticity e; if the case rotates about its axis with small uniform 
angular velocity co, prove that a possible form of the common surface is an 
oblate spheroid of ellipticity e x given by 

15co*/16 n— eipi+f (fii— s)q. 

3. A case in the form of a prolate Bpheroid of small ellipticity e is filled by 
a fluid nucleus of density a surrounded by a fluid of density g. Show that, 

/8 \* 

if it rotates round its axis of figure with angular velocity i-nge) , a possible 
form of the common surface is a sphere. 


4. A mass of homogeneous liquid of density g completely fills a case in the 
form of the ellipsoid x 2 la 2 -\-y 2 /b 2 +z 2 /c 2 =l , and rotates as a rigid body about 
the line aj/Z=y/ra=z/7i with uniform angular velocity co; show that if \Xg is 
the greatest excess of the pressure at the centre over the pressure at a point 
on the surface. 


l 2 

1 

A— A/a* 


j. 

co* 


m* 


+-T— 

B— A/6“ 



n 2 

I r 

(7— A/c*~ co* 


0, 


where Ax, By, Cz are the components of the attraction at an internal point. 

5. Two gravitating liquids which do not mix, and whose densities are q, 
°(q> °)y ar© enclosed in a rigid spherical envelope, and the whole rotates in 
relative equilibrium with a small uniform angular velocity co about a diameter 
of the sphere. Show that a possible form of the common surface of the two 
liquids is an oblate spheroid of ellipticity co*/jr(g+§<*)• 

6. A given mass of gravitating fluid of density g can rotate in relative 
equilibrium with angular velocity n with its free surface in the form of an 
ellipsoid with three unequal axes, the greatest semiaxis being a. A rigid 
vessel of this form is now made and the fluid in it is set rotating with the vessel 
in relative equilibrium with angular velocity co about the least axis. Prove 
that the pressure at any point of the surface is 


Je(o)*-n*)(a;»+ 2 /*) or ip(co*-n*)(a:*+y , -a 1 )3 
according as co is greater or less than ft. 
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7. A solid sphere of mean density g is covered by a thin layer of liquid 
of uniform density a. The whole rotates with small uniform angular velocity 
co about an axis through the centre of the sphere; the solid sphere attracts 
according to the law of the inverse square as if concentrated at a point on the 
axis at a small distance c from its centre, and the liquid also attracts according 
to the law of the inverse square. Show that the outer surface of the liquid is 
approximately a spheroid of ellipticity 15co a /8^(5$—3<r), with its centre at 
a distance qc/(q—o) from the centre of the sphere. 

8. A solid gravitating sphere of radius a and density g is surrounded by 
a gravitating liquid of volume |ft(& 3 —a 3 ) and density a . The whole is made 
to rotate with small angular velocity co . Show that tho form of the free surface 
of the liquid is the spheroid of small ellipticity e given by 

f=6(l—JeP.), 

, 15w 2 6 3 

W Gre 8 8n{5(g— cr)a 3 -f-2(7& 3 }’ 

and P 2 is Legendre’s coefficient of tho second order. 

9. A homogeneous gravitating fluid just does not fill a rigid envelope in 
the form of an oblate ellipsoid. Tho fluid is rotating in relative equilibrium 
round the polar axis with kinetic energy E. If it rotates with kinetic energy E 1 
the envelope is a free surface of zero pressure. Provo that, for all values of E 
whether greater or less than E u the tension per unit length across the 
equatorial section of the envelope is 

15 Er^Ei 
32 A 9 

where A is the area of a polar section of the ellipsoid. 

10. A nearly spherical solid of mass M, the equation to whose surface is 
r=a(l-\-aP i ), has a mass m of liquid on its surface, the solid and liquid 
attracting according to the Newtonian law, and the whole rotates about the 
axis of the harmonic with angular velocity co. Show that tho equator will be 
uncovered if w<9aif/(12A—4)—5eo 2 a 7(10A— G), and that tho poles will be 
uncovered if m<6aM/(3A— l)-f5a> 2 a 3 /(5A— 3), where A is the ratio of the 
density of the solid to that of the liquid. 

11. Assuming the Earth to consist of a fluid surrounding a solid spherical 
nucleus, prove that the ellipticity, supposed small, is given by 

n/g 

e - m 4/5+2{Z)/e-l)’ 

where m is the ratio of the centrifugal force at tho equator to the gravity there, 
D is the mean density of the whole Earth, and g the density of the fluid. 
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PREFACE TO THE FIRST EDITION 

Dr Besant’s Treatise on Hydromechanics was first published in 
one volume in 1859. When a fourth edition was called for in 
1882 the subject matter had grovm sufficiently to warrant the 
sub-division of the book into two volumes. Part I on Hydro¬ 
statics appeared alone in 1883 and in the preface a hope was 
expressed that Part II on Hydrodynamics would follow shortly. 
Several chapters were written and materials for other chapters 
were collected but laid aside owing to pressure of other work. In 
1904 Dr Besant kindly invited me to co-operate with him in 
bringing out a new edition—the sixth—of the Hydrostatics, and 
suggested that I should undertake to complete the Hydro¬ 
dynamics. This latter task I was unable to perform until the 
present year. Dr Besant kindly placed all his materials at my 
disposal, but as modes of expression and analysis have altered 
somewhat in the last thirty years, it seemed desirable to write a 
new book ab initio .... 

In the matter of the sign of the velocity potential I have 
followed the precedent of Professor Lamb and Sir George 
Greenhill. It does not seem a matter of intrinsic importance 
which sign is used, but uniformity is desirable and as all serious 
students of the subject will ultimately read it in the classic work 
of Professor Lamb, there is good reason why his precedent should 
be followed.... 

I am indebted to Mr W. Welsh for advice and assistance, and 
most of all my thanks are due to Mr J. G. Leathern for reading 
the whole book in proof and making many valuable criticisms 
and suggestions. 

A.S.R. 

Magdalene College 
Cambbidge 
December 1912 

PREFACE TO THE FOURTH EDITION 

As stated in the preface to the first edition, the book was 
written in the first place for beginners, it does not profess to be 
an exhaustive treatise and it does not aim at taking the reader 
to the limits of knowledge in the subject. But since of late years 
the study of hydrodynamics has become increasingly important 
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in view of the rapid developments of the kindred subject of 
Aeronautics, therefore the additions have been made with a view 
to the needs of students who desire to take their studiesfurther 
in this direction. A chapter on viscosity has been added as well 
as some applications of contour integration to problems of two- 
dimensional motion and some discussion of the part played by 
‘circulation’ in producing ‘lift’ and of the application of con¬ 
formal transformation to aerofoil theory. The chapter on 
viscosity is placed at the end of the book but it contains direct 
references to so few of the other chapters that there is no reason 
why a student who prefers to do so should not read it at an 
earlier stage, e.g. before the chapters on waves. 

In conclusion I wish to acknowledge my indebtedness and 
express my gratitude to Dr S. Goldstein of St John’s College 
for reading the proofs of all the additions and making many 
valuable suggestions. The book owes much to his careful 
criticism. 

A.S.K. 

March 1035 
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HYDRODYNAMICS 


CHAPTER I 

KINEMATICS 

l’l. In the introduction to Part I of this work it was ex¬ 
plained that all propositions in Hydrostatics are true for ail fluids 
whatever their degree of viscosity. A very little consideration will 
suffice to shew that the motion of fluids cannot be independent of 
such properties as viscosity, and the results obtained from a dis¬ 
cussion of the motion of fluids which ignores their internal friction 
can only be regarded as an approximation to what actually takes 
place in nature, and in some cases are far from representing 
reality. In the ‘classical’ treatment of the subject of Hydro¬ 
dynamics however it is usual, for the sake of simplicity, to regard 
the fluid medium as a ‘perfect fluid’, incapable of exerting 
shearing stress, and, whether at rest or in motion, such that the 
pressure it exerts on any surface in contact with it is always 
normal to the surface and consequently, as was shewn in Hydro¬ 
statics, the pressure at any point in such a fluid is the same in 
every direction. 

In the present chapter we shall limit ourselves to the considera¬ 
tion of some properties of the motion of fluids which are inde¬ 
pendent of causation, that is with the kinematics of fluids, 
leaving the equations of motion, or equations connecting the 
acting forces with the motions arising therefrom, for a subse¬ 
quent chapter. 

I’ll. There are two methods of treating the general problem 
of Hydrodynamics or motion of a continuous medium; in the one, 
any particle of the fluid is selected and observation is made of its 
particular motion—it is pursued throughout its course; in the 
other, any point in the space occupied by the fluid is selected and 
observation is made of whatever changes of velocity, density and 
pressure take place at that point. The two methods are commonly 
called the Lagrangian and the Eulerian methods respectively 
though both were used by Euler, but the former was used by 
Lagrange in the Mecanique Analytique. The latter is sometimes 
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also called the flux method. Clerk Maxwell suggested the words 
Historical and Statistical as descriptive of the two methods. We 
shall obtain the equations requisite for the determination of fluid 
motions from both these points of view. 

1*12. In the Lagrangian Method if x , y, z denote the co¬ 
ordinates of a particle at time t , then the components of its 
velocity are x, y, z and the components of its acceleration are 
x, y, z. Also x , y, z and the velocities and accelerations are func¬ 
tions of t and of three independent parameters a, b, c which define 
the position of the chosen particle at a particular instant, thus 
a , b, c may be the coordinates of the chosen particle at the instant 
of time from which t is measured. In using this method it is well 
to remember that it resembles that of Dynamics of a Particle only 
in so far as the coordinates x, y, z of the chosen particle are de¬ 
pendent on the time t ; but in the case of fluid motion t is not the 
only independent variable, for the particle is any particle in the 
fluid, and three other variables a, 6, c are needed to specify which 
particle has been chosen, so that there are altogether four inde¬ 
pendent variables a, b , c, t . 

M3. In the Eulerian Method velocity at a point is mea¬ 
sured thus: if a small plane surface be placed at the point at right 
angles to the direction of flow, the velocity at the point is mea¬ 
sured, when uniform, by the volume of fluid per unit area that 
flows across the surface in unit time; and when variable by the 
time-rate of flow of volume of fluid per unit area across the surface. 

Thus if q be the velocity and p the density of the fluid at any 
point, the mass that in time St flows across a small area A, the 
normal to which makes an angle 8 with the velocity, is pqA cos 6 St, 
and the rate at which mass crosses the surface is pqA cos 0. 

As stated in I'll, in the Eulerian Method a particular point 
in the space occupied by the fluid is selected; we shall denote this 
point by (x, y, z) so that in this case x , y, z and t are independent 
variables. And it is important to remember that in the use of 
this method, unless some further meanings are assigned to the 
symbols, such expressions as dx/dt, d 2 x\dt 2 do not occur, for the 
simple reason that x and t are independent. 

When the axes are rectangular we shall use u , v, w to denote 
the components of the velocity q at the point ( x , y , z). In general 
u, v , w are functions of the four independent variables x, y, z and t. 
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If we regard (x, y, z) as a fixed point, then the values of u, v, w will 
tell us what happens at that point as t changes; and if we regard t 
as fixed, then since (z, y 9 z) may be any point of the fluid, u f v 9 w 
will tell us what is happening at every point of the fluid at the 
particular instant under consideration. 

If we wish to connect the Euleriaii and Lagrangian methods or 
combine both notations in any particular problem, we regard 
u, v, w as the components of velocity of the element of fluid at 
(x, y y z) and the relation between the two sets of symbols is then 
u , v 9 w=x, y, z . 


I - 2. Acceleration. In considering the meaning of accelera¬ 
tion and how to obtain its value by the flux method, we have to 
take two facts into account. Firstly, if P denote the point 
(z, y 9 z)y then inasmuch as u, v , w are functions of t a change of 
velocity of the fluid can take place at the fixed point P as time 
progresses without any variations in x,y 9 z. Secondly, in order to 
estimate correctly the acceleration of an elementary portion of the 
fluid it is not sufficient merely to note what change of velocity is 
taking place at the point P , but we must also pursue the element 
for a short space after it passes P, in order to observe whether as 
it moves onwards it does so with the velocity it had on reaching P 
or acquires any additional velocity. 

Let u=f{x,y,z,t). 

The particle which is at (z, y, z) at time t will after a short 
interval 8t have moved to (z + uht, y + v8t, z + wht) so that its 
velocity will become 

u + 8u=f (x + u8t, y + vht , z + wht, t + 8t) 

-/(*.»,*,<)+(»!+»!+«< |+!)s i 

+ terms containing higher powers of 8 L 


to 


or 


Hence the x component of acceleration, being Lt 8u/8t y is equal 


3 / 3 / 3 f 3 / 

i +u ix +v fy +w £ 
du du du du 

dt + U dx V dy + W dz 


.( 1 ), 


.( 2 ); 


and in this expression the first term is the rate at which the 
velocity increases at the point (x, y, z) regarded as a fixed point in 
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space, and the other terms arise from the changing velocity of the 
element of fluid in its onward course. 

We shall denote the operator 

a a a a 

ot dx oy dz 

D 

by the symbol , and speak of it as * differentiation following the 
motion of the fluid’. 

With this notation the components of acceleration are DujDt , 
DvjDt , Dw!Dt\ and if/ (x, y, z, t) be any function of the position of 
a particle of the fluid and the time, the rate of change of this 
function following the motion of the fluid is Df/Dt. 

1*21. As an illustration let us consider the flow of water through a 
pipe, which is filled by the water. Firstly, let the pipe be of uniform section, 
then the velocity u is the same at every point, but inasmuch as the water 
may bo forced through the pipe at varying speeds there may be an accelera¬ 
tion dufdt y which, in this case, will at any instant have the same value at all 
points in the pipe. Secondly, let the motion be steady , i.e. the velocity at 
any particular point of the pipe keeps the same value u for all time; also let 
the pipe be of variable section, then the velocity varies from one point 
to another inasmuch as the section is variable, for the total flow across 
each section must be the same. Hence if 8 denote distance measured along 
the pipe to a point where the velocity is u , the element of fluid which 
occupies this position at time t will at time t + 82 have moved to a point 
indicated by s + u8t, and if u =f(s), its velocity in the second position is 

u + 8u=f(s + u8t) =/ (s) + ^ s uBt 

to the first power of St. Therefore 

8u = ~~u8t, 
cs 

and the element of fluid has therefore an acceleration 
= Lt 8u/8t — udu/ds. 

Thus we see that even in steady motion there may be acceleration; and in 
the general motion of water through a pipe of variable section the accelera¬ 
tion is given by du ^ 

~di +u ds ’ 


1*3. The Equation of Continuity. The motions that we 
shall have to consider will be, in general, continuous motions; 
that is, we shall assume that u , v, w are finite and continuous 
functions and that their space derivatives du/dx, du/dy , dujdz are 
also finite. 

In continuous motion, if we consider any closed surface drawn 
in the fluid, it is clear that the increase in the mass of fluid within 
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the surface in any time St must be equal to the excess of the mass 
that flows in over the mass that flows out. 

Let p denote the density of the fluid at (x, y, z), and with this 
point as centre construct a small parallelepiped with edges of 
lengths h , k, l parallel to the axes. 

The mass of fluid which in time 8^ crosses a unit of area parallel 
to the yz plane at ( x , y, z) is puSt, or say, / ( x , y, z) St. 

To find the flow across the face kl of the parallelepiped nearest 
to the origin, take a point (x — y + rj , z + £) on this surface. 
Then the mass of fluid which in time St flows across a small area 
drjdZ at this point is/ (x - \h, y -f rj, z + £) dyjd^St, or, to the first 
power of the small quantities, h, tj, £, 

(<»-i 

The total flow in time St into the parallelepiped across this face 
kl is obtained by integrating the last expression over the area kl, 
noting that pu and its derivatives are values at the centre of the 
parallelepiped and rj, £ are the only terms which vary over the 
face kl. Hence the flow is 


or (pu-\h d -^mt. 

Similarly the flow out across the opposite face is 


(pu+\n d ^km. 


Therefore the increase in mass inside the parallelepiped in time 

St due to the flow across these two faces is —~^hklSt. The other 

ox 

pairs of faces give like contributions so that the total increase in 
mass in time St is 


9 pu dpv dpw 
i dx + dy + dz t 


hklSt . 


But the original mass inside the parallelepiped is phkl, and its 
increase in time St is hklSt. Whence we get the equation 


dp dpu dpv dpw 
d~t + ~fa + ~ty + ~dz 


(1). 
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This equation is clearly equivalent to 
Dp /du dv dw\ 
~Dt +p \dx + dil + dz\ 


(du dv dw\ . ... 

+ ' , (s + ^ + n)=° . <2) - 


and either of these may be called the equation of continuity. 

It follows from above that the expression 
du dv dw 

¥x + dy + Tz . (3) 

measures the rate at which the volume of an element of fluid at 
{x, y, z) is expanding. It may be called the dilatation or the 
expansion. 

The expression (3) when u , v, w denote components of any 
vector is called the divergence of the vector, and is often written 
div ( u , v, w). 

Ifthefluidis homogeneous and incompressible, pis constant and 
the equation reduces to 

du dv dw _ .,. 

di + dj, + Tz =0 . (4) - 

If the fluid is heterogeneous and incompressible, pis a function 

of (x, y, z, t) such that j P - = 0, i.e. the density of an element does 

not alter as that element moves about; hence in this case also 
(4) follows from (2). 


1*31. We can also obtain the equation of continuity by following the 
motion of a small element pdxdydz of fluid, and expressing the fact that its 
mass remains unchanged during the short interval St. 

If x, y, z aro the coordinates of a particle at time t, its coordinates at time 
t +■ St are x + u St, y + v St, z + w St. Similarly the particle whose coordinates 
are x -f dx, y , z, will move in time St to 

x+uSt+dx + ^dxSt, y+vSt + ^dxSty z + wSt + ^dxSt, 

so that dx is changed to ds t , whose projections on the axes are 

dx { 1+ % st )’ dx % it> dx i£ ht ’ 

with similar expressions for dy and dz. Therefore the new volume of the 


parallelepiped is 
dxdydz 


1+ S 8 *’ 


£■ 

• 

> 


dw „ 

~st 


s* 

>■ 

. dw » 


= dxdydz +1 

(du dv dw^ 
\dx + dy* dzj 

) dxdydz St 

.a) 
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1*4 equation or continuity 

to the first power of St, and the density p is changed to p+^ St. Equating 
the product of these to the original mass p dxdydz, we get 

Dp, 9 

Dt + p{si + ^ + T g ) =0 .< 2) 

as before. 

1*32. We may also obtain the equation of continuity by 
making use of Green’s Theorem— 

where /, g, h are functions of ( x , y, z), which with their first 
derivatives are finite and continuous throughout a region bounded 
by a closed surface S, and (Z, m, n) are direction cosines of the 
outward drawn normal at a point on the surface, the JJ being 
taken over the surface and the JJJ throughout the space en¬ 
closed. 

By considering any region in the fluid bounded by a closed 
surface S we have 


— | jjjpdxdydz^j 8t = increase in mass inside the surface in time 81 

= excess of flow in over flow out across the 
surface in time 8t 

= — + m P v + n P w ) dS 81 

by Green’s Theorem. 


Therefore 


m 


dp dpu dpv dpw 


+ dx "** dy ^ dz 


dxdydz = 0 


for all ranges of integration within the fluid. 
Therefore 

at every point of the fluid. 


dp dpu dpv 3pw 
dr dx * dy^ dz 


1*4. The Equation of Continuity in the Lagrangian 
Method. Let a, 6, c be the coordinates of a particle P at a given 
epoch, and x , y, z the coordinates of the same particle after the 
lapse of time t. Take a small tetrahedron PA BC in the fluid with 
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its edges PA, PB, PC parallel to the coordinate axes of lengths 
8a, 86, 8c. 

After time t, the element of fluid that occupied the space 
PABC at the given epoch will form a differently situated tetra¬ 
hedron P'A'B’ C, and x , y, z being the coordinates of P', the 
coordinates of A ' relative to P' will be 



>■ 

1 * 

fa 8 "’ 

of B' 

>■ 

>■ 

dz M 

db 8b ’ 

and of C 


!*• 

dc 


Hence the volume of the tetrahedron P'A'B'C' 



dx dy 
da’ Ya’ 


dz 

da 


8a 86 8c, 


dx dy dz 
db’ db’ 06 
dx dy dz 
dc’ dc’ dc 


and its mass 


, 8(s,y,z) 
tP Ha,b,c) 


8a 868c. 


But if p 0 be the initial density the mass is Jp 0 8a868c, and 


therefore 


dfay J z)_ 
p d(a, b,c) Po ’ 


which is the equation of continuity. 


1*41. We can prove, by a direct transformation, the equivalence of 
the two forms of the equation of continuity. Beginning with the Lagrangian 

form ’ let T _e(x,y,z) 

° ~8{a, b, c)’ 


then pJ is constant, and 
or 


d( P J)/dt = 0, 


T dp 
J dt 



= 0 . 


But these time-rates are variations due to the motion of a particle, or the 
variability of x, y, z; and we can change now from the Lagrangian to the 
Eulerian system of variables by either writing DIDt instead of d/dt or by 
writing u, v, w for x, y, z. And on this hypothesis we shall write 


du r d dx , 
da for dt 8o’ etC< 
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dJ 8u 8(y, z) 8u 8(y, z) 8u 8(y, z) 
dt~8a8(b,c) + 8bd(c, o) + 8o8(a,b) 
dv d(z,x) dvd(z f x) dv d ( z , x) 

+ dad(b,c) + dbd(c,ay dcd (a, b) 

dwd(x,y) dwd(x, y) dwd(x t y) 

+ da d(b 9 cy db d(c,ay dcd (a, 6) 

_ 0(u,y,z) d{x,v t z) d(x f y, w) 
d(a t b 9 c) + £(a, 6, c) + d(a,b,c) * 

da~“ dx da" dy da + dz da 9 

du _ du du dz 

db^dxdb + dydb + dzdb 9 

du__du dx du dy du dz 
dc dx dc dy dc dz dc 9 

... . du du 

and by eliminating ^ we get 

Su djp,y, z) _ 8(u, y, z) 

8x 8 (a, b, e) 8 ( a, b, c)' 

or 8(w, y, z) _ j8u 

8{a,b,c)~ 8x" 

and from this and similar expressions we get 

dJ_ /du cto dw\ 

\Vx + dy* dz) 9 

and therefore g> +p g + g + g) =0. 

1*5. Particular cases of the Equation of Continuity. The 

equation of continuity may be transformed to cylindrical and 
to polar coordinates by the ordi¬ 
nary processes of change of the 
independent variable, but it is 
simpler to obtain it directly in 
each case from the principle that 
the increase in the mass con¬ 
tained in an element of volume 
in any short time ht is equal to 
the excess of the mass that flows 
in over the mass that flows 
out. 

Thus in polar coordinates if q T , q $, g w denote the components 
of velocity in the directions of the elements dr, rdB, r sin Bdw, 



VS 

Hence 


But 
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the excess of flow in over the flow out arising from the face 
r 2 sin OdOdw and the opposite face is 

g 

— ^ (pq r r 2 sin ddddcu) dr St, 
from the face r sin Odwdr and the opposite face 

g 

— ^00 (pQe r sin Odwdr) rd08t, 
and from the face rdOdr and the opposite face 

g 

- r— 7 r s- (pq^rdOdr) r sin 0 dw81, 

rsmOdci) r w 

and the increase in mass is 


^ (pr 2 sin OdrdOdw) 81. 


Therefore 

% + \i~(pyr r2 )+ * aon(Pt$ sin0) + -4-^~^==0 ...(1). 

ot r 2 3r r rsinS 30 r a r sm 0 dw 

Similarly if in cylindrical coordinates v r ,v e , v z denote the 
components of velocity in the directions of the elements dr, rdO, 
dz, we can shew that 

dp 1 9 13 3 

dt + rdr {pV ' T) + rdO {pVe)+ dz ^ = ° . (2) ' 


1*51. Another form of the equation of continuity may also be given. 
Let PQ = 8s be an arc of the line of motion passing through a point P; 
and let AB be a small area normal to the arc, 

such that all the particles of fluid crossing it A* ^ 

may be considered as moving perpendicular ^ 

to it. f \ 

Let A A', BB', etc. be small arcs of the lines 
of motion through the bounding points of AB, ^ ^ 
and A'B' the normal section through Q of the " ® 

surface formed by these lines of motion. 

Take p as the density of the fluid in PQ at the time t, k the area of AB, 
and v the velocity at P; then the quantity of fluid which enters at AB 
during the time 8t __ KpV ^ 

and that which flows out at A'B' 

= Kpv 8t +( Kpv 8t) 8s. 

The excess of the former over the latter of these two expressions is the 
whole increase of the fluid in PQ during the time 8t, and is 

-^-(xpv)8tSs: 
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but the mass of fluid at the time t being Kp 8 s, the increase in the time 8 t is 
also expressed by * a 

2 £ (tcp 8 s) 8 t, or ^(Kp) 8 s 8 t, 

d d 

and therefore 0$ ( K p) + ^ ( K P V ) = 0. 

From the way in which this equation has been obtained, it will be seen 
that allowance is made for the expansion of the element which may in 
certain cases take place, and it is only in this way that k can be an explicit 
function of the time. The small section AB may be taken arbitrarily, but 
the section A'B' will depend, not only on the arc PQ, but also on the 
directions of the lines of motion passing through the bounding curve of 
AB; the variation of k may therefore depend on the time explicitly, since 
these lines of motion may vary with the time. 


1-52. Accelerations in Polar and Cylindrical Coordi¬ 
nates. Referring to the figure of 1*5, if we take a right handed 
system of axes at the origin in the directions of the elements 
dr, rdO and r sin 9dw, and let q r , q$, q w denote the components of 
velocity in these directions, then the small displacements in time 

8£are 8r=q r 8t, r 89 = qp8t, r sin 98 co = q w 8t, 

and the axes named above possess an angular velocity whose 
components are P, Q, E given by 

P = <b cos 9 Q — — o) sin 9 R=6 


= — cot 6, = 

r r 



Also since the particle which is at (r, 9, w) at time t is transferred 

in time 8t to (r + q r 8t, 9 -f — 8t, oj + —|, the rateof increase of 
\ r rsin0 / 

a velocity component q r following the motion of the fluid, as in 
12 , is ^? r 9ft; dq T t q e dq r | dq, 

Dt dt qT dr r dd + rain'ddco‘ 

But this and the corresponding rates of change of q$ and q^ are 
not the whole accelerations in the prescribed directions, because 
q r , qp, q w are not velocities parallel to fixed axes, but parallel to 
axes rotating with angular velocities P, Q, R; so that, as in the 
general theory of moving axes, there are additional terms in the 
accelerations, viz. 

-Eqe+Qq^, -Pq^ + Rq, and -Qq r + Pqe 

or -gg +V and M» + m» cote . 

r r r 


r 


r 
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Hence the total components of acceleration in polar coordi¬ 
nates are 


?gr , - Sgr . g*?gr ,_ 

dt dr r dd r ainOdw 


go, tyr Qe 2 + 9 w 


<*9e ._ 

dt r dr r dd rsinOdoj 


dq g q JcotO q r q t 
r r 


...d). 


9 g«, , _ fog, , gflggg, , gg, fog, . 

+ a- +•- 00 + rs in0 0u> 




^ 3r f dr rsmtf tic* r r 

By like arguments with cylindrical coordinates r, 0 , z, if 
*V» denote the velocities in the directions dr , rd0, dz, the 
components of acceleration are 


.( 2 ). 


dv. 

dv. 


dv. 

_ V ' 

hi 

+ Vr hr 

+ r de + e 

dz 

r 

dVg 

, ^ v 8 

, Vgdvg 

dv B 

v r v 9 

dt 

+ V 'hr 

+ V'd0 +v ‘ 

hz 

r 

dv z 

dv e 

, v 8 dv z 

dv z 


dt 

+ ”'* 

+ r de +V * 

dz 

/ 


If in (2) we put v z = 0, we get the components of acceleration in 
polar coordinates in two dimensions. 

From 1*5 (1) and (2) it is easy to see that the expression for 

the dilatation in polar coordinates is 

1 9 gg. 


9 gr . , dgg . gflOOtfl ._ 

dr r rd0 r rsin0 0a> 


.(3), 


and in cylindrical coordinates 


dv„ 


^ v r ■ V r ■ ^Vq w z 

dr ^ r rdO dz 


.(4). 


1*6. The Boundary Surface. At any fixed boundary the 
velocity of the fluid normal to the surface must vanish, that is 

lu + mv + nw =0 

at every point of the boundary; Z, m, n denoting the direction 
cosines of the normal. 

At the surface of a solid moving in the fluid the normal velocity 
of the fluid must be equal to that of the solid. Also for any 
surface in the fluid composed of a given sheet of particles or, what 
is the same thing, for any surface which always contains the same 
fluid matter within it, we must have the normal velocity of the 
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1*61 

surface equal to the velocity in the same direction of a neigh¬ 
bouring particle of fluid. Thus if 8v is an element PP' of a normal 
to the surface F(x,y,z,t )=0.(1), 

and x, y, z are the coordinates of P, those of P' are x+l8v, 
y+mdv, z+n8v; where l, m, n are direction cosines of PP' and 
therefore proportional to 3 Fjdx, dF/dy, dFjdz. But P' lies on the 
surface at time t+ht, therefore 


F(x+I8v, y+m 8v, z + nSv, t+8i) = 0 .(2), 

and from (1) and (2) we get, to the first power of 8v and 8 1, 


Again 


f.B F dF 

[ l S +m iii + 


3 F\ 
n 3z) 


s - + f 8l -o- 


3 F BF SF 

u- 0 — + v^- + w-^~ 
dx dy dz 


(dF} 2 
\3a; 


y (3F \ 2 /SJVji 
/ \ / \ 3* / J 


= lu + mv + nw 

- normal velocity of particle of fluid 
= normal velocity of surface 

V dF l( 7 dF dF dF\ 

~ 3 1/\ dx +m dy +n dzj 

dt I {\dxj \dy) \dz) ) 


.(3), 


r dF dF dF dF A 

therefore + + w -^- = 0 . 

dt dx dy dz 

and the equation of every boundary surface must satisfy this 
differential equation. 


1*61. Alternatively if we assume that a boundary surface 
always consists of the same particles of fluid, we may conclude at 
once that if F (x, y, z,t) = 0 be such a surface, then following the 
motion of the fluid 


DF A dF- dF dF dF A 
-gj-.o, or - s+ u^+v-^ + w- s -0. 

Though this hypothesis is generally true for continuous motion 
it may cease to hold in some cases of discontinuous or turbulent 
motion. 
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1*7. Stream Lines. A stream line or line of flow is a curve 
such that at any instant of time the tangent at any point of it is 
the direction of motion of the fluid at that point. A tubular space 
in the fluid bounded by lines of flow is called a tube of flow. 

The direction of motion of the fluid particle at the point 
( x , y, z) is defined by the quantities u, v, w and therefore the 
differential equations of the stream lines are 

dx^dy^dz 
u v w 

Except in the case of steady motion ,u,v,w are always functions 
of the time and therefore the stream lines are continually changing 
with the time, and the actual path of any particle of the fluid will 
not in general coincide with a stream line. For if P, Q, R are 
consecutive points on a stream line at time t , a particle moving 
through P at this instant will move along PQ but when it arrives 
at Q at time t + St, QR is no longer the direction of the velocity at 
Q and the particle will therefore cease to move along QR and 
move instead in the direction of the new velocity at Q. But if the 
motion be steady the stream lines remain unchanged as time 
progresses and they are also the paths of the particles of fluid. 

The differentia] equations for the paths of the particles are 

x — u, y — v , z = w .(2), 

for when u, v, w are known functions of x, y, z, t these equations 
will determine x, y, z in terms of t and three arbitrary constants 
which might be taken to be a, b, c, the initial values of the co¬ 
ordinates of a particle, and hence the paths of the particles would 
be obtained. 


1*71. The stream lines dxju = dy/v = dzlw are cut at right 
angles by the surfaces given by the differential equation 

udx + vdy + wdz = 0 .(1); 


and the condition for the existence of such orthogonal surfaces is 
the condition that the last equation may admit of a solution of 

theform .(2), 


the analytical condition being 
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1*8. Velocity Potential. When the expression 
udx + vdy + wdz 

is an exact differential —cty, so that 


u, v, w = 


then <f> is called the velocity potential or velocity function. 

It is clear that in this case 

3 u) Jbv du^dw 3v_3 u . . 

dy~~dz ’ dz~dx’ dx~dy . * 

so that condition (3) of 1*71 is satisfied and surfaces exist 
which cut the stream lines orthogonally. 

1*81. As an example consider the case in which 
u~ — c 2 yjr 2 , v — c 2 x/r 2 , w = 0, 

where r denotes distance from the z-axis, so that the velocity is wholly 
transversal and everywhere equal to c 2 /r. These values satisfy the equation 
of continuity and therefore represent a possible motion. 

The lines of flow are given by 

dx __dy_dz 
— y~~ x ~~ 0 

or rr 2 4 - 2 / 2 = const., z = const. 

t 4 -u- &V c 2 (y 2 — x 2 ) du 

In this case „ = —- = _ , 

dx r 4 dy 

so that conditions (2) of 1*8 are satisfied. 


In fact u dx -f v dy -f w dz = c 2 d ^tan -1 ^ , 

so that there is a velocity potential 


and the planes y = nx cut the stream lines orthogonally. 


1*82. It is possible however for the orthogonal surfaces to exist 
without a velocity potential. Take for instance the case 

u= — a>y, v = u)X t u>=0, 

where again the velocity is transversal and varies as the distance from the 
z-axis, so that the whole mass rotates as if solid. 

In this case we have the same lines of flow as in the last article, but 
udx + vdy + wdz is not an exact differential, so there is no velocity 
potential though condition (3) of 1*71 is satisfied and 

udx + vdy + wdz = 0 

leads to the family of planes y = kx, which cut the stream lines orthogonally. 
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16 EXAMPLES 

1*9. Irrotational and Rotational Motion. When the ex¬ 
pressions 

dy dz 9 dz dx 9 dx dy 

all vanish, the motion is said to be irrotational . When they do 
not all vanish the motion is said to be rotational . 

The reason for this nomenclature will be given hereafter. 

It will be noticed that, when a velocity potential exists, the 
motion is irrotational. Thus the motion of 1*81 is irrotational, 
and that of 1*82 is rotational. 

EXAMPLES 

1. A mass of fluid moves in such a way that each particle describes a 
circle in one plane about a fixed axis; shew that the equation of continuity is 

dp d(ptu) _ 0 

er dd ’ 

where c o is the angular velocity of a particle whose azimuthal angle is 6 at 
time t. 

2. A mass of fluid is in motion so that the lines of motion lie on the 
surface of coaxial cylinders; shew that the equation of continuity is 

dp 1 d(pv e ) d(pv t )_ 
drr dd ^ dz ’ 

where v e , v t are the velocities perpendicular and parallel to z. 

3. The particles of a fluid move symmetrically in space with regard to 
a fixed centre; prove that the equation of continuity is 



where u is tho velocity at distance r. 

4. Each particle of a mass of liquid moves in a plane through the axis 
of z; find the equation of continuity. 

5. If the lines of motion are curves on the surfaces of cones having their 
vertices at the origin and the* axis of z for common axis, prove that the 
equation of continuity is 

S P , 8 (pgr) , 2p? r cosecfl9(p?J 
dt dr r r do> 

6. If the lines of motion are curves on the surfaces of spheres all touching 
the plane of xy at the origin 0, the equation of continuity is 

rsin0^ + ~£^ + sin0^£~ + ptt(l + 2cos0) = O, 

where r is the radius CP of one of the spheres, 6 the angle PCO , it the 
velocity in the plane PCO , v the perpendicular velocity, and <f> the inclina¬ 
tion of the plane PCO to a fixed plane through the axis of z. 
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7. If every particle moves on the surface of a sphere, prove that the 

equation of continuity is 

d B & 

^ cos O + QQ (pw cos d) + ^ ( pw' cos 6) = 0, 

p being the density, 0, <f> the latitude and longitude of any element, and 
cj and u>' the angular velocities of the element in latitude and longitude 
respectively. - (M.T. 1877.) 


8. Shew that, if f, 77, £ be orthogonal coordinates and if U 9 F, W be the 
corresponding component velocities, the equation of continuity is 

% + p(Ue , + Va t + Wa s ) + h^ ( P U) + h, ^ ( P V) + fc, ~ ( P W) = 0, 


where 


*-©'♦(JtAGD'— 


and , s 3 are respectively the sums of the principal curvatures of the 
three orthogonal surfaces. (Coll. Exam. 1896.) 

9. Shew that — 9 tan 2 1 + cot 2 1 = 1 

a 2 o 2 


is a possible form for the bounding surface of a liquid, and find an expression 
for the normal velocity. (Coll. Exam. 1899.) 


10. In the steady motion of homogeneous liquid if the surfaces fi = a l9 
/ 2 = a 2 define the stream lines, prove that the most general values of the 
velocity components u, v, w are 


F(A>A) 


HAJz) 

Hy,z) 9 


F(AJz) 


HA, A) 

c){z,x) 9 


where F is any arbitrary function. 


*HA>A) 


H A, f*) 

d(x f y) 9 


(Coll. Exam. 1892.) 


11. Shew that all necessary conditions can be satisfied by a velocity 
potential of the form ^ _ ^z + p y t + ^ 

and a bounding surface of the form 

F = ax 4 + by* + cz* — x (0 = 0, 

where xW is a given function of the time, and a, /?, y, a, 6, c suitable 
functions of the time. (Trinity Coll. 1895.) 


KH 
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CHAPTER II 


EQUATIONS OF MOTION 


2* 1. Let u , v, w be the components of velocity, p the density 
and p the pressure at the point ( x , y, z) in a mass of fluid, and let 
X , Y, Z be the components of external force per unit mass at the 
same point. 

As in 1*3, consider a small rectangular parallelepiped hkl with 
its centre at (x, y, z), and resolve parallel to the a-axis; then we 

phkl~=pXhkl-^hlcl, 


for the last term can be shewn, as in 1-3, to be the difference 
of the pressures on the two ends of area Id. 


Hence 


or 


Similarly 


Du _ ^ 1 dp 
~Dt~ A ~pfa’ 

du du 3 u 3 u __ I3p 1 

3 1 dx +V dy JtW dz ~ p dx ' 

dv dv dv dv Tr 1 dp 

3 w 3 w 3 w 3 w „ 1 dp 

Ta + u Tx + '’dy + w 3l- Z — f te- 


These are Euler’s Dynamical Equations. 


.( 1 ) 


2’ 11. If the fluid be elastic we have to make use of the physical 

laws connecting pressure and density. Thus, if the temperature 

be constant, we have __ 

F ~ K P> 

where k is a constant. But if the changes that take place occur 
with such rapidity that there is not time for heat to enter or leave 
the fluid element, as is the case in the expansions and contractions 
of air that result in the propagation of sound waves, then the 
relation is the ‘ adiabatic 5 one, 

:p= K P y , 

where y is a definite constant*. 


* Hydrostatics , Art. 94. 
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2*12. In the case of a liquid, if II be the external pressure 
upon its surface andp the pressure of the liquid at the surface, we 
shall have (neglecting surface tension) 

p = II, 

and therefore at all points of the free surface 

Dp _ DW 
~Dt~ Dt 9 

or if we suppose that II depends only on the time 

dp dp dp dp an 

s + *s + V H "s - &- 

2*2. Integration of the equations of motion. When a 
velocity potential exists and the external forces are derivable 
from a potential function, the equations of motion can always be 
integrated. 

In this case u,v,w =— d<f>jdx, — 30/3y, — 30/3z; 
and X, T, Z= -dV/dz 9 - dV/dy , -3F/3z; 

so that equations 2*1 (1) become 

ay a0 a^ 30 a 2 0 ar 13p 

3a:3£ + 3a; 3a: 2 + 3 t/ 3a: 3t/ + 3z 3a: 3z 3a: p 3a:’ 

_ 3*0 30 ^0 30 3 2 0 30 3 2 0 37 13p 

3y 3£ 3a: 3a: 3y + dy dy 2 + 3z 3y 3z dy pdy’ 

_ 0 2 0 30 3*0 30 020 90^__9F_l9p 

3z3£ + 3x 3a:3z + dy dydz + 3z 3z 2 dz pdz' 
Multiplying these equations by dx, dy , dz and adding we get 

or, if g denote the velocity, 

-d d * + ldq*+dV+^dp =0.(1). 

Whence, assuming the existence of a functional relation 
between the pressure and the density, we get by integration 

j d f-T, + il‘+ r '° .< 2 >’ 

where C is in general an arbitrary function of the time. 

If tne fluid be homogeneous and inelastic, the equation (2) 
becomes « sd> 

y^+W+r-c .( 3 ). 
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If the motion be steady d<f>/dt=0, and therefore 

P +i q2+V=C . (4), 

P 

where G is an absolute constant. 


2*21. Steady Motion. Bernoulli’s Theorem. Case of no 
Velocity Potential. We may obtain a similar equation when the 
motion is steady even though a velocity potential does not exist. 
Thus by considering the motion of a small cylinder of section k 
with its axis of length 8 s along a stream line, if q be the velocity 
and S the component of external force per unit mass in direction 
of the stream line, j\ n 

pK Ss = pK$8 S — K 8 8, 


and in this case 


Dt~dt +q da' 


so that | +? | = 4 S_I| .(1). 

If the motion be steady dq/dt = 0, and if the external forces have 
a potential function such that S = —37/05, then by integrating 
along a stream line, 

J ^ + *g 2 +7=C . (2), 

where G is a constant, whose value depends on the particular 
stream line chosen. This is Bernoulli's Theorem . 


2*22. In general, when no volocity potential exists, we make use of 
equations 2*1 (1), in order to find the pressure at any point. 

For instance, if a mass of liquid revolve uniformly without change of 
form or relative displacement about a fixed axis, there is no velocity 
potential, but taking the fixed axis as axis of z , 


u— — cay, v=(ox, w — Q; 
hence from equations 2*1 (1), 

2 v l dp 2 v 1 dp A „ \ dp 

-“'*= X - P £’ -“*y =Y — P / y ’ 0=Z - P %’ 

and therefore 

* dp = X dx + Ydy + Zdz + o> 2 (xdx + ydy), 

P 

as in Hydrostatics, Art. 28. 

For homogeneous liquid and conservative forces this becomes 


- — W ( x2 -4- y 2 ) + 7 = constant. 

P 

At first sight this equation may appear to contradict 2*21 (2), but this 
is not so, for in that equation the constant C depends on the particular 
stream line; and in this particular case the velocity q is constant along a 
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stream line, so that all the information we get from 2*21 (2) is that in this 
r dp 


I: 


- + V is constant along a stream line. 


2*23. When a velocity potential exists and the forces are conser¬ 
vative, the pressure is given by equation 2*2 (2) or (3). 

Take, for instance, the case given in 1/81 in which there is a velocity 
potential — c 2 0 , while the velocity at distance r from the axis of z is c 2 /r. 
Let z be measured vertically upwards and gravity be the only external 
force, then equation 2*2 (3) becomes 

p + F* +!/ z=g - 

If we take the pressure at the surface to be constant and assume that a 
is the value of z when r is infinite, we have for the equation of the surface 
2 g(x 2 + y 2 ) (a —z) = c 4 . 

2*3. Equations of motion by the Flux Method. The 

equations of 2*1 can also be obtained by considering the changes 
of momentum that take place within a definite region of space due 
to the external forces acting throughout this region and to the 
fluid pressures on the boundary. 

Thus if l, m, n are direction cosines of the outward-drawn 
normal to the element dS of any closed surface S drawn in the 
fluid and fixed in space, with the same notation the time-rate of 
increase of momentum parallel to the z-axis of the fluid inside S 

is ^ JJJ pudxdydz , and this is composed of three parts: 

(1) The rate of increase of ^-momentum inside S due to the 
flow of momentum across the boundary, viz. 

— J* J pu (lu + mv + nw) dS; 

(2) The rate of increase of ^-momentum due to the pressures 
the boundary, viz. — jjlpdS; 

(3) The rate of increase of ^-momentum due to the external 
forces acting throughout the region inside S, viz. | I IpXdxdydz. 

Hence 
'd(pu) 

a t 


on 


up 


dxdydz= — j *j pu (lu + mv + nw) dS — J* |* lj> dS 

+/JJ pXdxdydz; 
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and by transforming the surface integrals into volume integrals 
by Green’s Theorem, we get 

JIf \l {pU) + ^ ipu2) + h (pUV)+ fz ipUW)+ d £-px}dxdydz = 0, 

and since this must hold for all ranges of integration within the 
fluid, we must have at every point 

5<^> + s(^ ! > + 4 W+ S^” )= ' Z ~S- 

B„t | + 8g2 + 8W + ^£),o, 

and if we multiply this by u and subtract, we obtain 


as before. 


du du du du v 1 dp 

W + “S +, ’5 + “’S" x 'p£' 


2*4. Equations referred to moving axes. Let U, V, W be 
the component velocities of the origin and P, Q, R the angular 
velocities of the frame of reference. Let u, v, w be the absolute 
velocities of the fluid at the point (x, y, z) rigidly connected to the 
frame and u\ v', w' the velocities of the fluid at the same point 
relative to the frame. 

We have u=U +u'-yR+zQ 

v=V +v' — zP +xR .(1). 

w— W + w' — xQ + yP) 

If we consider the increase in mass in a small rectangular 
element of volume attached to the frame of reference with its 
centre at (x, y, z) where p is the density of the fluid, we obtain as in 

13 dp dpu' d P v' dpw' n 

Tt ¥ ~te + ~ty + ~te =0 . (2) 

for the equation of continuity. 

In the case of incompressible fluid this reverts to the standard 

^° rm dv dw 

dx + dy + ~dz _0 . 

To obtain the equations of motion we proceed thus*: 

Let k denote the component of the absolute velocity in a 
direction fixed in space whose direction cosines referred to the 


* Greenhill, Encyc. Brit. 11th edition Art. ‘Hydromechanics’. 
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moving axes are l, m, n , i.e. k = lu+mv+nw. In time 8 1 the 
coordinates of the fluid particle at (x, y, z) will have increased by 
(u' f v', w’) St, so that lu will have become 

/7 mv f ,du ,du , du\ * ) 

(Z+8i)J« + V^+« di +v ty +W fc)*} 

+ terms containing higher powers of St, as in 1*2. 
Whence we get 


Dk 

di 

dm 

in 

, / 

'du 

, 3 u 

, du 

, du 

Dt'~ 

■a“ + 

s’* 

~it 

w+l 1 

Jt 

+u Tx 

+ v «- 
dy 

+w Tz, 





t 

(dv 

,dv 

,dv 

,dv' 





+ ra| 

[dt 

+U d~x 

+»v 

dy 

+«?v 

dz t 





i 

'dw 

. dw 

.dw 

,dw 





+ n | 

Jt 

+u di 

+ v Jr 

dy 

+w d~z, 


But since l, m, n are direction cosines referred to the moving 
axes of a line fixed in space, therefore 


j^-mR + nQ = 0, 


~~nP + lR = 0, ^-lQ+mP= 0...(5), 


—... ,/du „ _ ,du ,d u ,du\ . . . . 

-Dt =l \dr vR+wQ+u dx +v %, +w *)+«<•••>+»(...> 

.( 6 ). 

Again by resolving the external forces and the pressure in the 
direction (l, m, n) we obtain 

and since the choice of the direction (l, m, n) is arbitrary, a com¬ 
parison of (6) and (7) gives the equations of motion in the form 

du „ ~ ,du ,du ,3 u v I3rn 

7vT -vR + wQ + u'-x-+v' K-+w’ ~- = X-- ~~ 

3 1 ox dy dz p ox 

do ^ „ ,8v ,dv dv __ 13® 

*57 -wP+uR+u ' -+t> = Y-~~\ ...(8), 

at ox oy oz pdy w 

3 w ~ „ ,dw ,dw ,dw „ l dp 

-xr-uQ + vP +u \- + v'-^- + w' * = Z — -f 
at ox oy oz pdz) 

where the values of u\ v', w' in terms of u, v, w and the velocities 
of the frame are given by (1). 
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LAQRANO B’S EQUATIONS 


2*41. The pressure equation. When a velocity potential 
exists, we substitute the values of u', v', w' from 2*4 (1) in (8), 

then wnte UiV>w= _^/dz, dftdy, d<f>/dz), 


multiply the equations (8) by dx, dy , dz respectively, add and 
integrate. The result is 


Cdp d<f> 


+ 




dz) 


+ 4?r ! 's) +r=f<,) 


( 1 ), 


where q*=(u — U) 2 +(v— V) 2 + (w— W) 2 .(2). 

It should be noted that q 2 is what the square of the velocity of 
the fluid would become if a velocity equal and opposite to that 
of the origin were superposed on the fluid and the frame thus 
reducing the origin to rest. 

Also that if £1 denotes the resultant angular velocity (P, Q, R) 
and K denotes the resultant moment of momentum per unit 
volume about fixed axes coinciding momentarily with the 
moving axes, then (1) may be written 

Sj- d 4 +iq2 -~ P {a - K)+v=F{t) . (3)> 

where (Q.K) denotes the scalar product of the two vectors. 


2*5. Lagrange’s Equations. Let a, b, c be the initial co¬ 
ordinates of a particle and x , y , z the coordinates of the same 
particle at time t, then a, 6, c, t are the independent variables 
and our object is to determine x, y, z in terms of a, b, c, t and 
so investigate completely the motion. At time t the component 
accelerations of the fluid element SxSySz are d 2 xjdt 2 } d^yjdt 2 , 
d^jdt 2 , and if we assume the existence of a potential V for the 
external forces, we get as in 2 # 1 

d 2 x __ dV 13 p 
dt 2 dx pdx* 

d*y _ dV l dp 
dt 2 dy pdy y 

3^ = __0F_l3p 

dt 2 dz pdz* 
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To deduce equations containing only differentiations with 
regard to the independent variables a, b, c, t, we multiply these 
by dx/da, dyjda , dz/da and add, therefore 

dhsdx d*ydy dhdz _ dV _ldp . . 

dt 2 da+dt 2 da +dt 2 da~ da pda . 


Similarly 


3*2 dx dhf dy dh dz 
Wdb + dfidb + dfidb' 

d 2 x dx dhf dy d*z dz 
Wdc + Wdc + dfidc' 


dV I3p 
db~pdb 

dV l dp 
dc p dc 


These equations, together with the equation of continuity 

S(x,y,z) 
p d(a, b,c)- p0> 

constitute Lagrange's Hydrodynamical Equations. 

2* 51. Cauchy’s Integrals. Assuming that p is a function of 
p, differentiate equations (2) and (3) of 2*5 with regard to 
c and b respectively and subtract, and we obtain after writing «, 
v, w for dxjdt, dy/dt, dz/dt, 

dhi dx dhc dx dh> dy dh) dy dho dz dhv dz _ 
dtdbdc dtdcdb^ dtdbdc dtdcdb+ dtdbdc dtdcdb 

Integrate this equation with regard to t, and take u 0 ,v 0 ,w 0 as 
initial values; then 

du dx dudx dv dy dv dy dw dz dwdz _ dw 0 dv 0 

dbdc~dcdb + dbdc~dcFb + dbFc~dcdb~~db~dc' 

for initially dx/da = 1, dx/db = dx/dc = 0, etc., etc. 

„ du du dx du dy du dz 

Now —=——+ — £+ ——,etc.,etc., 

da dx da dy da dz da 

and making these substitutions, the equation becomes 

/dw dv\d(y,z) /du dw\ d (z, x) /dv _du\d(x,y) _dw 0 dv 0 

dz)d ( b , c)\3z dx) d (6, c ) + \3* dy) d (6,c) ~ db dc ’ 


Writing 


dy dz~ 2 *’ 


du dw _ 
dz~dx~ 2r> ’ 


dx dy~ 
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cauchy’s integrals 


we obtain the equations 


> 3(y» z ) 

e d(b,c) 


+V 


, 9 (y. *) 

s 3 ( c, a) 
s 3 (a, b) 


+v 

+v 


3 (*, »), r 8 ( x > y) t 
3(6, c) + 4 3(6, c) ?# ’ 

d(z,x) , ,,3(3,^)_ 

3(c,o) + fe 3(c,o) 

3(z, a;) 3(a;,y) „ 

d(a,b) <a d (a, 6) to ‘ 


Multiply these equations by dxjda, dx/db, dx/dc respectively and 
add and take account of the equation of continuity 
pd(x, y, z)jd (a, b, c)=p 0 , 

(. 

P' 


and we get 


Similany 


and 


Po 9o Po db Pq 3c 


■n_£ody,vody,Udy 

- - * *\1 ' 


p 0 3o 

£o 9z 


p 0 db 


p 0 dc ’ 

£o 9z 


._ +Vo d _l + _. 

Po da p 0 36 p 0 3c 


We notice that when a velocity potential exists £ = ?7 = £ = 0, 
and from the foregoing equations it is evident that these quantities 
are always zero if their initial values are zero. 

As we have already stated, when a velocity potential exists 
the motion is said to be irrotational and we therefore have the 
theorem that the motion of a fluid under conservative forces , if 
once irrotational , is always irrotational . This constitutes Cauchy’s 
proof of this important theorem first enunciated by Lagrange. 

When a velocity potential does not exist, the motion is called 
rotational . The reason for the phraseology employed to distinguish 
the two kinds of motion is given in the following article taken 
from a paper by Stokes*. 


2*52. Physical Interpretation. Conceive an indefinitely small ele¬ 
ment of a fluid in motion to become solidified suddenly, and the fluid about 
it to be destroyed suddenly; let the form of the element be so taken that the 
resulting solid shall be that which is the simplest with respect to rotatory 
motion, namely, that which has its three principal moments about axes 
passing through the centre of gravity equal to each other, and therefore 
every axis passing through that point a principal axis, and consider the 
linear and angular motions of the element immediately after solidification. 

By the instantaneous solidification velocities will be suddenly generated 
or destroyed in the different portions of the element, and a set of impulsive 

* Trans. Camb . Phil. Soc. vm. p. 287, or Math, and Phys. Papers , i, p. 112. 
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forces will be called into action. Let x 9 y 9 z be the coordinates of the centre 
of gravity O of the element at the instant of solidification, x+x' t y+y' 9 
z + z' those of any other point in it. 

Let u 9 v 9 w be the velocities of O along the three axes just before solidifica¬ 
tion, u' 9 v' 9 w' the relative velocities of the point whose relative coordinates 
are x\ y' 9 z'. 

Let u 9 15, w be the velocities of G, u l9 v i9 w 1 the relative velocities of the 
point ( x' 9 y\ z') 9 and £, rj 9 £ the angular velocities just after solidification. 

Sinoe all the impulsive forces are internal, 

u = u> v — v y tZ5=w;. 

Also, by the conservation of angular momentum, 

2m {y' (w t — w') — z ' (v x — v')} = 0, etc.. 


m denoting an element of the mass considered. 

But -ly't 

, du . du , , du , ... . . 

U = dx X+ dy y + dz *' ultlmatel y» 
and similar expressions hold good for the other quantities. 
Substituting in the above equations, and observing that 
S (my'z f ) = 0, 'Z(mz'x') = 0 9 H(mx'y')=:0 9 

and 2 mx' 2 = 2 my' 2 = 2mz' a , 


we have 


^_dw_dv __ ^ or- — — — 

*~ty'~dz’ 7] ~8 z dx’ dy' 


We see then that an indefinitely small element of the fluid of which the 
three principal moments about the centre of gravity are equal, if suddenly 
solidified and detached from the rest of the fluid, will begin to move with a 
motion of translation only if udx + vdy + wdz is an exact differential, but 
if this expression is not an exact differential the motion of the element will 
be rotational as well as translational; and this constitutes the reason for 
the nomenclature of 1*9. 

The quantities f, tj 9 £ are called the components of spin. The term mole¬ 
cular rotation has been used in this sense, but there is no connection be¬ 
tween the rotations and the molecules. 


2*6. Assuming that the forces are conservative and p a function of p f 
we may write the equations of motion 




Du _ 

dv 

1 dp dQ 



Dt “ 

dx 

-p5=-te'* yi 



Dv 

dV 

_18p__8Q 



Dt ” 

dy 

piy dy’ 



Dw 

~Dt~ 

dv 

' dz 

_1 dp__8Q' 
p dz dz’ 

so that 


d Dv 
dzDt 

= - 

d*Q _ d Dw 
dzdy~dy Dt’ 

therefore 

Dt' 

(dw dv\ 

[dy W 

dudw dvdw dwdw 
dy dx + dy dy dy dz 




du dv dvdv dwdv 




dz dx dz dy dz dz 
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or by adding and subtracting ^ ^, this equation may be written 


dv r dw 


’*\dx+dy + dz) 


, A du , dv , dw 
where *=5 + ^+*, 

Hence we get 


,dtt dv f dw „ 

ZX _f ar + 1? 3a: +i aj! 

, but by the equation of continuity * 0=0 


Z) (S\_(du ydv Zdw 
Dt\p) pdx p dx p dx 9 


bvidw 

oTo..» 


#*\p/ p&y pdy pdy* 

D /A £ fa , idw 
Dt \p) p dz p dz p dz 

rving that 

v hc +l ’dx~ v [ 2 l + dy) + t\dz 2 V _1? ey + { 0 s’ 


Also observing that 


the equations take the form 


sen 

— 

z>« Vp/ p 

£/ru* 

Dt \pj p 


( du 5 du ( du' 
p dx pdy p dz 

pdx pdy pdz 

f £#«> 

p dx p dy p dz j 


These equations for the case of p constant were given by Stokes* and 
Helmholtzf and were extended to the form given above by NansonJ. 

From these equations Helmholtz concludes that if in a fluid element 
(, 17 , £ are simultaneously zero, we also have 

D£/Dt = Drj/Dt = D£IDt = 0. 

Hence those dements of fluid which at any instant have no rotation remain 
during the whole motion without rotation. The justification for this con¬ 
clusion is found in Stokes* paper already cited§. Thus in equations (1) we 
may assume that dujdx , dvfdx, etc., are finite, and let L denote their 
superior limit, then £/p, 17 /p, £/p cannot increase faster than if they 
satisfied the equations 

n©-£®”is(9- I ’ (t+,,+0/ '. m < 

and if we put pfl = f +17 + £, we have 

DCl!Dt = 3LQ, 

so that if D be not zero, by dividing by Q and integrating we get 

Cl = Ce* u , 

* Lor., cit. p. 23. 

t CreUe's Journal , 1858; Phil. Mag. xxxm, Fourth Series, 1867, p. 485. 
t Messenger of Math, m, 1873, p. 120. 

§ Also in Math, and Phys. Papers , n, p. 36, or Camb. and Dub. Math. Journal, 
m, p. 215. 
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27 

and no value of 0 other than zero will allow O to vanish when $= 0 ; but by 
hypothesis £, 17 , £, and therefore Q also, are zero when $=0, therefore Cl is 
always zero. But O is the sum of three quantities which evidently cannot 
be negative, therefore each of them must be zero. And as £, 77 , £ remain 
zero when they satisfy ( 2 ), still more will they do so when they satisfy ( 1 ). 


2*7. Impulsive Action. If impulsive forces be made to act 
on a fluid, or if impulsive pressure be excited by a sudden change 
of motion of one of the boundaries, it can be shewn as in Hydro - 
statics , Art. 6, that the impulsive pressure at any point is the same 
in every direction and in the case of a liquid that the impulsive 
pressure is transmitted equally throughout the liquid. The in¬ 
compressibility of the liquid implies infinitely rapid propagation 
of pressural effect, so that an impulsive pressure can be produced 
instantaneously throughout the liquid. 

To find the relation between impulsive pressure and change of 
velocity. 

Let w denote the impulsive pressure and X\ Y\ Z' the ex¬ 
traneous impulses per unit mass of fluid at the point (x, y 9 z). 
Let u , v 9 w and u\ v\ w denote the velocity components at this 
point just before and just after the impulsive action. Since 
impulses are measured by the change of momentum they pro¬ 
duce, by considering a small parallelepiped 8x8y8z with centre at 
(x f y, z), we get 

p ( u' — u) SxSySz = pX' 8x8 y8z — ^ 8x8y8z, 


the last term representing the difference between the impulsive 
pressures on the two ends of area 8y8z found as in 1*3. 


Therefore 


P (u'~u)= P X '-g 
p{w’-w)=pZ' 


( 1 ). 


If there are no extraneous impulses the equations are equi¬ 
valent to 


dm= —p(u' — u)dx—p(v' — v)dy—p (w‘ — to) dz, 

or if <f>, <f> denote the velocity potential just before and just after 
the impulsive action, 
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hence, by integration, when p is constant 
w—p<f> — p(f> + C . 

The constant G may be omitted, as an extra pressure, constant 
throughout the fluid, would not affect the motion. 

2*71. Physical meaning of velocity potential. From the 
preceding article we see that any actual motion of a liquid, for 
which a single valued velocity potential exists, could be produced 
instantaneously from rest by a set of impulses properly applied, 
and if the liquid be regarded as of unit density the velocity 
potential is the impulsive pressure at any point. 

We also conclude that when a state of rotational motion exists 
in a liquid, the motion could neither be created nor destroyed by 
impulsive pressures. 


2*72. When there are no extraneous impulses and p is 
constant, by differentiating equations 2*7 (1), and making use 
of the equation of continuity, we obtain 


d 2 ™ dhn 
3a: 2 3 y 2 3z 2 


( 1 ), 


and the general problem of impulsive motion consists in ob¬ 
taining a solution of this equation to satisfy the given boundary 
conditions. 


2*73. It was pointed out by Stokes* that in selecting a solution to 
satisfy the given boundary conditions it is necessary also to note that the 
value of the fluid pressure, whether finite or impulsive pressure, cannot 
change abruptly from point to point in the fluid. He considers the 
following example: Suppose a mass of fluid to be at rest in a finite cylinder, 
whose axis coincides with the axis of z , the cylinder being entirely filled and 
closed at both ends. Suppose the cylinder to be moved by impact with 
initial velocity C in the direction of x ; then the velocities are given by 

u=C, v = 0, w = 0. 

For these make udx + vdy + wdz an exact differential — d<f> , where </> 
satisfies (1) of 2*72; they also make the normal velocity equal to that of 
the cylinder over the boundary, and give a value for the impulsive pressure, 
namely O' — Cpx, which does not alter abruptly. But if we had supposed 
that <f> was equal to — Cx—C ' tan” 1 yjx all the conditions would still have 
been satisfied, except that we should have obtained for the impulsive 
pressure a value -51 = C # — p(Cx+ C'taxi^ylx), in which the last term 
alters abruptly as tan” 1 y/x passes through the value 2ir. Hence the former 
was the correct solution of the problem. 


* Trans. Camb. Phil . Soc. vm, p. 106, or Math, and Phys . Papers , 1 , p. 23. 




EXAMPLES 


31 


2*8 

This is also an illustration of a theorem we shall hare to discuss later, 
namely that cyclic irrotatjpnal motion cannot exist in simply connected 
space. 

2’ 8 . The following examples will serve to illustrate the application to 
particular cases of the principles of hydrodynamics. 

( 1 ) A quantity of liquid occupies a length 21 of a straight tube of uniform 
small bore under the action of a force to a point in the tube varying as the dis¬ 
tance from that point . It is required to determine the motion and the pressure . 

Let p be the pressure and u the velocity at a distance x from the fixed 
point O; and let z be the distance of the nearer free surface from O. 

The equation of continuity is 

du/dx = 0 . 

The equation of motion is therefore 

du 1 dp 

9t ~ ~ fLX ~pdx‘ 

Integrate this equation with regard to x, 
therefore x~ = C — \ax % — -, 

ot p 

and p = 0 when x—z and when x = z + 2l, 

therefore ~ = —^(z-f Z). 

But clearly u = z, 

therefore 2 + p. (z ■+■ 1) = 0 , 

hence z + l = A cos (Vpt -f a), the constants being determined by the initial 
position and velocity. 

Also plp= 

and thus the pressure at any point is determined. 

(2) Oscillations of water in a bent uniform tube in a vertical plane . 

Let 0 be the lowest point of the tube, AB the equilibrium level of the 
water, h the height of AB above O, oc, 0 the inclinations of the tube to the 
horizontal at A and B and 6 its inclination at a distance s from O. Let a, b 
denote the lengths OA t OB and suppose that at time t the water is dis- 
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3. Steam is rushing from a boiler through a conical pipe, the diameters 
of the ends of which are D and d; if V and v be the corresponding velocities 
of the steam, and if the motion be supposed to be that of divergence from 
the vertex of the cone, prove that 


v D* 
V~d* ,e 


2k 


where k is the pressure divided by the density, and supposed constant. 


4. An elastic fluid, the weight of which is neglected, obeying Boyle’s 
law, is in motion in a uniform straight tube; shew that on the hypothesis 
of parallel sections the velocity at any time t at a distance r from a fixed 
point in the tube is defined by the equation 


d 2 v a 
dt 2 + dr 


[ 2v i +vi %)= k 


d 2 v 
dr 2 ‘ 


5. Air, obeying Boyle’s law, is in motion in a uniform tube of small 
section; prove that if p be the density and v the velocity at a distance x 
from a fixed point at the time t , 


d*p_ 8 2 
~8t 2 ~ 8x 2 


{(»■ + *),}. 


6. Two equal closed cylinders, of height c, with their bases in the same 
horizontal plane, are filled, one with water, and the other with air of such a 
density as to support a column h of water, h being less than c. If a com¬ 
munication be opened between them at their bases, the height x, to which 
the water rises, is given by the equation 

cx — x 2 + ch log C ~~ = 0. 


7. Water flows steadily along a pipe of variable cross section. If the 
pressure be 700 millimetres of mercury at a place where the velocity is 
150 cms. per second, find the pressure at a place where the cross section of 
the pipe is twice as large. [Take the specific gravity of mercury as 13*6.] 

(Univ. of London, 1907.) 

8. A sphere of radius a is surrounded by infinite liquid of density p 9 the 
pressure at infinity being w. The sphere is suddenly annihilated. Shew 
that the pressure at distance r from the centre immediately falls to 

Shew further that if the liquid is brought to rest by impinging on a 
concentric sphere of radius a/2, the impulsiv o pressure sustained by the 
surface of this sphere is Vlx pa 2 / 6. (M.T. 1931.) 

9. A spherical shell of homogeneous gravitating liquid, having no initial 
motion, is left to itself; find the pressure at any point during the collapse. 

10. A mass of homogeneous liquid is moving so that the velocity at any 
point is proportional to the time, and that the pressure is given by 

P = + z-.r* + xhf ); 
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prove that this motion may have been generated from rest by finite natural 
forces independent of the time; and shew that, if the direction of motion at 
every point coincide with the direction of the acting force, each particle of 
the liquid describes a curve which is the intersection of two hyperbolic 
cylinders. (M.T. 1877.) 

11 . A given quantity of liquid moves, under no forces, in a smooth 
conical tube having a small vertical angle, and the distances of its nearer 
and farther extremities from the vertex at the time t are r and r'; shew that 
d 2 r 


2 r- 


r 4.{ dr YI 0 

dt* + \dt) T r' r' 2 r' 3 J -0 ’ 
the pressures at the two surfaces being equal. 


Shew also that the preceding equation results from supposing the vis 
viva of the mass of liquid to be constant; and that the velocity of the inner 
surface is given by the equations 

V*=Cr'lr*(r'-r) t r' 3 -r 3 = c 8 , 

G and c being constants. 


12. A portion of homogeneous fluid is confined between two concentric 
spheres radii A and o, and is attracted towards their centre by a force 
varying inversely as the square of the distance. The inner spherical surface 
is suddenly annihilated, and when the radii of the inner and outer surfaces 
of the fluid are r and R , the fluid impinges on a solid ball concentric with 
their surfaces; prove that the impulsive pressure at any point of the ball 
for different values of R and r varies as 

13. A fine tube whose section lc is a function of its length a, in the form 
of a closed plane curve of area A , filled with ice, is moved in any manner. 
When the component angular velocity of the tube about a normal to its 
plane is Q the ice melts without change of volume. Prove that the velocity 
of the fluid relatively to the tube at a point whore the section is K at any 
subsequent time when o» is the angular velocity is 

2A(CI- W ) + Kjf, 

the integral being taken once round the tube. (M.T. 1873.) 


14. A centre of force attracting inversely as the square of the distance 
is at the centre of a spherical cavity within an infinite mass of incompres¬ 
sible fluid, the pressure on which at an infinite distance is ar, and is such 
that the work done by this pressure on a unit of area through a unit of 
length is one-half the work done by the attractive force on a unit of volume 
of the fluid from infinity to the initial boundary of the cavity; prove that 
the time of filling up the cavity will be 

,K, \/| {2_ ( §)? } : 

a being the initial radius of the cavity, and p the density of the fluid. 

(M.T. 1874.) 

3-a 
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15. A homogeneous liquid is contained between two ooncentrio 
spherical surfaces, the radius of the inner being a and that of the outer 
indefinitely great. The fluid is attracted to the centre of these surfaces by a 
force <f> (r), and a constant pressure II is exerted at the outer surface. 

Suppose / <f> (r) dr = $ (r), and that if* ( r) vanishes when r is infinite. Shew 
that if the inner surface is suddenly removed, the pressure at the distance r 
is suddenly diminished by „ „ 

Find $ (r) so that the pressure immediately after the inner surface is 
removed may be the same as it would be if no attractive force existed. 
Also with this value of <f> (r), find the velocity of the inner boundary of the 
fluid at any period of the motion. 

16. A stream in a horizontal pipe, after passing a contraction in the 
pipe at which its sectional area is A , is delivered at atmospheric pressure at 
a place where the sectional area is B. Shew that if a side tube is connected 
with the pipe at the former place, water will be sucked up through it into 

the pipe from a reservoir at a depth “ B 2 ) ^ e ^ ow P*P e > 8 being the 

delivery per second. (St John’s Coll. 1896.) 

17. A sphere whose radius at time t is b + a cos nt is surrounded by 
liquid extending to infinity under no forces. Prove that the pressure 
at distance r from the centre is less than the pressure at an infinite 
distance by 

(b + acosni) |o(l — 3sin 2 n£) + 6cosn£ + ^^sin 2 n$(6 + acosn$) s |. 

(Coll. Exam. 1913.) 

18. A sphere of radius a is alone in an unbounded liquid, which is at 

rest at a great distance from the sphere and is subject to no external forces. 
The sphere is forced to vibrate radially keeping its spherical shape, the 
radius r at any time being given by r = a + b cos nt. Shew that if II is the 
pressure in the liquid at a great distance from the sphere the least pressure 
(assumed positive) at the surface of the sphere during the motion is 
II—n 2 p& (a+ 6). (M.T. 1913.) 

19. Shew that the rate per unit of time at which work is done by the 
internal pressures between the parts of a compressible fluid is 

fli p {£ + % + %) dxdydz ’ 

where p is the pressure, and (u, v, w) the velocity at any point, and the inte¬ 
gration extends through the volumo of the fluid. (St John’s Coll. 1898.) 

20. A sphere is at rest in an infinito mass of homogeneous liquid of 

density p, the pressure at infinity being w . Shew that, if the radius R of the 
sphere varies in any manner, the pressure at the surface of the sphere at any 
time is , « >, nv 21 

w + ip ( R 2 ) + r£) j . (Coll. Exam. 1900.) 
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21. An infinite mass of homogeneous incompressible fluid is at rest 
subject to a uniform pressure II, and contains a spherical cavity of radius a, 
filled with gas at a pressure mil; prove that, if the inertia of the gas be 
neglected, and Boyle’s law be supposed to hold throughout the ensuing 
motion, the radius of the sphere will oscillate between the values a and na, 
where n is determined by the equation 

1 + 3m log n -* n 8 = 0. 

If m be nearly equal to 1, the time of an oscillation will be 2 ir 
p being the density of the fluid. (M.T. 1869.) 



22. A mass of liquid, of density p and volume J ttc 3 , is in the form of a 
spherical shell; a constant pressure II is exerted on the external surface of 
the shell, there is no pressure on the internal surface, and no other forces 
act on the liquid; initially the liquid is at rest and the internal radius of the 
shell is 2c, prove that the velocity of tho internal surface, when its radius is 
c, is 


J 


un 

3 p 'si-l* 


(Coll. Exam. 1904.) 


23. Investigate an expression for the change in an indefinitely short 
time in the mass of fluid contained within a spherical surface of small 
radius. 

Prove that the momentum of the mass in the direction of the axis of x is 
greater than it would be if the whole were moving with the velocity at the 
centre by 

1 Ma 2 fdpdu.dpdu.dpfa,! (^ w , d 2 «A1 
5 p \dx dx dydy dzdz 2 P \dx 2 dy 2 dz 2 ) J * 

(M.T. 1876.) 


24. An infinite fluid in which is a spherical hollow of radius a is initially 
at rest under the action of no forces. If a constant pressure II is applied at 
infinity, shew that the time of filling up the cavity is 

■n'a(plH)j 2'> (r (J)}- 3 . (Trinity Coll. 1800.) 

26. A solid sphere of radius a is surrounded by a mass of liquid whose 
volume is 4ttc 8 /3, and its centre is a contre of attractive force varying 
directly as the square of the distance. If the solid sphere be suddenly 
annihilated, shew that the velocity of the inner surface, when its radius is 
x, is given by 

a 3 a 3 {(a 3 + c 3 ) 3 - a} = (2n/3/> + 2 #t c 3 /9) (a 3 - a 3 ) (c 3 +a 3 )-\ 
where p is the density, II the external pressure and fi the absolute force. 

(M.T. 1881.) 


26. A mass of gravitating fluid is at rest under its own attraction only; 
the free surface being a sphere of radius b and the inner surface a rigid con¬ 
centric shell of radius o. Shew that if this shell suddenly disappear, the 
initial pressure at any point of the fluid at distance r from the centre is 

'iirp 2 (6 — r) (r — a) ^ + 1^ 'Trinity Coll. 1902.) 
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27. A spherical hollow of radius a initially exists in an infinite fluid, 

subject to constant pressure at infinity. Shew that the pressure at distance 
r from the centre when the radius of the cavity is x is to the pressure at 
infinity as 3 x *i a + (a 3 - 4 a: 3 ) r 3 - (a 3 - x 3 ) x 3 : Zx 3 ^. 

(Trinity Coll. 1903.) 

28. A spherical mass of liquid of radius b has a concentric spherical 
cavity of radius o, which contains gas at pressure p whose mass may be 
neglected: at every point of the external boundary of the liquid an impul¬ 
sive pressure tzr per unit area is applied. Assuming that the gas obeys 
Boyle’s law, shew that when the liquid first comes to rest, the radius of the 
internal spherical surface will be 

a exp {— or 2 b/2ppa 2 (b — a)}, 

where p is the density of the liquid. (M.T. 1900.) 

29. A mass of homogeneous liquid, whose bounding surfaces are con¬ 

centric spheres, is at rest under the action of no forces in a gas of uniform 
pressure. If the pressure of the external gas be suddenly increased, deter¬ 
mine the instantaneous pressure in the liquid, and investigate the differ¬ 
ential equation for the subsequent motion of the liquid and the pressure 
inside the shell at any time. (Coll. Exam. 1895.) 

30. A volume f. i re 3 of gravitating liquid, of density p, is initially in the 
form of a spherical shell of infinitely great radius. If the liquid shell con¬ 
tract under the influence of its own attraction, there being no external or 
internal pressure, shew that when the radius of the iimer spherical surface 
is x , its velocity will be given by 

V 2 = (2 z* + 2z 3 x + 2z 2 x 2 - 3 zx 3 - 3x*), 

where y is the constant of gravitation, and z 3 = x 3 + e s . (M.T. 1899.) 


31. A mass of uniform liquid is in the form of a thick spherical shell 
bounded by concentric spheres of radii a and b (a < b). The cavity is filled 
with gas the pressure of which varies according to Boyle’s law, and is 
initially equal to the atmospheric pressure II, and the mass of which may 
be neglected. The outer surface of the shell is exposed to atmospheric 
pressure. Prove that if the system is symmetrically disturbed, so that each 


particle moves along the line joining it to the centre the time of a small 


oscillation is 


2ira{p(b-a)l3nb}K 


where p is the density of the liquid. 


(Coll. Exam. 1896.) 


32. A mass of perfect incompressible fluid, of density p, is bounded by 
concentric spherical surfaces. The outer surface is contained by a flexible 
envelope which exerts continuously a uniform pressure II and contracts 
from radius R x to radius R % . The hollow is filled with a gas obeying Boyle’s 
law, its radius contracts from c x to c 2 , and the pressure of the gas is initially 
Pi . Initially the whole mass is at rest. Prove that, neglecting the mass of 
the gas, the velocity ( v) of the inner surface when the configuration 
(I? 2 , c 2 ) is reached is given by 


1 /V 

2 V c t * (3\ c, 3 ) P 



(Trinity Coll. 1908.) 
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33. An infinite mass of fluid is acted on by a force /at " 2 per unit mass 
directed to the origin. If initially the fluid is at rest and there is a cavity 
in the form of the sphere r = c in it, shew that the cavity will be filled up 


after an interval of time 



(Trinity Coll. 1905.) 


34. Explain on general grounds why two pulsating spheres in a liquid 
attract each other, if they are always in the same phase. 

(Coll. Exam. 1905.) 


35. A mass of liquid of density p whose external surface is a long circular 
cylinder of radius o, which is subject to a constant pressure II, surrounds a 
coaxial long circular cylinder of radius b. The internal cylinder is suddenly 
destroyed, shew that if v is the velocity at the internal surface when the 
radius is r, then 211 ( b 2 - r 2 ) 


~ pr 2 log (r 2 -fa 2 — 6 2 )/r 2 * 


(Coll. Exam. 1894.) 


36. Liquid is contained between two parallel planes; the free surface is 
a circular cylinder of radius a whose axis is perpendicular to the planes. 
All the liquid within a concentric circular cylinder of radius b is suddenly 
annihilated; prove that if w be the pressure at the outer surface, the initial 
pressure at any point of the liquid distant r from the centre is 


log r — log b 
log a — log b * 


(Coll. Exam. 1896.) 


37. Prove that the differential equations of motion for a frictionless 
fluid are 


l dp 
pdx 


- X + ^ - 2vu) s 4* 2wu> 2 4- w ^ 



du 

dz 


- (o> 2 2 + o>3 2 ) x - y + <*>l) 2 = 0, 


and two similar equations; u , v, w being the components of the velocity at 
the time t at the point x , y, z relative to moving axes having component 
angular velocities a> lt a> 2 , a> 3 . (M.T. 1881.) 


38. The motion of an incompressible fluid is referred to rectangular 
axes which are rotating with constant angular velocities 6 lt 0 2 » prove 

dU dV d\V 

that the equation of continuity is ^ ^ ^ = 0, and that the equations 


of motion are 


dU 


’+ie a )+x. 


a -"’t+w ,—Ur 

and two similar equations, where U, V, W are the velocities relative to the 
axes, and 

Q 2 = U* 4- V* 4- W 2 - (<?! 2 + 0 a a 4* 0 a 2 ) (* 2 + y 2 4- z 2 ) + (9 x x 4- 6 z y 4- 6 z z) 2 . 

(Trinity Coll. 1898.) 


39. If the motion is irrotational and the axes to which the motion i* 
referred rotate with angular velocities 6 t , # 2 » 0 Zt shew that 

* 4- V 4- i q* 4- B x (zv - yw) 4- 6 Z (xw - zu) 4- 9 Z (yu - xv) - ^ 

is a function of the time. (M.T. 1898.) 
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3* 1. Motion in Two Dimensions. The Current Function. 

When the motion is the same in all planes parallel to that of xy, 
and there is no velocity parallel to the z-axis, i.e. when u, v are 
functions of x, y only, and w = 0, we may regard the motion as 
two-dimensional and consider only the circumstances in the 
plane xy\ and when we speak of the flow across a curve in this 
plane we shall mean the flow across unit length of a cylinder whose 
trace on the plane xy is the curve in question, the generators of the 
cylinder being parallel to the z-axis. 

The differential equation of the lines of flow in this case is 


vdx — udy = Q .(1), 

and the equation of continuity is 

du d( — v) 

° r = ; 

which shews that the left-hand member of (1) is an exact differ¬ 
ential, dt/j say; i.e. 


du 

dx + dy ~ 9 


so that 


vdx — udy — dib = ^dx + ^- dy , 
ox oy 

dlls , dlh 
u= and v=v-. 

dy dx 


This function $ is called the stream function or the current 
function, and it is clear that the lines of flow are given by the 
equation i/j=C, 

where C is an arbitrary constant. 

A property of the current function is that the difference of its 
values at two points represents the flow across any line joining 
the points. 

For if ds be an element of a curve and 9 the inclination of the 
tangent to the #-axis, the flow across the curve from right to left 

=J (vcos 9 — u sin 6)ds =J ^^dx + ^dyj 
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where by ‘from right to left’ we mean in relation to an observer 
placed on the curve and looking in the direction in which s 
increases, the axes being so placed that rotation from x towards 
y is counterclockwise. 

We might also define the value of the current function ifi at 
any point P as the amount of flow across a curve AP where A is 
some fixed point in the plane, for this makes 
rr 


h: (v cos0— Bin 9) d8 
—J (vdx — udy). 


And by varying the position of P, we get 

v = 30/3# and u— — di/t/dy , 

in agreement with our former definition. Also it is easily seen 
that the velocity from right to left across any arc ds is difjjds. 

3* 11. It is to be observed that the existence of the current function 
does not depend on whether the motion is irrotational or rotational. For 
the components of spin as defined in 2*52 we have 

. 1 fdw dv\ .. 1 fdu dw\ . 

t = 2\dy~dz) = 0; v ~2\dz~dx) = °’ 

, Y 1 /dv du\ \ /d 2 ib 

Mld Z = 2(dx- 8 y) = 2(J + 8y>)- 

Hence in irrotational motion the current function has to satisfy 

dx*^dy % ~ 

3*2, Irrotational motion in two dimensions. When there 
is a velocity potential 0 we have 


30 30 , 90 30 . 

ST-“'iv “ d ST. ( 

The equation of continuity is 

dx 2 + dy*~ ’ 

and as we saw in 3*11, 0 must satisfy the same equation. 
The equations (1) shew that 

00 00 00 00 _ 

dx dx + dy dy 9 

so that the families of curves 

0 = const., 0 = const. 

cut orthogonally at all their points of intersection. 
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These conditions are satisfied by taking <f> + i0 to be a function 
of the complex variable x+iy. 

Thus if we write <f> + itff=f(x + iy), we have 


and 
so that 


l +i H-/'<*+*>• 


W.M 

dy*dy 


—if' (x + iy) = i 


00_00 

dx dx 9 


00__00 - 00 __ 00 

dx~dy f and dy~ ~~dx' 


Such functions are called conjugate functions) and we see that 
if 0, 0 are two conjugate functions, a possible form of irrotational 
motion is obtained by taking the curves 0 = const, to be curves of 
equi-velocity potential, and the curves 0 = const, to be stream 
lines. 


3*21. In the theory of functions of a complex variable, if z 
denote the complex variable x + iy , and w the function 0 + i0, the 
relation w=f(z) implies that w has a definite differential co- 

efficient with respect to z or that the limit of as z' tends 

z — z 

to z is independent of the path by which the point z' approaches z. 


But 


Sttf _8(0-f iijj) 
S z 8 (x + iy) 




8x + 


IH.. 


dijj 

dy, 


) dy 


hx + idy 


and if this is to approach a definite limit as 8a; and 8 y tend to zero, 
independently of the ratio 8 x: By, we must have 


Hence, as before, 


3 y By 


-*( 


d l + M 

dx dx / ’ 


, 30 _ 30 . 

3 x~dy DQ dy~ dx’ 

and we have for the value of the differential coefficient 


dw 00 .00 00 .00 

dz dx + l dx~~ dx % dy ’ 

It follows that any relation of the form w=f ( z ), or 
0-f i0=/ (x + iy) 9 
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represents a two-dimensional irrotational motion, in which the 
magnitude of the velocity at any point is given by 


= velocity. 


dz 


. For 



<P+8<t> 


Also, if the curves <f> = const., 0 = const, are drawn, and 8^ 
denotes the arc of the curve *Jj intercepted between <f> and <f> + 8 <f>, 
the velocity at P where <f> and if* in¬ 
tersect being normal to the curve 

rs± 

<f> is — Similarly if 8 s 2 be the 

arc of the curve tf> intercepted be¬ 
tween ip and i/j 4- 8i/j, the velocity 
at P as measured by the rate of 

flow across 8s 2 is — .where we 

uS 2 

adopt the convention of sign of 
3-1, so that with curves placed 
as in the Sgure d<f>/ds 1 = d*fjlds 2i but if we interchange the rela¬ 
tive positions of the (f> and iff curves we should obtain 

d(f>lds l = — difj/ds 2 . 

3*22. Since the conditions = are also satisfied by the 

dx dy dy dx 

relation , ., . # 

-0 + ^-f (x + iy), 

it follows that from any given two-dimensional form of irrotational motion 
another may in general bo deduced by interchanging the lines of equi- 
velocity potential and the stream lines. 

If the motion be referred to polar coordinates, wo have 

3*23. As an example of the foregoing theory we might take 

w = Az 2 , 

or <p + i$ = A(x + iy) 2 ; 

giving cj> = A (x 2 — y 2 ) = const., 

and tp=2 Axy = const., 



44 


SOURCES AND SINKS 


3-23- 


for the lines of equi-velocity potential and the stream lines. These are two 
families of rectangular hyperbolas. Inasmuch as the axes x =0, y = 0 are 
parts of the same stream line ip — 0, 
we may take the positive parts of 
the axes to be rigid boundaries 
and thus obtain a full representa¬ 
tion of the steady motion of liquid 
in the angle made by two perpen¬ 
dicular walls. 

The velocity at any point 
= | dwjdz | = | 2Az | = 2Ar, 
and varies directly as the distance 
from the intersection of the walls. 

Before considering further ex¬ 
amples we shall discuss some cases 
of liquid motion arising from what 
are known as ‘ sources ’ and ‘ sinks 
taking first the general case of motion in three dimensions. 

3*3. Sources and Sinks. If the motion of a liquid consists 
of symmetrical radial flow in all directions proceeding from a 
point, the point is called a simple source. If the total flow across 
a small surface surrounding the point is Awn, m is called the 
strength of the source*. 

If (f> be the velocity potential due to a simple source of strength 
m in liquid at rest at infinity, the velocity at distance r is — d<f>/dr 9 
and the flow across a sphere of radius r is — 47rr 2 3^/3r, therefore 

— 47rr 2 -^- = 47rra 3 
37- 

leading on integration to <f> = m/r. 

A source of negative strength, or inward radial flow, is called a 
sink . 

A source or sink implies the creation or annihilation of fluid 
at a point. Both are points at which the velocity potential and 
stream function become infinite, and they are to be regarded 
as due to the exigencies of analysis rather than as physical 
realities. 

3*31. Doublets. A combination of a source of strength m 
and a sink of strength — m at a small distance 8s apart, where in 
the limit m is taken infinitely great and 8s infinitely small but so 
that the product m8s remains finite and equal to p,, is called a 

* Some writers define the strength of the source to be the quantity of liquid 
produced in unit time, thus making the unit source 4 ir times as large as the one we 
have defined and introducing a symbol m/4w instead of the m used in the text. 
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doublet of strength /a; and the line 8$ taken in the sense from 
— m to 4*m is called the axis of p 

the doublet. v'' 

To find the velocity potential dm 
to a doublet. , r// 

Let A y B denote the position of 
the source and sink and P be any X / 

point. Let BP — r, AP=r + $r, /o'\ __ 

and suppose AP to make an angle ® A 
0 with the axis of the doublet. Then by superposition, which is 
justified by the linearity of all equations that have to be satisfied, 
, _ m m _ mhr 
^ r + r + 8r r 2 

mSscosO ix cos# d / 1 \ 

V* ° r ^[rp 

so that the velocity potential due to a doublet may be obtained 
from the velocity potential due to a source by a differentiation 
in the direction of the axis of the doublet. 

The components of velocity are 
d(/> 2 /a cos 6 

— ^— along the radius vector, 

dd> a sin 6 

and — ^0 = —^— perpendicular to the radius vector, in the 

sense of 6 increasing. 

3*32. Sources and Sinks in Two Dimensions. In two 

dimensions a source of strength m is such that the flow across any 
small curve surrounding it is %Tin*. 

If <f> be the velocity potential due to such a source the flow 
across a circle of radius r is — 27rre)<£/3r, so that 

d6 

— 2iTr-~ = 27m, 

or 

therefore <f>=—mlogr .( 1 ). 

The curves of equi-velocity potential obviously are concentric 
circles. We may obtain the stream function from the considera¬ 
tion that <f> + iifj is a function of x -f- iy, or of re^, and since 
<£ = —ralogr, we must have 

^=-ro 0 .( 2 ), 

* See footnote on p. 44. 


\J\JJ MJu OllX 1/ 

and — 2 a = —3— perpendicular to the radius vector, in the 
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and the stream lines are (as is otherwise obvious) straight lines 
radiating from the origin. 

The relation between w and z for a single source is therefore 
w= -mlogz, 

and for sources of strengths m 1 , m 2 , m z ,... situated at the points 

2 = > #2 > J * * • 

w — —m 1 log (z - a r ) - m 2 log (z - a 2 ) - m 3 log (z - a 3 )... 
leading to <£= —Smlogr and 0= -SmJ, 

where r denotes the length of the radius vector drawn from the 
source of strength m, and 6 denotes the inclination of this radius 
vector to any fixed direction. 


3*33. To take a simple case, let there be a source of strength m at the 
point (a, 0) and a sink of strength -mat the point (— a, 0). Then 

4>= -m log^, 

and ip =—ra(0 —0'); 

so that the stream lines are circles passing from source to sink, and the 


the orthogonal family of circles. 
Since in this case 

z — a 


w— — m log 


therefore 

dw 
dz " 


z + a 


2 ma 


(z — a) (z + a)’ 


and the velocity = 


dw 

dz 


2 ma 
rr' 



3*34, Doublets in Two Dimensions. Referring to the 
figure of 3*31, and with the same notation, we have 

<p = mlogr — ralog (r -f hr) 

= —mlog(l + 8r/r) 

= —mhr/r 

= mhs cos Bjr — - C ° 8 ^ , 

where jjl is the strength of the doublet. 

The curves <f> — const, in this case are clearly circles touc hing 
the y-axis at the origin. 

We may obtain the stream function from the consideration 
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3*41 

that <f> + vft is a function of x+iy, or re iB , and the form of <f> suggests 

that < f>+ufi=ij.r- 1 e- 19 

= fir -1 (cos 6 — i sin 6), 

. fiainO 

so that <b= - -. 

r , 

Hence the stream lines are circles touching the #-axis at the 
origin. 

The relation between w and z for a single doublet of strength 
[A at the origin directed along the z-axis is therefore 

W =z’ 

and if the doublet makes an angle a with the z-axis, we have 


or 


w — 


tie* 


iOL 


If the doublet be at the point z = a, the relation becomes 


w = 


IL&* 

z — a' 


and for any number of doublets of strengths p,j, p, 2 , ,... situated 
at z = a l9 a 2 , a 3 , ... and making angles a lf a 2 , a 3 , ... with the 


x-axis 


w = E 


ice 


z — a 


3 b 4. Images. If in a liquid a surface 8 can be drawn across 
which there is no flow, then any systems of sources, sinks and 
doublets on opposite sides of this surface may be said to be images 
of one another with regard to the surface. And if the surface 8 
be regarded as a rigid boundary and the liquid removed from 
one side of it, the motion on the other side will remain unaltered. 


3*41. To find the image of a simple source with regard to a plane. 
If there are two equal sources of strength m at A and B on 
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that is, there is no flow across the plane. Therefore the image of a 
simple source with regard to a plane is an equal source equi¬ 
distant from the plane. 

Cot . The image of a doublet with regard to a plane is an equal 
doublet symmetrically placed. 


3*42. To find the image of a source with regard to a sphere. 

Let a be the radius of the sphere, / (> a) the distance of the 
source A from the centre 0, m the strength of the source and B 
the inverse point of A. We may regard the velocity potential as 
composed of two parts, viz. a part fa due to the source alone when 
the sphere is not present, and a part fa due to the presence of 
the sphere; this latter part will be the velocity potential of the 
required image system. 

Taking O as origin and OA as axis, we have at any point 
P M) <f> 1 = mlAP = m (r 2 +/ 2 - 2r/cos 0)~* 


m 


oo r n 


00 


’ > 


where /z = cos0, and P n is Legendre’s coefficient of order n. This 
expression holds for all values of r less than /. 

Since the motion is symmetrical about OA and the velocity 
potential has to satisfy Laplace’s equation we may assume for fa 
a series of the form „ n 


<f >2 = S^„ 


—— P 

r n+1 M n • 


We then have the condition that the velocity normal to the 
0 

sphere is zero, i.e. ^ (fa + fa) = 0, when r = a. 

Therefore + P*=0, 

for all values of 6, so that 

A 0 =0 and A n =nma n+1 j (n +1) / n+1 . 
oo ^ a 2n+1 

Therefore = — 

oo (j2n+l oo g2n+l p 

= mS P n —roS- r,vs, ,, 

t r n+ i/ n+ i . i r n+1 / n+1 n + 1 

or if OB =c=a 2 //, and we add and subtract a term, 

, ma$c n ma ® c n P n 

/ or ' l+1 w / or^n+r 
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The first term = 


ma 


-—,, and is therefore the 

/ (r 2 + c 2 - 2rc cos #)* 

velocity potential due to a source of strength majf at B. 

Now for a source of unit strength at any point on OB at distance 
A from 0 y we have a velocity potential 

x =(r*+A’-2rAcos0)^==|^P n , 

pA c°\n+\ p 

so that 

Therefore the second term in <f> 2 , viz. 

c n P n _ ma f 


mat 




0 & Jo 


/ 0 r n+1 7M-l c/Jo 
and this is the velocity potential due to a continuous line distri¬ 
bution of sinks of strength — mja per unit length extending from 
0 to B . 

Hence the required image consists of a source of strength majf 
at the inverse point B, and a line sink of strength — m\a per unit 
length extending from the centre to the inverse point*. 


3*43. To shew that the image with regard to a sphere of a 
doublet whose axis passes through the centre is a doublet at the 
inverse point. 

Regard the doublet as a source m at A and sink — m at A', 
where OA =/, .4.4'= 8/and mSf=p. 

The image of m at A is majf at B and a line sink of strength 
— m/a per unit length from 
to B. 

The image of — m at 4' is 
-ma/(/+8/) 
at B\ that is 

-majf+mabfjp 
at B'; and a line source of strength m/a per unit length from 0 to 



B\ Compounding these we get a doublet of strength ^. BB', 

Mm * 

a source ma ™ and a sink -—BB', all ultimately at the inverse 

point. But OB — a 2 /fy therefore 2?2?' = ^y“, so that the source 


♦ W. M. Hicks, Phil. Trans. 1880. 


RH 


4 
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and sink cancel each other and there remains only the doublet 
of strength or /*a 3 // 3 , at the inverse point in the opposite 

direction to the given doublet. 

We might also obtain this result without assuming that of 3*42, 
by supposing the image to be a doublet of strength m' at B and 
then determining the ratio of m ' to m in order that the velocity 
normal to the sphere should be zero. 


3*44. Images in Two Dimensions. It is easy to see that 
the image of a simple source with regard to a straight line in the 
plane of motion is an equal source equidistant from the line, and 
that the image of a doublet is an equal doublet symmetrically 
placed with regard to the line. But we must remember that as 
our two-dimensional motion is the motion of a liquid occupying 
three dimensions, what we call a simple source is a line source 
perpendicular to the plane of motion, and by the image of the 
simple source with regard to a line we mean the image of the line 
source with regard to a plane 
parallel to itself, the image being 
an equal line source equidistant 
from and parallel to the same 
plane. 

With regard to a circle, if we 
have a simple source m at A and 
place an equal source m at the inverse point B the velocity at 
P normal to the circle 



,, cos OP A + cos OPB. 

AP BP 


But cos OPB = cos OAP = {AP + OP cos PBA)/OA 
BP BP 

-OP + AP C0aF]1A - 


Therefore 

normal velocity = - ~ cos OP A + cos PBA = . 

AP OP AP OP 


m 


m 


m 


m 


Hence if we place a sink -matO the normal velocity will be 
zero, so that the image system consists of an equal source at B 
and an equal sink at 0*. 


* Kirchhoff, Ann. Pkys. Chem. 1845. 
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Alternatively if we place sources of strength m at A and B and an equal 
sink at 0, the equations of the stream lines are 

mQ + md' — ra0* = constant, 

where 0, 0', 8" are vectorial angles at A, B, 0. 

For any point P on the circle we have 

0 + 0' - 8" = PAX + PBA - POA 

= OP A + POA + PBA - POA 


= ir, 

so that the circle is a stream line and this verifies that for this arrangement 
of sources and sink there will be no flow across the boundary. 

Cor. In like manner the image of a two-dimensional doublet at 
A with regard to a circle is another doublet at the inverse point 
B, the axes of the doublets making supplementary angles with 



the radius OB A. This is clear from the figure and it is also seen 
that the moments of the doublets at B and A are in the ratio 
BB ': AA', or a 2 :/ 2 , if a is the radius of the circle and OA =/. 


3*5. Conjugate Functions. 

conjugate functions lot us consider 
the relation 


w= — m log 



This may also be written 


w— — mlog 


(2 — 0 ) (z + a ) 
(z — ia) (z + ia) * 


so that (j>~ —m log, 

and ifr— -m(0 1 + 0 a ~0 3 — 0 4 ), 

where the symbols are used as in 
the figure and A , A', B f B' are 
the points (a, 0), (— 0 , 0), (0, 0 ), 
(0, —a). 


As a further example of the use of 



The circle ABA'B' is the stream line — m 7 r/ 2 , as can be seen by 

taking P on the circle, and the axes are the stream line tjj = 0. 


From 3*32 we see that the motion could be produced by equal sources 
at A, A' and equal sinks at B t B' ail of strength m. And it is clear that the 
axes or the circle or both might be taken as fixed boundaries, and we have 
thus solved the problem of the motion in the quadrant, inside or outside 
the circle, due to an equal source and sink at the ends of the radii. 
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The velocity at any point may be found by compounding the components 
due to each source and sink, or more simply as the value of | j • 

Thus we have after a little reduction 


dw 
dz " 


dw I 


4 mza % 
z* — a* 

4tma*r (cos 6 + i sin 0) 
r 4 cos 40 — a 4 + ir 4 sin 40 ’ 

4 ma l r 


(r 8 «f a 8 — 2r* a 4 cos 40)^ 


4mza 2 


so that the velocity = | ^- | = 

We may also observe that 

dw _ _ 

dz~~ (z — a) (z + a) (z — ia)(z + ia) 9 

so that we also have the velocity 

I dw I _ 4 ma 2 OP 

\dz\~RA. PA~PB. PB' ’ 


3*51. It is sometimes convenient to use relations of the form 
z = F (w) instead of w = F (z). 

If </> + is a function of x + iy it follows that x + iy is a function 
of <f> + ii/t. 

Thus if (/> + iip=f (z)=f (x + iy), then by differentiating with 
regard to <f> and ip in turn we get 

“ d '=!’ w (g+‘ff)- 

Therrfoie | = g and -g-g. 

dz 

Again if w=/(z), then l=/'(z) —, 

therefore 1 / —. 

dw / ttZ 

But if # denote the velocity 


Also, from above, 


dw 
fife ’ 


so that -- = 
<7 


dz 

dw 


dz 1 0a: . 02/ 
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3*52 

Therefore 


?-(§)’ + (!)’•■ “ ma " iy 
_ dx dy dx dy 
d<f> dip dip dtp’ 


d(*, 

HP,*) 


We also notice that 



dz _ 1 _ 1 _ 1 _ u+iv % 

dw~clw~ dtp .dip~ —u + iv~ w*+v a ’ 
dz dx + t dx 
dz 

so that — ^ is a vector in the direction of the velocity whose 
modulus is the reciprocal of the velocity*. 


3*52. Now consider z = ccoshu;, 

or x + iy— c cosh (<p + i\p), 

so that x = ccosh <p cos tp, y = csinh <j> sin ip. 

By eliminating 0 and <f> in turn we get 


and 


-L & __ r a 

cosh 2 <p ^ sinh 2 (p * 

** _ =c ». 

cos 2 ip sin 2 tp 9 


equations which define <p and ip respectively as functions of x and y, and 
by giving different values to p and to p in these equations we get the curves 
of equi-velocity potential and the stream lines. 

These are confocal ellipses and hyperbolas. The foci (± c, 0) correspond 
to the values <£ = 0, i/r = mr, and the velocity q is given by 


1 

<7 


dz 

dw 


= c sinh w = c sinh (</> + tip). 


and at the foci this is zero, so that the velocity in the corresponding 
motion would be infinite at the foci. 

If we take the hyperbolas tp =const, as the stream lines, the stream line 
ip ~ tiir will be the part of the a;-axis outside the foci and this might be made 
a rigid boundary, so that we should then have the case of liquid streaming 
through a slit of breadth 2c in an infinite plane, but the results of the 
theory could not be realized in practice because the theory makes the 
velocity infinite at the edges of the slit. We shall return to this point later. 


* Kirchhoff, Mechanik, p. 291. 
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3*6. Steady motion—Efflux of Liquid. We shall now 
consider some further application of the equations of motion, 
particularly cases of steady motion , that is 
motion in which the velocity components at j 
any point are independent of the time. As 
we have seen in 2*21, in this case, for a 
liquid, we have the equation 

- + *«• + ? = <?, 

P 

where C may be an absolute constant, or a 
constant depending on a particular stream 
line. This equation shews that neglecting the 
external forces the smaller the pressure the 
greater the velocity and vice versa. Thus in 
the case of water flowing through a pipe if 
the pipe is narrowed the velocity is increased 
and the pressure is consequently diminished. 

This is an important principle. A practical 
application of it is seen in jet exhaust pumps, 
one of which is shewn in the figure, the air 
being sucked in at the narrow portion of the 
jet. 

3*61. Consider the case of a vessel kept 
constantly full of water and having a hori¬ 
zontal orifice in its base from which the water issues at a uniform 
rate. Let A , a be the areas of the free surface and the orifice, U , u 
the velocities at the free surface and the orifice, and k the depth 
of the orifice below the free surface. 

If z be measured downwards from the free surface F= — gz } so 
that 

F + lq i -gz = C- 
P 

and if II denotes the atmospheric pressure, at the free surface 

-+\u*=c, 

p 

and at the orifice — -f i u 2 — qh = Q, 

P 

u 2 = U 2 + 2gh\ 



so that 
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but the condition of continuity of the water requires that 

AU^au, 

therefore u 2 = 2ghA 2 /(A 2 — a 2 ), 

and if the orifice be small, the ratio a!A may be neglected, 
and u 2 =2 gh approximately. 

This is Torricelli’s Theorem. 

If the vessel be not kept constantly full, the motion will not 
be steady, but when the orifice is small compared to the area 
of the free surface of water the motion may be taken as being 
approximately steady, and the expression ^(2gh) may be 
employed as the velocity of the issuing liquid. 

3*62. The Clepsydra. On this hypothesis we can find the form of a 
vessel of revolution with a small aperture at its lowest point so that the 
surface of the water in it may doscond uniformly. 

At time t let x be the height of the free surface above the orifice, rry 2 its 
area, and a the area of the orifice. Then, approximately, 
velocity at the orifice ==\/(2<7#); 
but if U is the uniform velocity at the free surface 

7ry 2 U = vV2gx, 

therefore y*acx or 2 / 4 = a 3 x 

gives the form of the vessel required. 

This is the theory of the Clepsydra or ancient water clock. 

3*63. The Contracted Vein. When liquid issues through a 
small orifice in the thin base of a vessel, it is observed that the 
issuing stream is not cylindrical, but, near the orifice, is contracted 
so that its sectional area is less than the area of the orifice; and 
afterwards the stream expands. The ratio of the area of the section 
of the ‘contracted vein* to the area of the orifice is called the 
coefficient of contraction and it can be shewn that this coefficient is 
greater than *5 and less than unity. 

Neglecting external forces suppose liquid of density p to be 
escaping through an orifice of section o in the bottom of a vessel 
in which the pressure is p x to a region in which the pressure is 
p 0 . Theoretically the velocity acquired in passing from pressure 
Pi to pressure p 0 is given by 

hpq 2 =Pi-p 0 .( 1 ). 

At the edge of the orifice cr the pressure is p Qi but in the 
interior of the area of the orifice the pressure is somewhat higher. 
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The actual velocity of the liquid in the plane of the orifice is 
therefore q at the edge, but falls off somewhat towards the interior. 
It follows that the actual rate of discharge is less than aq and this 
for two reasons. First because the velocity at the edge is not 
perpendicular to the plane of the orifice, and it is the resolved 
velocity that determines the discharge, and secondly because the 
mean actual velocity itself falls short of q. 

If a be the area of the section of the jet at a place where the 
velocity at every point of the section is parallel and uniform, and 
therefore by equation (1) equal to q , the discharge is aq; and 
since this is less than crq it follows that a is less than a, or the 
coefficient of contraction is less than unity. 

The quantity of momentum carried away by the jet in unit 
time is pa q 2 and the force generating this momentum is the force 
necessary to hold the vessel at rest. If the whole interior surface 
of the vessel were subject to the pressure r p 1 —p Q this force would 
have no existence. 

But on account of the orifice the equilibrium of pressures is 
disturbed and a force (Pi—p 0 )a is uncompensated. But this 
assumes that the internal pressure would be uniform and equal to 
p x over the whole of the bottom of the vessel, whereas at the edge 
of the orifice itself it is p 0 and for a sensible distance will vary 
betw een p Q and p x , we may therefore call the force that produces 
momentum —^> 0 ) (cr -f- c?cr), where da is a small positive 
quantity. 

Hence pa q 2 = (p 1 —p 0 ) (a -f da), 

but ipq 2 =Pi-p 0 , 

therefore a = \ (a -f da), 

or the coefficient of contraction is greater than -5. 

This discussion is based on that given by Lord Rayleigh*. If 
the hole in the vessel be replaced by a thin tube projecting into 
the interior of the vessel and the tube be long enough for the 
sides of the vessel to be sufficiently removed from the region 
of rapid flow to allow the pressure on them to be treated as 
constant, da is evanescent and a ' = \a. This form of opening is 
known as Borda’s mouthpiecef. 

* Phil. Mag. ir, 1870, p. 441, or Scientific Papers, i, p. 297, and a letter to 
Engineering, April 10, 1870. 

t Mcmoirca de VAcnd. des Sciences, 1706. 
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An exact method of treating the problem regarded as a problem 
in two dimensions was developed by Kirchhoff* and discussed in 
detail with numerical results by Lord Rayleighf. We shall have 
more to say on this subject in Chapter vi. 


3* 64. Efflux of Gases. For a gas the steady motion equation 

jj + W+V-O. 

Consider the efflux of gas from a vessel in which the pressure 
is p x and density p r to an atmosphere of density /> 0 at pressure p Q . 
In practice the adiabatic law will hold true approximately, so that 
p = Kpy. Neglecting external forces the velocity acquired is given 



= -3L. (&-&); 

y- 1 \Pi Pol 

r-i 

HT)- 

which is the usual formula for the efflux of gases. 


2= Jy.?i 

3 y— 1 Pi 


It follows that a diminution of pressure p 0 accompames an increase of 
velocity and vice versa, and this is the explanation of a common experi¬ 
ment which is performed as follows: One end of a tube is fitted into a hole 
in a disc of cardboard, the end of the tube being flush with the surface of 
the cardboard; if a piece of paper is placed over this end of the tube, 
blowing through the tube will cause the paper to remain in contact with 
the card: but as soon as the current of air ceases the paper falls off. 


3*7. Steady Motion. Transverse acceleration. In steady 
irrotational motion , or in steady motion in which the Bernoulli 
constant (2*21) has the same value along neighbouring streamlines, 

q = dq 
r dn 9 

where r is the radius of curvature of a stream line and djdn is a 
differentiation along the principal normal towards the centre of 
curvature . 

* Mechanik , chap. xxii. f Loc. cit. 
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This result was given as an example in earlier editions of this 
book; we now state it as a theorem because of the important place 
which it has taken in the theory of discontinuous motions*. 

There are several methods of proof: thus, we may take q 2 jr as 
the normal acceleration of an element of the fluid and resolve 
along the normal to a stream line inwards, getting 

r dn pdn .' 

But by Bernoulli’s Theorem 


P+V+iq*=C . (2), 

P 

and if the motion is irrotational or in any case in which C has the 
same value for neighbouring stream lines, by differentiating along 
the normal dV dq 

pdii + dn +q dn ~ 0 . (3)> 

Thence, by comparing (1) and (3) 

i-l .«>• 

Or, as a two-dimensional problem in steady irrotational motion tho 
theorem is a purely kinematical one. 

Thus let PP'y QQ' be elements of stream lines and 
PQ t P'Q' lines of equivelocity potential <f>, </> + &</). <p i l *P+ ? 

Then PQ, P'Q' are normals to the stream lines and \ I P r __ 

meet in the centre of curvature 0 . Also p A 

PO — r, PQ-hn. ' Q\ 

Then q = vel. at P along PP' ' 

= -mpp\ 

and q -|- ^ 8n = vcl. at Q along QQ' 

= 'O 

,, . . , 1 dq . PP' PO r _ , hn 

SO that 1+ av,^ = s — 1 H- , 

qdn QQ QO r — hn r 

whence we get ® = ~. as before. 

6 r dn 1 



3 - 71. An immediate corollary to the last theorem is that in 
steady irrotational motion if the stream lines are straight the 
velocity has the same value at all points of a cross section of the 
stream. It also follows that when the stream lines are curved the 


* V. The Physics of Solids and Fluids, by P. P. Ewald, Th. Poschl and L. Prandtl, 
1930, p. 225. 
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velocity increases as we cross the stream lines towards the centre 
of curvature, and from Bernoulli’s Theorem, neglecting external 
forces, it therefore follows that the pressure decreases as we cross 



the stream lines in the same sense. Thus when a stream flows 
between curved banks the pressures will on this account have 
greatest values (-f) on the outsides and least values (—) on the 
insides of the curves, but they may also be affected by a trans¬ 
verse circulation of the liquid. 

3* 72. Now suppose that the thick line in the figure represents 
the common surface of two streams flowing with different 
velocities one over the other: the dotted lines representing lines 
of flow. If we mark the positions of the excesses and defects of 
pressure m the two streams above and below the common surface 



as explained m 3*71, it is at once apparent that what the figure 
depicts cannot be a permanent state, for the defects of pressure 
on one side of the common surface are all opposite to excesses of 
pressure on the other side, so that any slight unevenness (de¬ 
parture from the plane) in the surface of separation will tend 
immediately to become exaggerated. As will be seen later the 
surface is a vortex sheet and the effect of disturbance is that it 
rolls up on itself into more or less concentrated vortices* This is 
what actually happens when streams from different sources con¬ 
verge , but when a stream flows over a sharp edge and the fluid 
behind the edge does not possess the general velocity of the 
stream the phenomenon is rather different. A vortex sheet begins 
to be formed but is not fully developed. It curls round on itself 
and something in the nature of a concentrated vortex is formed. 

* V. L. Rosonhead, Proc . Roy 8oc A, cxxxiv, 1931, p. 187. 
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1. Liquid is streaming steadily and irrotationally in two dimensions in 

the region bounded by one branch of a hyperbola and its minor axis: 
determine the stream lines. (St John’s Coll. 1901.) 

2. Within a rigid circular boundary of radius a there is a source of 
strength m at a point P distant b from the centre; at X , P, the extremities 
of the diameter through P, are equal sinks. Find the velocity potential and 
stream function of the (two-dimensional) fluid motion. 

(St John’s Coll. 1900.) 

3. In the case of two-dimensional fluid motion due to a simple source A 

outside a circular disc, prove that the asymptotes of the stream lines all 
pass through the same point and are parallel to the tangents to them at the 
point A. (Coll. Exam. 1905.) 

4. Find the Cartesian equation of the lines of plane flow, when fluid is 
streaming from three equal sources situated at the comers of an equilateral 
triangle; and make a rough sketch of their configuration. 

(St John’s Coll. 1896.) 

5. Find the stream function of the two-dimensional motion due to two 
equal sources and an equal sink midway between them; sketch the 
stream lines and find the velocity at any point. 

In a region bounded by a fixed quadrantal arc and its radii, deduce the 
motion due to a source and an equal sink situated at the ends of one of 
the boimding radii. Shew that the stream line leaving either end at an 
angle a with the radius is 

r 2 sin (a 4- 0) = a* sin (a — 0). (M.T. 1911.) 

6. Find the lines of flow in the two-dimensional fluid motion given by 

+ — \n (x -f iy ) 2 e 2int . 

Prove or verify that tho paths of the particles of the fluid (in polar 
coordinates) may be obtained by eliminating t from the equations 
r cos ( nt + 6) - x 0 = r sin (nt + d)~y 0 = nt ( x 0 — y 0 ). 

(Coll. Exam. 1908.) 

7. A denoting a variable parameter, and / a given function, find the 
condition that / (x, y. A) = 0 should be a possible system of stream lines 
for steady irrotational motion in two dimensions. (Coll. Exam. 1893.) 

8. If a homogeneous liquid is acted on by a repulsive force from the 
origin, the magnitude of which at distance r from the origin is \i/r per unit 
mass, shew that it is possible for the liquid to move steadily, without being 
constrained by any boundaries, in the space between one branch of the 
hyperbola x 2 — y 2 = a 2 and the asymptotes; and find the velocity potential. 

(Coll. Exam. 1902.) 

9. In the case of the two-dimensional fluid motion produced by a 
source of strength m placed at a point S outside a rigid circular disc of 
radius a whose centre is O, shew that the velocity of slip of tho fluid in 
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contact with the dine is greatest at the points where the lines joining S to 
the ends of the diameter at right angles to OS cut the circle; and prove that 
its magnitude at these points is 

2m. OS/{OS*—a 2 ). (Coll. Exam. 1908.) 

10. A source of fluid situated in space of two dimensions, is of such 
strength that 2npfi represents the mass of fluid of density p emitted per 
unit of time. Shew that the force necessary to hold a circular disc at rest in 
the plane of the source is 2iTpp, 2 a 2 lr (r 2 — a 2 ), where a is the radius of the disc 
and r the distance of the source from its centre. In what direction is the 
disc urged by the pressure? (M.T. 1893.) 


11. Between the fixed boundaries 0= and 0= — J7r there is a two- 
dimensional liquid motion due to a source of strength m at the point 
(r=*a, 0 = 0), and an equal sink at the point (r = 6, 0 = 0). Shew that the 
stream function is 


— m tan -1 


f r 4 (a 4 — 6 4 ) sin 40 _| 

(r 8 — r 4 (a 4 + 6 4 ) cos 40+a 4 6 4 J ' 

(Coll. Exam. 1901.) 


12. A two-dimensional liquid motion is due to a source of strength m at 
the point whose polar coordinates are (a, 0) and a sink of equal strength at 
the point (6, 0), between the fixed boundaries 0 = £ tt and 0= — £*r. {Shew 
that the velocity at (r, 0) is 

_ 4 m (a 4 — 6 4 ) r 3 _ 

(r 8 — 2aV 4 cos 40 + a 8 )^ (r 8 — 26V 4 cos 40 + 6 8 )^ 

(Trinity Coll. 1905.) 

13. Prove that for liquid circulating irrotationally in the part of the 

plane between two non-intersecting circles the curves of constant velocity 
are Cassini’s ovals. (St John’s Coll. 1898.) 


14. Between the fixed boundaries 0= J n and 0= - A 77 there is a two- 
dimensional liquid motion due to a source at the point (r = c, 0 = o), and a 
sink at the origin, absorbing water at the same rate as the source produces 
it. Find the stream function, and shew that one of the stream lines is a part 


of the curve 


r 3 sin3a = c 3 sin 30. 


(M.T. 1901.) 


15. What arrangement of sources and sinks will give rise to the function 
u; = iog(z — o a /z)? 

Draw a rough sketch of the stream lines in this case, and prove that two 
of them subdivide into the circle r = a, and the axis of y. 

(St John’s Cofl. 1911.) 

16. An area A is bounded by that part of the a;-axis for which x>a and 

by that branch of x 2 — y 2 = a 2 which is in the positive quadrant. There is 
a two-dimensional unit source at (a, 0) which sends out liquid uniformly 
in all directions. Shew by means of the transformation w =log (z* — a 2 ) 
that in steady motion the stream lines of the liquid within the area A are 
portions of rectangular hyperbolas. Draw the stream lines corresponding 
to 0 = 0, £ 7r and £ir. If p x and p 8 are the distances of a point P within the 
fluid from the points (± a, 0), shew that the velocity of the fluid at 
P is measured by 20P/p 1 p if O being the origin. (M.T. 1904.) 
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17. Find tho velocity potential when there is a source and an equal sink 

inside a circular cavity and shew that one of the stream lines is an arc of tho 
circle which passes through the source and sink and cuts orthogonally the 
boundary of the cavity. (Coll. Exam. 1894.) 

18. Prove that, in the two-dimensional liquid motion due to any 
number of sources at points on a circle, the circle is a stream line provided 
that there is no boundary and that the algebraic sum of the strengths of the 
sources is zero. 

Shew that the same is true if the region of flow is bounded by a 
circle which cuts orthogonally the circle in question. 

(St John’s Coll. 1908.) 

19. In the part of an infinite plane bounded by a circular quadrant 
AB and the productions of tho radii OA> OB , there is a two-dimensional 
motion due to the production of liquid at A, and its absorption at B , at 
the uniform rate m. Find the velocity potential of the motion; and shew 
that the fluid which issues from A in the direction making an angle p, with 
OA follows the path whose polar equation is 

r = a sin^ 20 [cot p + y'fcot 2 p -f cosec 2 20)]^, 
the positive sign being taken for all the square roots. (M.T. 1902.) 


20. In the case of the motion of liquid in a part of a plane bounded by a 
straight line due to a source in the plane, prove that if mp is the mass of 
fluid (of density p) generated at the source per unit of time the pressure on 
the length 21 of the boundary immediately opposite to the source is less 
than that on an equal length at a great distance by 


1 mrp 

2 


£ 


tan” 1 


l _ l 1 
c Z 2 -fc 2 J’ 


where c is the distance of the source' from the boundary. 

(St Jolin’s Coll. 1898.) 


21. Within a circular boundary of radius a there is a two-dimensional 
liquid motion due to a source producing liquid at the rate m, at a distance/ 
from the centre, and an equal sink at the centre. Find the velocity 
potential, and shew that the resultant of the pressure on the boundary is 

pm 2 f*/{2aPir (a 2 -/ 2 )}, 

where p is the density. 

Deduce, as a limit, the velocity potential due to a doublet at the centre. 

(St John’s Coll. 1905.) 

22. Uso the method of images to prove that if thero be a source m at the 
point (z 0 ) in a fluid bounded by the lines 0 = 0 and 0 = 7 t/ 3 , the solution is 

-mlog{(Z 8 --Z 0 3 )(Z 8 -Z 0 /3 )}, 

where z 0 = x 0 + iy 0 and z 0 ' = x 0 — iy 0 . (Coll. Exam. 1906.) 

23. A source S and a sink T of equal strengths tn are situated within 
the space bounded by a circle whose centre is 0. If 8 and T are at equal 
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distances from 0 on opposite sides of it and on the saine diameter AOB f 
shew that the velocity of the liquid at any point P is 
OS*+OA 2 PA.PB 
OS * PS.PS'.PT.PT " 

where S' and T' are the inverse points of S and T with respect to the circle. 

(Coll. Exam. 1901.) 

24. Within a rigid boundary in the form of the circle 

(x 4- a) 2 + (2/ — 4a) a = 8a a 

there is liquid motion due to a doublet jof strength /* at the point (0, 3a), 
with its axis along the axis of y . Shew that the velocity potential is 
a?-3a y —3a 1 

'T(*-8a)»+»*' + ** + (y-3a)*J- 

(Coll. Exam. 1903.) 

25. The internal boundary of a liquid is composed of the two orthogonal 
circles x 2 + y 2 4- = 1 and x 2 + y 2 — 2y = 1. A source producing liquid at the 
rate m is placed at one of the points of intersection (z = 1); shew that the 

complex of the fluid motion is ^log {z (z 2 -f 1 )/(z — l) 4 }, and that the two 

circles are the only stream line possessing double points. 

(Coll. Exam. 1910.) 

26. In two-dimensional irrotational fluid motion shew that, if the 
stream lines are confocal ellipses 

x 2 /(a 2 + \) + y 2 /(b 2 + \) = 1, 

0 = A log (Va l + A+V6* + A) + B, 

and the velocity at any point is inversely proportional to the square root of 
the rectangle under the focal radii of the point. (Coll. Exam. 1894.) 

27. Liquid flows steadily and irrotationally in two dimensions in a 

space with fixed boundaries the cross section of whicli consists of the two 
lines 0 = l^ir and the curve r 6 cos 50 = k 6 ; prove that, if V is the velocity of 
the liquid in contact with one of the plane boundaries at unit distance 
from their intersection, the volume of liquid which passes per unit time 
through a circular ring in the plane 0=0 is J 7r Fa 2 (o 4 +12a 2 c 2 + 8c 4 ), 
where a is the radius of the ring, and c the distance of its centre from the 
intersection of the plane boundaries. (Coll. Exam. 1896.) 

28. Shew that any two -dimensional irrotational motion of a liquid may 
be transformed into any other by multiplying the velocity of each particle 
of the fluid by e v and turning its direction round through an angle Q ,where 
P t — Q are suitably chosen conjugate functions of x, y. 

(Coll. Exam. 1906.) 

29. In a two-dimensional liquid motion <j> and t/r are the velocity 
potential and current function; shew that a second fluid motion exists in 
which ip is the velocity potential and — <p the current function; and prove 
that if the first motion be due to sources and sinks, the second motion can 
bo built up by replacing a source and an equal sink by a line of doublets 
uniformly distributed along any curve joining them. (Coll. Exam. 1899.) 
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30. A line source is in the presence of an infinite plane on which is 
placed a semi-circular cylindrical boss; the direction of the source is parallel 
to the axis of the boss, the source is at distance c from the plane and the 
axis of the boss, whose radius is a. Shew that the radius to the point on the 
boss at which the velocity is a maximum makes an angle 0 with the radius 
to the source, where « , ° 

/> i O Tv 

6 — COS -1 - 7 ==~= . 

V 2 (a*+ c*) 

✓ 31. A source and a sink, each of strength p, exist in an infinite liquid on 
opposite sides of, and at equal distances c from, the centre of a rigid sphere 
of radius a . Shew that the velocity potential V may be expressed in the 


(Coll. Exam. 1907.) 


form 


V= 




.‘"+ 1 2»+l 


-1 c /a a \ aB+2 l _ . .. 

~2'a\rc) \ P tn + i(oo S 8), 


2n + 2‘ 

6 being the vectorial angle measured from the diameter of the sphere on 
which the source and sink lie, and r < c; and find an expression for V when 
r>c. (M.T. 1900.) 


32. If a fluid be in motion with a velocity potential ^ = zlogr, and if 
the density at a point fixed in space be independent of the time, shew that 
the surfaces of equal density are of the form r 2 (logr — 1) — z 2 =/(0, p); 
where p is the density and z, r, 6 the cylindrical coordinates. 

(Coll. Exam. 1897.) 


33. A single source is placed in an infinite perfectly elastic fluid, which 
is also a perfect conductor of heat; shew that if the motion be stoady, the 
velocity V at a distance r from the source satisfies the equation 


and hence that 



dV _2k 
dr r ; 


r 


1 

Vv 



(Coll. Exam. 1905.) 


^ 34. If fluid fill the region of space on the positive side of the x-axis, 
which is a rigid boundary, and if there be a source m at the point (0, a) 
and an equal sink at (0, 6), and if the pressure on the negative side of the 
boundary be the same as the pressure of the fluid at infinity, shew that 
the resultant pressure on the boundary is -it pm 2 (a — b) 2 jab (a -f b), where p 
is the density of the fluid. (Coll. Exam. 1906.) 


^ 35. In a steady two-dimensional motion of an incompressible liquid 
the stream lines are given by x=f 1 {k,c), y=fz(k,c), where c is a para¬ 
meter defining a stream line and A; is a parameter defining a point on a 
stream line. Shew that the particle at the point given by k 0 , c 0 at time t 0 
will be at the point given by k , c 0 at time t, where 


t- 

and C is a function of c. 


-[a [ k d ( x >y ) 
*“L Jk,d(k,c) 



(M.T. 1920.) 


36. An infinite mass of liquid is moving irrotationally and steadily 
under the influence of a source of strength p, and an equal sink at a distance 
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2a from it. Prove that the kinetic energy of the liquid Which passes in unit 
time across the plane which bisects at right angles the line joining the 
source and sink is f irpp*/a A f p being the density of the liquid. 

(Coll. Exam. 1896.) 

37. Draw the stream lines 0=0, 0= 7 r and some of the intermediate 
stream lines for the motion given by the equation 

z = w + &°. (Trinity Coll. 1895.) 

38. Trace the stream lines along which 0 = 0 and 0 diminishes from + oo 

to — oo in the two cases « 

(1) a: + iy = 2(0 + i0)*, 

(2) * + tj/ = (^ + i0-l)* + (^ + ty+l)*, 

and indicate roughly the form of the stream lines for which 0 has a positive 
value. (Univ. of London, 1909.) 

v/ 

39. The space on one side of an infinite plane wall, i/ = 0, is filled with 
inviscid, incompressible fluid, moving at infinity with velocity U in the 
direction of the axis of x. The motion of the fluid is wholly two-dimensional, 
in the (x, y) plane. A doublet of strength p is at a distance a from the wall, 
and points in the negative direction of the axis of x. Shew that if p is less 
than 4 a 2 U, the pressure of the fluid on the wall is a maximum at points 
distant \/3 a from O, the foot of the perpendicular from the doublet on 
the wall, and is a minimum at O. 

If p is equal to 4a a C7, find the points where the velocity of the fluid is 
zero, and shew that the stream lines include the circle 

** + (y — a) a = 4a*, 

where the origin is taken at 0 . (M.T. 1934.) 


RH 
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CHAPTER IV 

GENERAL THEORY OF IRROTATIONAL MOTION 


4*1. In this chapter we shall examine in general terms the 
nature of irrotational motion and the circumstances under which 
it is produced. In the first place let us analyse the most general 
type of displacement of an element of fluid. 

Let u, v, w be the components of velocity of the particle at the 
point P whose coordinates are x, y, z. Then the relative velocities 
of the particle at P' whose coordinates are x + x, y + y, z.+ z at 
the instant considered will be 



du 

du 

du 

u = 

dx 

x+ -r 

dy 

y+ ^ z 


dv 

dv 

dv 

v = 

dx 

x + a~ 
dy 

y+ al z 


8w 

dw 

dw 

w = 

dx 

X + ¥ 

y+ 5*. 


neglecting squares and products of x, y, z. 
If we put 



. 1/3m> 3iA _ 1 /du dw\ v_l/3w 

2 \dy dzj ’ ^ 2\dz dxj’ 2\dx dy)) 


equations (1) may be written 

u = ox + hy + gz + ijz - fyj 

v = Ax + 6y+/z + £x-£z .(3). 

w = gx +fy + cz +£y-7jx] 

Thus the relative motion in the most general case consists of 
two parts: a motion in the direction of the normal to the surface 
ax 2 +6y 2 + cz 2 + 2/yz + 2gzx + 2hxy= const. ... (4), 
and a rotation of which the component angular velocities are 

7], £. The former motion is called a pure strain*, it is-oach that 
lines drawn parallel to any one of three mutually perpendicular 

* For a fuller discussion of this subject see Kelvin and Tait, Natural Philosophy, 
Arts. 155-185, or Love, Mathematical Theory of Elasticity , chap. I. 
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directions (the axes of the quadric (4)) undergo elongation at a 
uniform rate. Thus if the equation of the quadric referred to its 
principal axes be 

r F o x 2 +6 y 2 + c z 2 =const., 


the velocities due to the pure strain, parallel to the axes, are 
u' = a'x', v' = &y, w' = c'z', 

so that a\ b', c' are the time-rates of elongation of lines parallel to 
the axes of x\ y f , z\ If there is no change of volume, as in the 
case of a liquid, it is clear that a\ 6', c' cannot be independent; in 
fact we have a '+ b'+ c' =a + b+c 

_du dv 0w_ n 

Hence the most general displacement of a fluid element con¬ 
sists of a pure strain compounded with a rotation; and this 
analysis of the motion is unique, for if we were to compound 
together a pure strain and a rotation both arbitrarily assumed and 
endeavour to adapt them so as to result in a given displacement 
of a fluid element, the equations to determine the axes of the 
strain-quadric and the components of spin would be exactly those 
we have used above. 

In accordance with 2*52, £, rj, £ are the components of spin, 
and if they are all zero the motion is irrotational , and in this case 
the relative displacement of a fluid element consists of a pure 
strain only. 


4* 11. Flow and Circulation. If A, P be any two points in 
a fluid the value of the integral 

mp 

(udx + vdy + wdz ), 


or 


j: 


dx dy dz 
08 ds ds 


)ds, 


taken along any path from A toP, is called the flow along that path 
from A to P. 

When a velocity potential exists, the flow from A to P is 


equal to 






9y 

The flow round a closed curve is called the circulation round 
the curve. If a single-valued velocity potential exists the circula- 
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tion round any closed curve is clearly zero; and we shall see 
presently that if the velocity potential is many-valued there are 
closed curves for which the circulation is zero, though it is not 
zero for all such paths. 

4*2. Stokes’s Theorem. We shall now shew that the 


circulation round any closed curve drawn in a fluid is equal to 
twice the surface integral of the normal component of spin taken 
over any surface having the curve for boundary, provided the 
surface lies wholly in the fluid: i.e. we shall prove that 

judx + vdy + wdz — 2 JJ (lg + mr) + n£)dS, 

where l , m, n are direction cosines of the normal to the element dS 
of the surface and the other symbols have the usual meanings; 
and throughout this theorem sense of circulation on the surface 
is to be associated with the positive 
direction of the normal to the surface 
by the right-handed or the left- 
handed screw convention according 
as the axes of coordinates are right- 
handed or left-handed. 

In the first place we observe that 
any surface can be divided up into 
small areas by drawing a net-work of lines across it as in the 
figure; and if we take the sum of the circulations round each 
mesh of the surface, the flow along all lines common to two 
meshes will be taken twice in opposite directions, so that the 
result w r ill be the circulation round the boundary. 

Now with the notation of 4* 1, let the point (z,y,z) be a point 

P within a mesh and let (x + x, y + y, z + z) and (a?-h x -f dx,.) 

be points P', P" on its boundary. The circulation round the mesh 



is then 




(« + u)dx + (v + v)dy + (tt> + w)dz}. 


and substituting from 4*1 (3), this becomes 

j{(u + ax + hy+gz + T)Z-£y)dx + ... + ...} 

or Ji {«x + vy+ivz + $(a,b, c,f, g, h) (x, y, z)*} 

+ f{f (y dz - zdy) + r) (zdx - xdz) + £ (xdy— ydx)}. 
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The former of these integrals taken round the mesh is clearly 
zero, and in the latter £, rj , £ are constants for the mesh, being 
values at a definite point P, and their coefficients are twice the 
projections on the coordinate planes of the area PP'P", hence if 
dS denotes the area of the mesh the circulation round it is 

2 (l£+mi]+nQdS. 

By summation we get the circulation round any closed curve 
= 2jj(l£ + mr, + nQdS. 

Hence the theorem follows as stated. 

The proof that we have given above is stated in terms of 
hydrodynamical ideas, but the theorem is one of pure analysis 
and is true for any functions u, v, w which are continuous and 
differentiable throughout a region including the ranges of inte¬ 
gration*. 

In the language of vectors the theorem is expressed by saying 
that 2f, 2rj, 2£ are components of a vector 2w which is the ‘curl* 
of the vector q whose components are w, v, w. Thus 2co is the curl 
of q, when the surface integral of the normal component of 2<a 
over any surface is equal to the line integral of the component of 
q round the boundary; and the result may be written 

7j, £) = curl(tt, v, w). 


4*21. The foregoing theorem will still be true for a surface 


which is bounded by more than 
one closed curve; as for example 
the shaded area in the accom¬ 
panying figure, provided the cir¬ 
culations round the boundary 
curves are taken with proper 
signs. We can see this by regard¬ 
ing the boundary as a continuous 
curve ABCADEFDA and ob¬ 
serving that the total flow along 
AD and DA is zero. 



* This theorem, generally known as Stokes's Theorem, first appeared in print as a 
question set by Stokes in the Smith’s Prize Examination in 1854, but it occurs in a 
letter from Kelvin to Stokes dated July 2, 1850. See Stokes, Math, and Phys . 
Papers , v, p. 321 footnote. Stokes however appears to have priority in the use of the 
vector which is the subject of the surface integral. 
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4*22. Irrotational Motion. If £, rj, £ are all zero, that is, in 
the case of irrotational motion, the circulation round any closed 
curve is zero, provided that the closed curve can be regarded as 
the boundary of a surface every part of which lies within the 
fluid. When this is the case the curve or circuit is said to be 
reducible ; that is, it can be contracted to a point without passing 
out of the fluid. If the circuit be irreducible we cannot conclude 
that the circulation is zero. Thus if the last figure represents 
fluid filling the space between two infinite cylinders, the circuit 
ABC is irreducible, but it will still be true, as in 4*21, that 
the circulations round ABC and DBF are together zero if the 
motion is irrotational, so that the circulations in the same sense 
round the circuits ABC and DFE are equal, whence it follows that 
the circulation in all circuits going once round the inner cylinder 
in the same sense is constant and the same for all. We shall have 
more to say on this point later under the heading of multiply- 
connected space. 


4*23. Constancy of Circulation. Let AB be any line of 
particles in the fluid and moving with it. 

Let P, Q be two consecutive points on the lino; (x, y, z), 
(#-f8x, y + Sy, z + hz) their coordinates; u, v , w the velocity 
components at P and u + Su, v + 8v, w 4- 8 w those at Q. Then 




Dhx 


But - must be the ^-component of the relative velocity of 
the points P, Q; that is DSx/Dt-Su. 

D 


Hence 


Dt 


[uhx) 


-HD 


hx + uhu\ 


and similar equations in v 9 w. 

If the external forces have a single-valued potential Cl we get 
by addition 

jL(uhx+vhy + whz)= — SQ — — + £8g 2 , 

JJt p 

where q 2 = u 2 + v 2 + w 2 . 

And by integration along the line from A to B 

(udx + vdy + wdz )j = -Q- • 
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This gives the rate of change of flow along any line moving with 
the fluid. 

If there be any integrable functional relation between the 
pressure and density and we make the line a closed circuit the 
right-hand side of the last equation vanishes. Whence it follows 
that the circulation in any closed path moving with the fluid is 
constant for all time . This is true whether the motion be rotational 
or irrotational, the only assumptions being that the external 
forces are conservative and that there is a relation between the 
pressure and the density. 

The foregoing proof is due to Kelvin*. 

4*24. From the theorem of 4*23 it is easy to deduce the 
theorem of the Permanence of Irrotational Motion proved 
in 2* 51. For at any instant at which the motion of a fluid is 
irrotational the circulation in ail reducible circuits in the fluid 
vanishes, but the circulation in any such circuit is constant for 
all time and therefore remains zero Hence, at any subsequent 
time, by 4*2, r r 

J J + + = 

where the integration may be taken over any surface lying wholly 
in the fluid, and this requires that 

£ = t7 = £ = 0 

at every point in the fluid, so that the motion is always irrota¬ 
tional. 


4*25. Components of spin in Cylindrical and in Polar Co¬ 
ordinates. Using cylindrical coordinates, let (r, 6,z) be the centre 
of an element of volume whose diameters are of 
lengths Sr, r 8 6 ,82, let v r ,v e> v z be the components of D c 

velocity m these directions, and f , 77, { correspond¬ 
ing components of spin. 

Let A BCD be a central section of the element 
with diameters r80 and 82. 

Then 

2( r808z = circulation round A BCD ... (1). 

The contributions to the circulation from the sides AB and CD are 

v e rh6-^j z (v e r88)8 2 and - |v e r80 + ^ ^ z (v 9 r88)8z^ 
making up — .r80 


* ‘On Vortex Motion,* Trans. Roy. Soc . Edin. xxv, 1869; also Math, and Phys 
Papers, iv, p. 49. 
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Similarly the contributions of the sides BC and DA are 


making up 


and 



dvg 

rdd 


rhdhz. 


\-%(v.U)rie} 


Hence from (1) we get 

£l* 

i 

•» QS 
<§<* 

II 

<N 

Similarly 

dv, 

2,_ dz dr 

and 

ia(v*r) dv, 
r dr rdd 


( 2 ). 


In like manner using polar coordinates, let (r, 0, o>) be the centre of 
an element of volume whose diameters are of lengths hr, r 88 , r sin OSoj, and 
let q r ,qe, q u be the components of velocity in these directions and f, rj, £ 
corresponding components of spin. Then by taking the circulation round 
central sections of this element of volume as above, we can shew that 


2(.r^mese8a>= d J^^^K s0-^$^.rBin6So,, 
* rdd rsmddcj 


or 


o^_ 1 / a(g w sinfl) dq e \_ 

? rsin0\ 80 &<*>)* 


similarly 

and 


»„ = 1 d<lr 1 d(q„r) 

^ r sin0 0a> r dr 
CT „_1 d{q e r) dq r 
ZQ ~r dr rdd' 


(3). 


4* 3. Glassification of Regions of Space . A region in which 
every closed curve can be contracted to a point without passing 
out of the region is called a simply-connected region . Otherwise 
the space is multiply-connected. In any multiply-connected space 
it is possible to draw at least one section of the region, or insert 
one barrier, having a closed curve for boundary, without breaking 
up the space into disconnected regions. A region of space for 
which one such barrier can.be drawn is said to be doubly-con¬ 
nected. If n— 1 such barriers can be drawn, the region is n -ply 
connected or of connectivity n. 

A region bounded by a single surface such as a sphere or 
ellipsoid or the space between two closed surfaces one wdthin the 
other such as concentric spheres is simply-connected, for every 
closed curve within it is reducible and no barrier can be drawm 
across it without dividing it into two disconnected regions as is 
seen in Fig. 1. But the space inside an anchor ring is doubly- 
connected for one barrier can be drawn without dividing the 
space into disconnected regions (Fig. 2). 
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Fig. 3 represents an anchor ring and another tubular region 
communicating with it, forming a triply-connected region; and 
in like manner Fig. 4 shews a quadruply-connected region. It 
will be seen that in each of Figs. 2-4 the maximum number of 
barriers have been inserted without dividing the region into 
disconnected parts. 



Pig. 3 Pig. 4 


In the same way the space outside the regions shewn in 
Figs. 2, 3, 4 are respectively doubly-, triply- and quadruply- 
connected, thus for the space outside the anchor ring a barrier 
might be drawn filling the opening of the ring, for such a barrier 
would be bounded by a closed curve and would not divide the 
external space into disconnected portions; and similarly for the 
other figures. 
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When in a multiply-connected region all barriers have been 
inserted that can be inserted without dividing the region into 
disconnected parts, if these barriers are regarded as temporary 
boundaries the region will have been reduced to a simply-con¬ 
nected one. This will be obvious from a study of the figures. 

4*31, Circuits in a given region may be called reconcilable or 
irreconcilable , according as they can or cannot be deformed so as 
to coincide with one another without going out of the region. In 
simply-connected space all circuits are reconcilable and reducible. 

We can shew that in n-ply connected space n— 1 independent 
irreconcilable and irreducible circuits can be drawn, for in a 
doubly-connected space such as an anchor ring (Fig. 2) one such 
circuit can be drawn and it cuts the one barrier. And it is clear 
from Figs. 3, 4 that for every region added to a multiply- 
connected space, which adds unity to the degree of connectivity 
and therefore increases the number of possible barriers by unity, 
one new circuit can be drawn passing through the new barrier 
and not reconcilable with any existing circuit. Thus in Fig. 3, 
which represents a triply-connected region, two such circuits can 
be drawn, and so on for any degree of connectivity. 

4*32. Cyclic Constants. The circulation in a circuit which 
crosses only one barrier in a multiply-connected region and crosses 
that barrier once only is constant. 

For in the figure, which represents 
part of a multiply-connected re¬ 
gion, XY being the barrier, the 
circuit ABECDFA is a reducible 
one and the circulation in it is 
therefore zero, and as the flow 
along the parts AB , CD are ulti¬ 
mately equal and opposite when A 
coincides with D and B with C, 
therefore the circulations in closed 
circuits BECB , DFAD are equal 
and opposite; or the circulations in 
any two such circuits taken in the same sense are equal to a con¬ 
stant k , and if the circuit crosses the barrier p times in the same 
sense the circulation will be ptc. k is called the cyclic constant of 
the circuit. 
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In the same way if k x , #c 2 ,... /c n _ 1 be the cyclic constants of the 
7i—l irreducible circuits of an w-ply connected space, the circula¬ 
tion in any compound circuit will be p X K ± +p 2 *2 + ••• +2V- 1 K n- i> 
where p r denotes the excess-of the number of crossings of the r*th 
barrier in the positive sense over the number of crossings in the 
negative sense. Motion in which the circulation in every circuit 
does not vanish is called cyclic motion. 

4*4. Nature of the Problems to be discussed. The types 
of irrotational fluid motion with which we shall be chiefly con¬ 
cerned, in what follows, may be classified thus: 

(i) A finite mass of liquid is enclosed within a given boundary 
and possibly limited internally by other boundaries. Liquid 
motion is set up by giving a definite motion to one or more of the 
boundaries, or by applying given impulses to one or more of the 
boundaries. 

(ii) An infinite mass of liquid is limited internally by the 
surfaces of one or more bodies, and either 

(а) the liquid is at rest at infinity and the bodies are in 
motion; or 

(б) the liquid has a uniform constant velocity at infinity, 
and the bodies are at rest or in motion. 


We propose to prove the determinateness of these problems; 
i.e. that a definite liquid motion will result from definite motions 
of the boundaries, or from the application of definite impulses to 
the boundaries. 

As we have seen already, irrotational motion implies the exist¬ 
ence of a velocity potential <f> which satisfies Laplace’s equation 


S + p + ^=°> or v ^°; 


and the solution of any problem in irrotational motion depends on 
finding a solution of the equation V 2 ^ = 0 that will give the correct 
values to the normal velocity d<f>ldn, or to <j> which may be taken 
as a measure of the impulse, over the boundaries. In this respect 
the problem is akin to the general problem of electrostatics. 

We do not propose to prove the existence of a potential 
function which will satisfy given boundary conditions, but we 
shall prove that if the problem has a solution it is a definite one; so 
that, in any particular case in which we have found a solution 
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that fits the circumstances of the case, we shall know that since 
only one solution is possible our solution is the right one. 

We shall begin by proving a theorem of Green’s which is of 
fundamental importance in physical investigations. 


4*5. Green’s Theorem*. Let <f>, <f>' be two functions of x, y,z 
which with their first and second derivatives are finite and single¬ 
valued throughout the region considered; and let 8 denote a closed 
surface bounding any singly-connected region of space and dn an 
element of the normal at a point on this boundary drawn into the 
region considered, then 

-jjj^Y^xdydz 

~JK« -JJjV ^ dxdyd * . (1)> 


where the surface integrals are taken over the closed surface S 
and the volume integrals throughout the space enclosed. 



To prove this, integrate ^ dxdydz by parts, integrating 

along a prism of section dydz which intersects the surface in 
elements dS l9 dS 2 where the inward-drawn normals have x- 
direction cosines l lf l 2 * 

* G. Green, Essay on Electricity and Magnetism , 1828, or Math. Papers (ed. 
Ferrers), p. 23. 
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The result is 

where -’h^-I,dS,-^^-l 1 dS t 

— *%•**■ 

where in this expression dS is taken to include the two elements of 
area at the ends of the prism. 

Hence 


J//MM w ******* 


and by similar treatment of the remaining terms of the first 
expression in (1), and remembering that 


7 d<f >' dJ>' 

i-f+m-J- +n 
ox oy 


dz~ dn* 


we prove the first expression equal to the second; and by inter¬ 
changing <f> and <f>' it becomes equal to the third. 


4* 51. The statement of the theorem needs modification if the 
given region includes discontinuities in the values of <f>, <f>' or their 
first derivatives. But the theorem is still true if we surround the 
point or surface of discontinuity by a closed surface and exclude 
the enclosed space from the region of integration, provided that 
the remaining space is singly-connected and we include in the 
surface integrals integration over the extra surface or surfaces that 
we have introduced. 


4*52. Deductions from Green’s Theorem. We shall now 
make some deductions from Green’s Theorem, but we remark at 
the outset that many of these are capable of very simple inde¬ 
pendent proof. 

(i) Put <f> = constant. Then 

V a tf>dxdydz; 

and if <f> satisfies Laplace’s equation, we also have 

JfM— 
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If <f> denotes a velocity potential this result means that the total 
flow of liquid into any closed region at any instant is zero. 

(ii) If </>, (/>' are both velocity potentials, 

a reciprocal theorem which has a physical meaning if we bear in 
mind that, if p denotes density, p<f >, p<f>' denote impulsive pressures 
that would produce the motions instantaneously and d<f>jdn 9 
d<f)'ldn are the velocities of the boundaries at which these pressures 
may be supposed to be applied. 

(iii) Put </>' — <(>. Then, if </> is a velocity potential, 

Hence if q be the velocity and p the density of the liquid, we 
have for the kinetic energy of the liquid within S 

ipjjjq 2 dxdydz= -$p jjf^dS. 

Since p<f> is the impulsive pressure that would set up the 
motion instantaneously from rest, and —dcfr/dit is the inward 
normal velocity at the surface, therefore the last result is an 
example of the theorem that the kinetic energy set up by im¬ 
pulses, in a system starting from rest, is the sum of the products 
of each impulse and half the velocity of its point of application. 
The result also shews that the kinetic energy of a given mass of 
liquid moving irrotationally in simply-connected space depends 
only on the motion of its boundaries. 


4*53. For the present we shall consider that <f> is the velocity 
potential of a liquid in singly-connected space. From 4*52 (iii) 
we see that, if the boundaries are at rest or if <f> = 0 over the 
boundaries, we must have 


1 


q 2 dxdydz = 0 , 


so that <7 = 0 at every point. Hence irrotational motion is impos¬ 
sible in a closed singly-connected region with fixed boundaries. 
Also if a closed vessel full of liquid which moves irrotationally is 
suddenly brought to rest the liquid is also brought to rest. 
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4*54. Uniqueness Theorem. There cannot be two different 
forms ofirrotationalmotionfor a given confined mass of liquid whose 
boundaries have prescribed velocities or are subject to given impulses . 
For if two such motions are possible let <f> l9 <f> 2 denote their 
velocity potentials, then at all points of the boundaries either 
d^Jdn — d^Jdn, or else = But will also satisfy 

Laplace’s equation and represent an irrotational motion in which 
either the boundary velocity 3 (fa — fa) fin is zero or (f> x — fa is zero 
over the boundary. Hence in this case, by 4*53, the liquid is at 
rest, or fa — fa is constant everywhere. Therefore the two motions 
are the same. 


4* 55. Mean Potential over Spherical Surface. If a region 
lying wholly in the liquid be bounded by a spherical surface the 
mean value of the velocity potential over the surface is equal to its 
value at the centre of the sphere. 

For if fa denote the mean value of <f> over a sphere of radius r, we 

where dcu is the solid angle which the element dS subtends at the 
centre of the sphere. 

Therefore 


and the last integral is zero by 4’52 (i), so that fa is independent 
of the radius r ; consequently the mean value of <f> is the same over 
all spheres having the same centre, and by continually diminish¬ 
ing the radius we get that this mean value is the same as the value 
of <f> at the centre. This theorem is due to Gauss. 


4*56. We shall now extend the last theorem to the case 
where the region in which the motion takes place is periphrastic , 
that is bounded internally by one or more surfaces. 

Suppose that a sphere of radius r in the liquid encloses one or 
more closed surfaces and that the total flow across these surfaces 
into the given region is 4 =ttM. There must be accordingly an equal 
flow outwards across the sphere so that 


or 


if 


'gdS^-inM, 


4rrM 


where dw has the same meaning as before. 
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This may also be written 


4*56- 




and by integrating with respect to r, we get 

M 

I I thfi.it i = 

477 


-+c, 


or 


IS!**--'- 

.<*)• 


where C is constant with respect to r, but has yet to be proved 
independent of the position of the sphere. 

Supposing the liquid to extend to infinity and to be at rest 
there, let the sphere be displaced a small distance 8z in any 
direction without altering its radius, then the consequent change 


m <t>r is 


OX 477T 2 JJ ox ox 


Hence dC/dx is equal to the mean value of d<j>ldx taken over 
the sphere. But dcfr/dx vanishes at infinity and so does its mean 
value over an infinite sphere; therefore dC/dx is zero when the 
sphere has a very large radius. But C is the same for all spheres 
having the same centre, therefore C is not altered by displacing 
the sphere, and the result (1) is true for all spheres provided they 
lie within the liquid and enclose the same internal boundaries*. 


4* 57. From the previous two articles it follows that the velocity 
potential </> cannot have a maximum value at a point within the 
liquid, for if there were such a point and a sphere were described 
with this point as centre the mean velocity potential over this 
sphere would be less than at its centre. Similarly there cannot be 
a point at which <f> has a minimum value. 

By a similar argument! the square of the velocity cannot have 
a maximum within the liquid. For when <f> satisfies Laplace’s 
equation so does d<f>/dx, therefore the theorem of 4’ 55 is true when 
we write d<f>/dx for <f>, so that d<f>/dx cannot have a maximum or 
minimum at a point in the liquid. Now take the axis of a; in the 
direction of the velocity at a point P, so that (d<j>/dx) 2 is the square 
of the velocity at P. Then since (d<f>fdx) 2 has no maximum there 


* Kirchhoff, Mechanik , p. 191. 


t Ibid. p. 186. 
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INFINITE MASS OF LIQUID 

must be points Q in the vicinity of P at which (d<f>jdx) 2 is greater 
than the square of the velocity at P, and m!uch more then is 
(d<f>/dx) 2 + (d</>/dy) 2 + (difr/dz) 2 , or the square of the velocity at Q, 
greater than the square of the velocity at P. Hence the square of 
the velocity cannot be a maximum at P. It will be apparent in 
what follows that it may have a zero minimum value. 


4*6. Liquid extending to Infinity. When the liquid extends 
to infinity the arguments of 4*53,4*54 cannot be applied directly 


without examining the value of 


K 


dS over an infinite 


boundary surface; for, though the velocity may vanish at infinity, 
it does not necessarily follow that this integral vanishes when 
taken over an infinite area. 

As a first step in this discussion we shall make a further 
deduction from Green’s Theorem. 

If <f>, <j>' both satisfy Laplace’s equation, within a region bounded 
by a surface S, we have 



( 1 ). 


Let P be any point within the region, and put <f>' = 1/r, where 
r is the distance from P. Since <f>' becomes infinite at P we must 
exclude P from the region to which the theorem (1) is applied by 
surrounding it by a surface, say a sphere of small radius c and 
surface £. This surface must be added to the range of integration, 
and we get 

//**"♦//* (-?)«-JJi 7 *i dS+ jS\ a" 2 - 

Since <£S = € 2 dw 9 where daj is the solid angle subtended at P by 
dE, therefore the second integral tends to — 47 t</> p as c tends to 
zero, where <f> P denotes the value of <f> at P. For the same reason 
the fourth integral tends to zero with e. Hence we have 



3 > 




( 2 ). 


Now consider an infinite mass of liquid bounded internally by 
certain finite surfaces S and let us apply the last result, taking 

6 


RH 
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for external boundary a sphere £ of large radius R with its centre 
at P. We have for any point P in the liquid 

.1 ,1 

t * 


!S*£ ds ~ 

■i\ 

rj&"+sjj 



1/4"- 

■i\ 

f]£"♦«. 




Assuming that the total flow of liquid across the internal 
boundaries is zero and that the velocity vanishes at infinity, by 
4*56 the third integral is a definite constant C. And the total 
flow across the sphere £ is also zero, so that the fourth integral is 
zero. Therefore j 

*'- c+ c/j4"-s//?£!". (3 »- 


Now let P move to an infinite distance from the inner bound¬ 
aries 8, the integrands then tend to zero and the range of integra¬ 
tion is finite, so that the integrals vanish and we see that the 
velocity potential <f> tends to a definite constant limit at infinity, 
when the velocity vanishes at infinity*. 

Now apply 4*52 (iii) to the space between the inner boundaries 
8 and a sphere 2 of large radius R and we get 

JJJV***- 

Also because of the constancy of the whole mass of liquid 


and on the sphere 2 as its radius increases <f> tends to a constant 
limit C, therefore 


jjjq 2 dxdydz= -jj (<f>-C)^dS, 

where the surface integral extends to the inner boundaries 
only. 


* It cannot be assumed that <f> must be constantat infinity if its space-derivatives 
all vanish there. For example, if <f>—\ogr then d<f>/dr = 1/r and vanishes as r -> co, but 
</> becomes infinite. 
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Hence if the inner boundaries are at rest, or if^ — (7 = 0 over the 
boundaries, we get /*/•/• 

I I I q z dxdydz= 0, 


so that g=0 everywhere. That is, irrotational motion is impossible 
in a liquid at rest at infinity unless its inner boundaries are in 
motion. 


4*61. Further, if the value of d<j>/dn f or of <f>, is prescribed over 
the inner boundaries there is only one motion possible. For if 
two different motions of the liquid were possible having equal 
values of d<f>ldn or of <f> at each point of the boundaries, let <f > x , <f> 2 
denote their velocity potentials; then <f> x — </> 2 satisfies V 2 <£ = 0, and 
is also the velocity potential of a motion giving zero velocity or 
making <f> — C zero over the boundaries. Hence as in the last article 
the velocity in this case is zero everywhere, that is the two 
motions are the same. 


4‘62. Referring to 4*4 we have now only to consider the case 
in which the liquid has uniform constant velocity at infinity; 
and the determinateness of the problem in this case follows from 
the consideration that the problem of the relative motion is not 
affected by imposing on the whole mass of liquid and its bound¬ 
aries a velocity equal and opposite to the velocity at infinity. The 
liquid is then at rest at infinity and it follows from 4* 61 that if the 
velocities of the boundaries are prescribed or if given impulses 
are applied to them there is only one possible motion of the liquid. 


4*7. Minimum Kinetic Energy. If a mass of liquid be set 
in motion by giving prescribed velocities to its boundaries, the 
Kinetic Energy in the actual motion is less than that in any other 
motion consistent with the same motion of the boundaries. 

Let T be the kinetic energy of the motion of which <f> is the 
velocity potential, and T 1 the kinetic energy of any other possible 
state of motion in which the velocity components at ( x , y , z) are 
u lf v l9 w x . These components must satisfy the equation of con¬ 


tinuity 


du A dv ! dw, 

_= 4-* J- 1 = o 

dx ’by dz 


.( 1 ), 


and give the same normal boundary velocity as in the other 
motion, which condition is expressed by a relation 


lu x + mv 1 + nw x — lu + mv -f nw 


(2). 
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T x -T 

= ipJJJ ( m i 2 + v i + m’i 2 ) dxdydz —\p J*j*J (u 2 + v® + w 2 ) dxdydz 

= ip jjj{2u -u) + — w)® +... + ...}dxdy dz. 

But, by an integration similar to that used in the proof of Green’s 
Theorem, 

JJ/ ^ Ul ~ u ) + v ( v i~ v ) + w ( w i — w )) dxdydz 

= — JJJ — «) + ... + . .^dxdydz 

=JJ <f> {l (%— u)+m(v 1 — v) + n (w x — w)} dS 

+JJJ 4> j§£ («x-w) + ^K-«) + ^ (u>j. - w) j dxdydz 


= 0, from (1) and (2). 

Hence 

Ti-T=y 

JJJ ^ Ul ” u ^ + ^ Vl """ + ^ Wl ~~ w ^ 

= a positive quantity. 

Hence the theorem follows. This theorem is due to Lord Kelvin*, 
and was subsequently generalized by him so as to apply to all 
dynamical systems started impulsively from rest*)*. 

4-71. Kinetic Energy of an Infinite Mass of Liquid 
moving irrotationally. 

We have, as in 4-6, 

fjjq 2 dxdydz = -jjtf-O^dS, 

where C is a constant and the surface integral extends to the inner 
boundaries of the liquid; and, if the total flow across the inner 
boundaries is zero, r f rU 

I) to dS=0 > 

so that the kinetic energy is 

-ipjj^dS. 

♦ Camb. and Dub . Math. Journal, 1849, p. 92, or Math, and Phys. Papers, I, p. 107. 
t Kelvin and Tait, Natural Philosophy, § 312. 
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4*8. Irrotational Motion in multiply-connected Space. 

We have seen in 4*32 that the circulation in any circuit in an 


(ft + l)ply-connected region is of the form 

3^1*1 + 3*2*2 + Pn K n .(1)> 

where the kb are the cyclic constants of the n irreducible circuits, 
and the p’s are integers. 

(udx + vdy + wdz) .(2), 


be the flow along a path from a fixed point A to a variable point 
P, -the value of <f> depends on the particular path; because, if 
ABP and ACP are two paths, the circulation round ABPCA is 
not generally zero. Hence <f> is indeterminate or many-valued to 
the extent of the addition of an expression of the form (1). 

By displacing P parallel to the axes in turn we obtain from (2) 

u « — d<f>/dx, v— — d<f>/dy, w— — dtfr/dz ; 

and these are single-valued expressions whether <f> be multiple¬ 
valued or not. 


4*81. Kelvin's Modification of Green’s Theorem. In our 

proof of Green’s Theorem in 4*5 we assumed that <f>, <f>' were 
single-valued functions in the region considered, but if either be 
a many-valued or cyclic function the formula needs modifica¬ 
tion. Thus, if we suppose <f> to be cyclic, the second expression in 
4*5 (1) must be corrected so as to take account of the indeter¬ 
minateness of <f>. We can do this by supposing all the barriers that 
are necessary to reduce the region under consideration to a simply- 
connected space to be inserted: then we may regard <f> as single¬ 
valued throughout this region and the correction to be made con¬ 
sists therefore in including in the range of the surface integral 
both sides of each of the barriers. 


If da r be an element of area of one of the barriers and k t the 
corresponding cyclic constant, we have to take JJ <f> over 

both sides of the barrier. The values of ~~, being taken in opposite 


directions on opposite sides of the barrier, are equal in magnitude 
but opposite in sign at corresponding points; while the value 
of (f> on the positive side of the barrier exceeds the value on the 
negative side by the cyclic constant ic r , so that the contribution 
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of this barrier to the surface integral 
over the barrier. 



*^-do taken once 
on 


Hence the theorem becomes 



d$d£ tyty 

dx dx + dy dy+ 3 z dz 


j dxdydz 


= Jt^jj^dor-jjjtvydxdydz... ( 1 ). 


No extra terms arise because of the indeterminateness of <f> in the 
last integral, if we suppose that V 2 </>' = 0, for the indeterminate 
part of <f> is a constant. 

It is clear that the coefficient of each k is the total flow in the 
positive direction across each barrier due to a velocity potential 

If we assume <f>' to be cyclic with cyclic constants */, k 2 ', etc., 
we get another relation similar to (1) in which </>, </>' are inter¬ 
changed and #c/ is written for k t . 


4*82. Kinetic Energy of Cyclic Irrotational Motion. If 

we put </>' = <!> in 4*81, and take <j) to be a velocity potential, we 
get for the kinetic energy of the motion 

'-‘-/f/BT*®’*®!— 

—.(it. 

This assumes, of course, that the barriers do not obstruct the 
motion of the liquid, but move along with it. 

If the liquid extend to infinity as in 4*71, we must replace the 
first term on the right by 

-yjj^-C^dS .( 2 ), 

where C is a constant and the integral extends to the internal 
boundaries of the liquid, the G term being omitted if the total 
flow across these inner boundaries is zero. 


4-83. Determinateness of Irrotational Motion in multi¬ 
ply-connected Space. If the cyclic constants k 19 /c 2 , ... K n are 
given and the boundary velocities, we can shew that the motion is 
determinate. For supposing the space to be rendered simply- 
connected by the introduction of suitable barriers, let there be 
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two possible motions represented by velocity potentials <f>, <j>' 
which both have the same cyclic constants. Then <£-<£' will be a 
velocity potential having no cyclic constants, i.e. the velocity 
potential of an acyclic motion, in which, in addition, the velocity 
is zero at all boundaries. Hence by 4*54 and 4*61 the two 
motions are identical. 


4*831. Example. Let us take, as an example, two-dimensional 
irrotational motion in the space between two coaxial circular cylinders; 
and suppose that the velocity at distance r from the axis is c*/r at right 
angles to the radius vector. 

We have seen in 1*81 that the velocity potential is given by 


= — c a tan -1 -. 
r x 


This is a many-valued function, the region being doubly-connected, and 
cyclic constant k = circulation 
= 27 rr x c*/r 
= 2ttC 2 , 


so that the circulation in any closed path is n#c or 27 mc a , where n is the 
number of times the path embraces the cylinder. 

To find the kinetic energy of the liquid contained between unit lengths 
of the cylinders we may proceed directly taking 

Cb C 4 

T = £p 2 2 ttt dr = 7rpc 4 log b/a, 

J CL Y 


where a and b are the radii of the inner and outer cylinders; or we may shew 
that we get the same result from the expression (1) of 4 * 82 . The first 
integral in that expression is zero because d^Jdn vanishes over the fixed 
boundaries. 

For the second integral, — £pK j j *^da, we may take as barrier a plane 

through the axis of the cylinders; — d(f>jdn , the velocity perpendicular to the 
barrier, is then the whole velocity c a /r, and the integral becomes 



dr = £ pKC 2 log b/a = npc* log b/a. 


4*9. Motion regarded as due to Sources and Doublets. 

Referring to the theorem represented by 4*6 (2), viz. 





dS , 


it follows from 3*3 and 3*31 that the velocity potential at P is the 
same as if the motion in the region bounded by the surface 8 were 
due to a distribution over S of simple sources with a density 
1 9<4 

~ 4P® r un ^ area > together with a distribution of doublets 
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with axes pointing inwards along the normals to the surface of 
density ^/4w per unit area. 

Now let a closed surface S be drawn in a liquid and let <f>, $ 
denote the velocity potentials of possible motions inside and 
outside 8 respectively, with the condition that <f>' vanishes at 
infinity. If P is any point inside S, we have 

*^ii4^-iiii>- 

Also since P is not within the region of velocity potential </>' 

where dn, dn’ are drawn inwards and outwards from the surface 8, 
so that djdn= — d/dn'. Then by addition 

If we take <£' = <f> at the surface S, we have 

.■<* 

and, if we take ^ = ~~, we get 

On On ° 1 


III*-*' 


>8J“- 


Equation (2) shews that when the velocity potential is con¬ 
tinuous but the normal flow across 8 is discontinuous the motion 
inside 8 might be produced by a distribution over the surface of 

simple sources of density - ~ j per unit area. 

Equation (3) shews that when the normal velocity across the 
surface is continuous, but the velocity potential discontinuous, 
the motion inside 8 might be produced by a distribution over the 
surface of doublets with axes along the normals inwards of 
density (<f> — </>')l±7r per unit area. Such a distribution might be 
celled a double sheet. 
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MISCELLANEOUS EXAMPLES 


1 . Explain the meaning of the term rotational as applied to fluid motion; 
and determine the character of the circulatory motion of fluid, round a 
straight axis, which is not rotational. 

Shew that, in such a case, minute bubbles of air in the circulating fluid 
will be sucked in towards the axis. ' (St John's Coll. 1896.) 

2. When a body immersed in a fluid executes periodic vibrations it 

appears to exert an attraction on other bodies at rest in the fluid. Give a 
general explanation of this phenomenon. (Coll. Exam. 1903.) 

3. Prove that if the velocity potential at any instant be A xyz, the 

velocity at any point (x + f, y + rj 9 z + £) relative to the fluid at the point 
(x, y, z), where (, 77 , f are small, is normal to the quadric xrj{ -f + z(rj = 
constant, with centre at (a?, y , z). (Trinity Coll. 1897.) 


4. Prove that if A=~—r 
ot 



and fit v are two similar expressions, then A dx + pdy+vdz is a perfect 
differential, if the forces are conservative and the density is constant. 

(Coll. Exam. 1902.) 


6 . Shew that, if a heterogeneous incompressible liquid moves irrota- 
tionally under the action of conservative forces, the surfaces of equal 
pressure and equal density coincide; and that a homogeneous liquid 
cannot move irrotationally under the action of non-conservative forces. 

(Coll. Exam. 1901.) 


6. Shew that the theorem, that under certain conditions, the motion of 
a frictionless fluid, if once irrotational, will always be so, is true also when 
each particle is acted on by a frictional resistance varying as its velocity. 

(Coll. Exam. 1895.) 

7. If p denote the pressure, V the potential of the external forces and q 
the velocity of a homogeneous liquid moving irrotationally, shew that 
V l q l is positive; and V*p is negative provided that V 8 F=0. Hence prove 
that the velocity cannot have a maximum value and the pressure cannot 
have a minimum value at a point in the interior of the liquid. 

(Coll. Exam. 1900.) 

8. Shew that in the motion of a fluid in two dimensions if the co¬ 
ordinates (ar, y) of an element at any time be expressed in terms of the 
initial coordinates (a, 6) and the time, the motion is irrotational if 

< Co,L =“ 1903 -> 

9. Prove that, if 

<£= -l(ax* + by l + cz l ), F = i(fcr 2 + my*+nz*), 
where a, 6, c, l, m t n are functions of the time and a-f-6 + c = 0, irrotational 
motion is possible with a free surface of equi-pressure if 

(l +a*+d) e* / adi , (m + 6 2 + b) e* / **, (n + c*+c) e* / •« 
are constants. (Coll. Exam. 1903.) 
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10. Shew that if the velocity potential of an irrotational fluid motion is 
equal to 

A (** + j/ 1 +2 , )“^2tan*- 1 ^, 

sc 

the lines of flow lie on the series of surfaces 

X* + y* +** = (*•+ 1 /*)*. (Coll. Exam. 1899.) 


xl. A thin stratum of incompressible fluid is contained between two 
concentric spheres; shew that the velocity at any point is equivalent to the 
components _ J & 8 + 

sin 6 dm * dd 

along the meridian and parallel respectively. Also if the fluid be homo¬ 
geneous and the motion irrotational, prove that 

1 0 </» _ 1 dj>_d£ 

dd sin 6 dm * sin 6 dm dd 9 

and deduce that (e ia> tan \d). (St John’s Coll. 1906.) 

1 2. In the case of irrotational motion in two dimensions, on the surface 
of a sphere, shew that the velocity potential is of the form 

r being the radius of the sphere and x , y, z the coordinates of a point referred 
to rectangular axes through the centre of the sphere. 

(Coll. Exam. 1893.) 


13. A rigid envelope is filled with homogeneous frictionless liquid; shew 
that it is not possible, by any movements applied to the envelope, to set its 
contents into motion which will persist after the envelope has come to rest. 

(St John’s Coll. 1898.) 

14. A space is bounded by an ideal fixed surface S drawn in a homo¬ 
geneous incompressible fluid satisfying the conditions for the continued 
existence of a velocity potential <j> under conservative forces. Prove that 
the rate per unit time at which energy flows across S into the space 
bounded by S is 

~P 

where p is the density and dn an element of the normal to dS drawn into the 
space considered. (M.T. 1908.) 

16. Deduce from the principle that the kinetic energy set up is a 
minimum that, if a mass of incompressible liquid be given at rest, com¬ 
pletely filling a closed vessel of any shape and if any motion of the liquid 
be produced suddenly by giving arbitrarily proscribed normal velocities 
to all the points of its bounding surface subject to the condition of constant 
volume, the motion produced is irrotational. (Thomson and Tait.) 

10 . If q is the resultant velocity at any point of a fluid which is moving 
irrotationally in two dimensions, provo that 

*dx) + = 0 v V (Univ. of London, 1911.) 


// 


d<f> d<f> 
dt dn 


dS, 



EXAMPLES 91 

17. Shew that the curvature of a stream line in steady motion is 

^ ~ + f) , where p, p, q are the pressure, density and velocity of the 

liquid, V the potential of the external forces, and dv is an element of the 
principal normal to the stream line, and hence obtain the velocity potential 
of the two-dimensional irrotational motion for which the stream lines are 
confocal ellipses. (Coll. Exam. 1900.) 

18. Prove that in acyclic irrotational motion of a homogeneous fluid the 
total momentum of the fluid contained within a sphere of any radius is 
equivalent to a single vector through the centre of the sphere. 

(Univ. of London, 1915.) 

19. Incompressible fluid of density p is contained between two coaxial 

circular cylinders, of radii a and b(a<b), and between two rigid planes 
perpendicular to the axis at a distance l apart. The cylinders are at rest 
and the fluid is circulating in irrotational motion, its velocity being V at 
the surface of the inner cylinder. Prove that the kinetic energy is 
irpa'lV'logbla. (Trinity Coll. 1896.) 

20. Liquid of density p is flowing in two dimensions between the oval 
curves r x r 2 =a 2 , r x r 2 = b 2 , where r x , r % are the distances measured from two 
fixed points: if the motion is irrotational and quantity q per unit time 
crosses any line joining the bounding curves, then the kinetic energy is 

7rpq 2 l\ogbla. (Trinity Coll. 1895.) 

21. A thin sheet of incompressible fluid moves on the surface of a sphere 
of unit radius. Shew that the velocity potential and stream function are 
conjugate functions of the Cartesian coordinates of the stereographic pro¬ 
jection of any point; and that if the boundary move as a rigid curve on the 
sphere and its axis of instantaneous rotation cut the sphere in 0, the 
stream function at any point P of the boundary differs from to cos OP by a 
constant, where to is the instantaneous angular velocity of the boundary. 

(M.T. 1896.) 
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SPECIAL PROBLEMS OF -IRROTATIONAL MOTION 
IN TWO DIMENSIONS 

5*1. In Chapter in we introduced the stream function for 
motion in two dimensions and found expressions for it in certain 
cases. We propose now to make use of it for the determination of 
two-dimensional irrotational motion produced by the motion of 
a cylinder in an infinite mass of liquid at rest at infinity, or for the 
disturbance produced in a steady stream by the presence of a 
fixed cylinder. For the sake of simplicity we shall suppose the 
cylinder to be of unit length, and the liquid and the cylinder to be 
confined between two smooth parallel planes at right angles to the 
axis of the cylinder. 

The stream function if/ must satisfy Laplace’s equation Vhf/ = 0 
at all points of the liquid and must also satisfy the boundary 
conditions as follows: 

(1) When the liquid is at rest at infinity then at infinity 
dtfj/dx = 0 and dift/dy = 0. 

(2) At any fixed boundary the normal velocity must be zero, 
or the boundary must coincide with a stream line if/ = const. 

(3) At the boundary of the moving cylinder, the normal com¬ 
ponent of the velocity of the liquid must be equal to the normal 
component of the velocity of the cylinder. 

Condition (3) may be expressed by a formula for if/ as follows: 
let a point of the cross section of the cylinder chosen as origin 
have velocities U, V parallel to the axes of x and y and let 
the cylinder turn with angular 
velocity w, so that the velocity 
of a point whose coordinates 
are x , y has components 
U — ajy, V + tox. 

Let ds be an element of arc of 
the cross section of the cylinder. 

The velocity of the liquid in the 
direction of the outward normal 
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is — diji/da, and the cosines of the angles which this normal makes 


with the axes are dyjda and — dz/da, so that 

Whence, by integrating along the arc, we get 

tp=Vx— Uy + $o)(x 2 +y 2 ) + C .(1). 

This is the condition for the most general type of motion of the 
cylinder and of course includes a simple translation w = 0 and 
say V=0 so that _ Uy + C .( 2 ), 

or a simple rotation U = V = 0 and 

i/r = £a)(z 2 + y 2 ) + C .(3). 


5*2. Circular Cylinder. The solution of the problem indi¬ 
cated in 5*1, viz. to determine a two-dimensional irrotational 
motion satisfying given boundary conditions, has been effected 
in a limited number of cases; and the method of solution has 
frequently been an inverse one. That is to say, instead of a direct 
investigation of a solution of V 2 ^ = 0 which will satisfy given 
boundary conditions, known solutions have been studied to see 
what kind of boundary conditions each will satisfy and the 
problems have not been formulated until their solutions have been 
obtained. As an example let us consider the motion represented 
by the functional relation w==J £ z -i (\ j 


or 


A 

<£ + i*p = — (cos 0 — i sin 0). 


This gives ip = — and if we take this value for *p in the 

boundary equation 5* 1 (2) we have 

A sin# tt • /> 

-= - Ursmd + C. 


This equation represents a family of curves, and if we put 
(7 = 0 and A = Ua 2 , the family includes a circle of radius a. Hence 




Ua? 


and, 


1 Ua* 0 

6 = -cos d 

r 


are the stream function and velocity potential due to the motion 
of a circular cylinder of radius a moving with velocity U parallel 
to the x-axis; the origin being always on the axis of the cylinder. 
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We observe that the velocity potential and stream function are 
the same as for a two-dimensional doublet of strength Ua 2 on the 
axis of the cylinder in an infinite mass of liquid. 

The case of liquid streaming with general velocity U past a 
fixed cylinder of radius a may be deduced from the foregoing 
case by imposing a velocity — U parallel to the #-axis on both the 
cylinder and the liquid. The cylinder is then reduced to rest and 
we have to add to the velocity potential a term Ux to correspond 
to the additional velocity, that is Ur cos d\ hence a term Ur sin 6 
must be added to i/j, so that 

(f)= U {r -fyjcosfl, 0= u[r -yjsinfl. 

Hence the equation (r — a 2 /r) sin 0 — const, represents the stream 
lines relative to the cylinder , and this is true whether the cylinder 
be moving or at rest. 

5*21. Another method of solving problems of the same class 
is to find a velocity potential that will satisfy the given boundary 
conditions, i.e. to find a (f> that will satisfy V 2 </> = 0 at every point 
of the liquid, and make the normal velocity — dcfr/dn assume the 
proper values at the boundaries. 

In this connection it is useful to remember that in polar co¬ 
ordinates in two dimensions Laplace’s equation takes the form 

, 13 * 1 

3r 2 r dr r 2 00* ’ 

and that it has solutions of the form 

r n cos nd, r n sin nd, 

where n is any integer, positive or negative. Hence the sum of 
any number of terms of the form 

A n r n cos nd, B n r n sin nd 

is also a solution. 

Reverting to the problem of liquid streaming past a fixed 
circular cylinder, with the notation of 5*2, the uniform stream 
in the negative direction of the #-axis is represented by 

(f)= Ux— Ur cos d, 

and we have to add a term or terms to represent the disturbance 
due to the cylinder. Since the disturbance vanishes at infinity 
these terms can only involve negative powers of r. 
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The boundary condition is~- = 0, when r—cu, and if we assume 


that 

this leads to 


c f> = Ur cos 0 + — cos 6 , 
r 

U—A/a 2 =*0, or A=a i U, 

i\ 


whence as before <f>=U + yjcos 0, 

and the conjugate function is 

t/j = U sin0. 

5*22. Two Coaxial Cylinders. As a further example let us consider 
a problem of initial motion. Let a cylinder of radius a be surrounded by a 
coaxial cylinder of radius 6, the space between the cylinders being filled 
with liquid. Suppose the cylinders to be moved suddenly parallel to 
themselves in directions at right angles with velocities U, V respectively. 

The boundary conditions for the velocity potential <j> are: 

(i) when r = o, ^ — — U cos 6 , 

or 

(ii) when r = 6, ^ = — V sin 6. 

To satisfy these assume that 

^ Ar -f ^ cos 6 + ^Cr -f ^ sin 6; 

— 17cos0= ^4 —cos 6+ — sin 6 , 


then 


and 

for all values of 0. Hence 


— V sin 0= cos 0+ — ^ Qin g t 


A-^-D, 0 -®. 0 . 




C-® — — V' 
° b* v 9 


from which we get 

. a*U ( , b*\ Q , bW ( , a 2 \ . , 

and the conjugate function 

# o a C7 / fe a \ . - 6*F / a*\ 

r a 2 — b*\ r) a 2 —6 2 V rj 

It must be remembered however that these equations only represent 
the motion at the instant when the cylinders are coaxial. 
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5*23. Equations of Motion of a Circular Cylinder. Re¬ 
verting to the case of 5*2—a cylinder moving in a liquid at rest 
at infinity—we have to calculate the forces acting on the cylinder 
owing to the presence of the liquid. If the extraneous forces have 
a potential Q and act on the cylinder and liquid alike their 
resultant effect is, from Hydrostatical considerations, a force 
equal to the difference between the forces exerted on the cylinder 
and the liquid displaced, i.e. if a, p are the densities of the cylinder 
and liquid the resultant extraneous force is (cr— p)ja times what it 
would be if the liquid were not present. Omitting the extraneous 
forces, the part of the pressure due to the motion is to be found 
from the equation „, 

;-r» + g-w.of 

of 2*2 (3). 

Let the centre of the section be the point z 0 =x 0 +iy Q , so that 
if U, V denote the components of velocity of the cylinder, 
U=x 0 , F=y 0 . 


this being the same type of relation as 5*2 (1) with the constants 
adjusted to give the correct liquid velocity normal to the surface 
of the cylinder. For if we put z — z 0 = re id , so that r denotes 
distance from the axis of the cylinder, we have 

+ = — + tF) (cos 6—i sin 6) 


and 6=— (Z7cos0+ Fsinfl) 

T 

making the normal velocity on r = a 


Again since 


therefore 


— 17cos 0+ Fain d. 

or 

z 0 =x 0 +iy 0 =U + iV, 

dw^a^U+iV) gtjU + iV) 2 
dt z-z 0 + (z-z 0 ) 2 ’ 


or ^ + i^ = —(CZ + iF)(cos0-isin 6) 
ot ot r 


+ —.(£/ +iF) 2 (cos 26—i sin 2d). 
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5*231 


Hence on r=a 


dt 

Also 


=a (# cos 0 + F sin 0) + (£7* - F a ) cos 20+217F sin 20... (4). 


? 2 = 


dw 2 
dz 


-a* 


(i U + iV) 2 _a 4 (I7 2 -fF 2 ) 

(z-z 0 ) a r 4 


.( 6 ). 


Now the components of force oft the cylinder are 

/•2 7 T 1*277 

X = — apcoB0d0 and Y= — apBinOdO. 
Jo Jo 


Putting r=a in (5), substituting from (4) and (5) in (1) and per¬ 
forming the integrations, we find that 

X= —irpa 2 U= —M'U ) 

and Y = —TTpa 2 V = - M’V, ) . 1 


where M' is the mass of liquid displaced by the cylinder (of unit 
length). 

Hence if M denotes the mass of the cylinder and X\ Y f the 
components of what the extraneous force on the cylinder would be 
if no liquid were present, the equations of motion are of the form 


MU = + 

a 


or 


MU = 


M 

M + M’ 



or MU = -—- X 9 and a similar equation in V and Y\ 

o-+p 

Hence the effect of the presence of the liquid is to reduce the 
extraneous forces in the ratio a — p 

Result (6) implies that if the cylinder were to move with uni¬ 
form velocity the resultant pressure set up by the motion or the 
resistance to motion would be zero. This is of course contrary 
to experience. It will be seen later that a small amount of fric¬ 
tion in the liquid alters very considerably the character of the 
motion in the immediate neighbourhood of the cylinder so that 
the result obtained above does not apply in the case of a real 
liquid. 


5*231. We may also obtain result (6) of 5*23 from the principle of 
energy. By 4*71 the kinetic energy of the liquid is given by 

T=-kp\^ds 


RH 


7 
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integrated round the boundary of the cyhnder. And since, if U denotes 
the velocity of the cylinder, <j>= U — cos 0, therefore 

T=lpa*U* f 2 " cos *Odd 


T=lpa*U* j 2 J cos* 6d6 
= l* P a i U* = lM’U*. 


Hence the presence of the liquid may be considered to increase the 
effective inertia of the cylinder by an amount M\ And if X denote the 
force parallel to the axis of x , 

i MU 2 + \M' U 2 ) = rate at which work is being done 


so that 




so that the pressure of the liquid, apart from any extraneous force acting 
on it, is equivalent to a force — M'dU/dt opposing the motion. 

5-24. Circulation about a moving Cylinder. To complete 
the discussion of irrotational motion of a liquid about a moving 
cylinder, we must include the possibility of cyclic motion, since 
the liquid occupies a doubly-connected region. The solution is 
completed by adding to the velocity potential and stream 
functions terms that will correspond to a constant circulation k 
about the cylinder. 

The appropriate form may be found thus: by taking the 
circulation round a circle of radius r whose centre is at the origin, 


we get 


d<{> 

-We- 2nr=K ' 


K0 K 

so that </>= — - and the conjugate function is ifj = log r. 

Ztf 27r 

Hence <f> + iil* = ^ {logr + id) or w=~logz .(1). 

ZiTT 27 T 

Hence, with the notation of 5*23, we may put for the whole motion 
r.2 (U+ %V) %K _ _ V /ox 


This gives 


ATJ + iV) i,K 


dz ° (z-z 0 ) 2 + 2w(» —z 0 ) f 

]t\= 


x -=,( U-iV)e * 


■■ft ( U* + F») + ( V sin 6 - V cos B) .. .(3). 


so that 
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Again has the same value as in 5*23 (4), plus a term arising from 
the circulation, viz. the real part of — itc ( U + iV)j2it (z —z 0 ), or 

k (V cos 6 — U sin 0)/2wr. 

Whence by substituting in-5* 23 (1) and integrating we get 

[2ir 

X= — I ap cos 6d6~—npa*U — KpV 

I ' . .w- 

and Y = — j^ ap sin 6d6 = — irpaPV + KpZJ 

Hence if, as before, M denotes the mass of unit length of the cylinder 
and M' = 7rpa a and there are no extraneous forces, the equations of motion 

are (M+M')U=-K P V\ 

(Af + Af') V=. K pU J . ( ‘ 


These equations give 1717+ FT = 0, or 

17 a + V 2 = const.(6), 

ZJV—VZJ K P 

d C7 ! +F* “M + iW" 

or i = K pl(M+M') .(7), 


where € = tan~ 1 (V/U) is the inclination of the direction of motion to the 
axis of x. 

Equations (5) shew that the cylinder is acted on by a force (velocity) 
at right angles to the path. We shall see subsequently that this force is 
independent of the cross section of the cylinder. 

Equations (6) and (7) shew that the cylinder describes a circle of radius 
(M + M'){U 2 +V*)^Ikp with constant velocity (17 2 + V 2 )^ in the sense of 
the cyclic motion. 

Suppose now that the liquid and the cylinder are subject to a field of 
force of the nature of gravity in the negative direction of the axis of y. 
Then if or be the density of the cylinder, the equations of motion are 

it era 2 U = — 7rpa z U — KpV, 

and ircra 2 V = — 7rpa 2 V + KpU — 7r(a — p)a 2 g 9 

or say U + nV = 0 

and V — nU = —g'. 

The solutions of which are 


U = g'/n — c sin (nt + a) 
and V = ccoa(nt + ai); 

so that, if x, y denote the coordinates of the centre of the cylinder referred 
to fixed axes, by another integration 


x = x 0 + g ,t ~+ C " cos (nt + a) 
n n 


and y = y 0 + ^ sin M + a )» 

n 

so that the path is a trochoid. 
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The existence of the transverse force due to circulation was first investi¬ 
gated by Lord Rayleigh* as the explanation of the swerve of a ball in 
tennis, golf, cricket or baseball, the circulation of the air being due through 
friction to the spin of the ball. The same force is the basis of modem 
Aerodynamics. Since the force clearly only depends on the relative motion 
of the cylinder and the liquid, it will be unaltered if we superpose on the 
whole mass a velocity equal and opposite to that of the cylinder, so that the 
cylinder will then be at rest in a stream of liquid circulating about it. 


5*25. In the case of a fixed circular cylinder in a steady stream with 
a circulation * superposed, we have 

*° u ( r+ f) oose -£ . (1) > 

where the velocity of the stream at infinity is — C7 parallel to Ox. 

The velocity on the cylinder r = a is therefore 


~^.=2t7sm0+=£- 

rd6 2jra 


.( 2 ). 


If there were no circulation there would be points of zero velocity on the 
cylinder at 0=0 and 6= n, tho former being the point at which the on¬ 
coming stream divides. But when there is circulation the positions on 
the cylinder of these critical points is given by 

sin 0 = — KjfaraU .(3), 

and they only exist when | k | < 4t7rUa .(4). 

The lines of flow are then as indicated in the figure, N , N' being points of 
zero velocity. It is clear that any point on the circumference might be 



made a critical point by a suitable choice of the ratio k/U; and we shall see 
later that this fact has an important bearing in the theory of aerofoils. 

When (4) is not satisfied because the circulation is relatively too large 
there are no points of zero velocity on the cylinder but there is such a point 
below the cylinder on the axis of y in the figure. At this point a stream line 
crosses itself and the liquid between this stream line and the cylinder 
circulates continually round it and is not carried onwards by the stream. 

* See Lord Rayleigh, ‘On the Irregular Flight of a tennis ball*, Mess, of Math. 
1877, or Set. Payers, i, p. 344. Also Greenhill, Mess, of Math. 1880. 
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Geometrically, if we draw the curves <j> = const., ift =const, and 
Ss lf Ss 2 denote elements of if> intercepted between <f> and (f> + h<f>, 
and of 4> intercepted between <p and </>+ S*/>, we have 

and (fis) = ^ e 8ame expressions. 

Though for the curves £ = const., t) = const, the corresponding 


relations are of course 


3 i=A= a 5. 


5*31. Elliptic Cylinders • 

The relation z = c cosh f or x + iy = c cosh (£ -f irj) 
gives x = c coshfcos tj and y = csinh^sin^. 

Let £ have all values from zero to infinity and tj all values from 
0 to 27r; then £ _ cons t. and 77 = const. 

represent confocal ellipses and hyperbolas respectively, viz. 

* 2 i y 2 =i and * 2 _ y 2 _.. = i 
c 2 cosh 2 fc 2 sinh 2 f c 2 cos 2 rj c 2 sin 2 77 ’ 

the distance between the foci being 2 c, and in any particular 
ellipse 7 ) denotes the eccentric angle. 

In dealing with elliptic cylinders, it is useful to observe that 
the equation 32 ^ 32 ^ 


9£ 2 + 9 r,*'' 


has solutions of the type 

coshl 

sinh > (n£) (nq); 

exp J 

and that e -n f must be used when vanishing at infinity is required, 
i.e. when the liquid extends to infinity. For confocal ellipses the 

COS 

form (A cosh n£+B sinh n|) ^ (nq) may be used. 

To determine the stream function when an elliptic cylinder 
moves in an infinite liquid with velocity U parallel to the axial 
plane through the major axis of a cross section. 

Let the cross section be the ellipse x 2 /a 2 +y 2 jb 2 = 1 . This is the 
same as f=a, if a = c cosh a, 6 =c sinh a. 
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The boundary condition is ip = — Uy + constant, where £=a, 
i.e. where y—c sinh a sin 77 . 

Since the effect is to vanish at infinity and sin 77 is the only 
variable factor in the boundary condition we must therefore 
assume a complex relation which gives to *f/ the form sin 77 . 
Assume therefore that 

so that ip = — sun). 

Then at the boundary $ — a, we must have 


—Ae~“sini 7 = — Uc sinh a sin rj + B 
for all values of 17 . This requires that B= 0 , and A = £/ce“sinh a. 
® ence >p= — Uce a ~t sinh a sin 77 

is a stream function which will make the boundary of the ellipse 
a stream line, when the cylinder moves with velocity U. 

la j b 

ce a sinh a = be a = b (a + b)/c = b J ^; 

1 4 * b 


Also 


therefore 


and so 


Bin 7j 


*— Db J a ^ 


.( 1 ). 


To examine whether this is a correct solution it is easy to 
verify that it makes the velocity vanish at infinity. 

If the cylinder moves parallel to the axial plane through the 
minor axis of its cross section with velocity V, we get in like 
manner 


ifi=Va yjiiHoc., 


and 




b 
+ b 


e~£ sin i 


.( 2 ). 


The forms of these results are the same for all confocal ellipses 
and therefore this last result includes the case of a plane lamina 
of breadth 2 c moving at right angles to itself in the liquid; the 
ellipse in this case reducing to the straight line joining the foci 
and the formulae becoming 

if/^Vce-tcoarj, 

<j>^:Vce^ sin 77 . 
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But these equations would make the velocity infinite at the 
edges (£=0, ij = 0), and therefore cannot represent real conditions. 
In reality there is a region of ‘dead water’ behind the body, 
separated by surfaces of discontinuity from the moving liquid. 
The foregoing analysis assumes continuous motion. 

5*32. Liquid streaming past a fixed Elliptic Cylinder. 

This case may be deduced from 5*31 by superposing on the 
liquid and cylinder a velocity equal and opposite to that of the 
cylinder. Thus when the general velocity of the stream is — U 
parallel to the major axis, we must add Ux to the value of <j>, and 
Uy to the value of tfr, so that 

<f>=Ub /^i^e~fcosi 7 + ZJVaF-b* coshfcos rj, 

N a —o 

and ifi= —Ub /—r e _ fsinij+ U Va 2 — 6 2 sinhf sinij. 

yd — 0 

5*33. Elliptic Cylinder rotating in an infinite Mass of 
Liquid at rest at Infinity. If a> be the angular velocity the 
boundary condition is 

t = ia>(x* + y*) + C; (5.1(3)) 
or, putting x = c cosh £ cos r\ and y = c sinh £ sin^, 

ip = £ cdc 2 (cosh 2 £ -f cos 277 ) + G , where f = a. 

Since the effect is to vanish at infinity and the only variable 
term in the boundary condition is cos 277 , therefore we must 
assume a complex relation which gives to ip the form e~^ cos 2y. 
Assume therefore that 

so that tp = Aer^ cos 2 rj . 

Hence at the boundary £ = a, we must have 

Aer 2 * cos 2rj = Ja>c 2 (cosh 2 a + cos 2tj) + C 
for all values of tj. And this is the case, provided 
A = \ a >c 2 e 2ot and C = — \ a>c 2 cosh 2 a. 

Therefore 0 = |aiC 2 e 2 a ~ 2 ^cos 2 ^ gives a stream function which 
makes the boundary of the ellipse a stream line, when the 
cylinder rotates with angular velocity o>. 
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Since c*e a “=(o+ 6 ) a , we may write the results 
i/i =J w (a + 6 ) a e~*f cos 217 , 
and <^=Jw(a+ 6 ) 2 e -a f sin 2 ij. 

It is easy to verify that the velocity vanishes at infinity. 


5*34. Any of the previous motions may be superposed. Thus if the 
elliptic cylinder be moving parallel to itself with velocity v in a direction 
making an angle 6 with the major axis of the cross section, we have from 


5*31 


and 


</>=v (&cosijcos 0 + asin 7 jsin 0 ), 

— v (^siniycostf—a cos 77 sin 0 ). 


-/ 


'27r 

0 2ir 


drj = k. 


r) + di) 


5*35. Circulation about an Elliptic Cylinder. If in 5*34 the 

irrotational motion is cyclic, with cir¬ 
culation k round the cylinder, we can 
take this into account by means of the 
function 

4,+^=lla+i v ). 

To verify that this gives the correct 
value to the circulation, we have that 
the circulation 

=!~t de 

taken round the cylinder, = f — ~ dv 

Jo 07} 



Hence if in addition to the velocity v of 5*34 the cylinder also rotates 
with angular velocity to, and there is a circulation k about the cylinder, 
we have 


<f> = V/y/ ^ e“* (6 cos 7) cos 9 + asin tj sin 6) + J <0 (a+b) % e“**sin 2ij — 

and 

(6 sin 77 cos 0—acos 7 ysin^) + Jo>(a + 6 ) a e~*^ cos 2 iy-f ^ 


5*4. Kinetic Energy. In any of these cases of a cylinder 
moving in liquid at rest at infinity, the expression for the kinetic 
energy is, as in 4*71, 

T=-\p 

where the integration is now round the perimeter of the cylinder, 
and we are supposing as before that the liquid is confined between 
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two smooth planes at unit distance apart. But —d<f>/dn is the 
normal velocity outwards, and dipjds 
is the normal velocity inwards, so that 
d<f>Jdn = dift/ds, 
and therefore 

As an example consider the rotating elliptic cylinder of 5*33, bounded 
by the ellipse £=a. Here we have on the boundary 

$ = £ a> (a + b) 2 e -20 cos 2^, 
and ^ = 6) 2 e" 2 * sin 2 tj, 

so that T=d spa ,*(a+b) t e- 4 * j*” sin* 2-qd-q 

— 7r P <u * (a» — 6 2 ) 8 

gives the kinetic energy of the liquid. 



5-5. Liquid contained in Cylinders. In cases of two- 
dimensional motion of liquid contained in a cylinder moving 
parallel to itself, the boundary condition is clearly the same as 
was obtained in 5* 1 for the motion of a cylinder surrounded by a 
liquid. 


As examples let us consider the following: 
(1) Let w= — Uz, 


or <!>=-Ux f if/= — Uy. 

This represents a motion satisfying the boundary condition for uniform 
translation whatever be the form of the boundary; and the velocity at 
every point of the liquid is — d<f>ldx or U, so that the liquid in the cylinder 
moves as if solid, and by 4* 54 this is the only motion possible in simply 
connected space. 

(2) Let w= — iAz a , 

or ^ = «Ar 2 sin20 ^r = — Ar 2 cos20 

= ZAxy, = - A (x 2 - y*). 

Let us adapt these forms to the boundary condition for uniform rotation 
assuming the liquid to be contained in a rotating cylinder. From 5* I, at the 
boundary we must have 


iw{x 2j ry 2 ) — B= — A (as 2 — y*) 9 
or (iw + ^)x 2 + (Jcu~A)i/ 2 = J5. 

Hence the boundary of the section may be an ellipse 
rc 2 /a 2 + t/ 2 /6 2 =l, 

provided a 2 (Jw + A) = & a (£a>-A) 


or 


A = 


, a 2 —6 2 

i< 0 5f+p- 
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Therefore 


a a_ 5 s 


Y o* + 6* * — r * a*+6*'~ a ' 

determine the motion of the liquid in the rotating elliptic cylinder 
referred to fixed axes momentarily coinciding with the axes of the cross 
section. 

If q denote the velocity. 

Hence the kinetic energy T of unit length is given by 
2!T = ia. l( ° ( ,~ 6 fe> ) „pab. 

If we require the motion of the liquid relative to the cylinder , we may pro¬ 
ceed thus: The velocities in space of the particle, whose coordinates are 
(ar, y) referred to the moving axes of the cross section, are x — ojy and y 4- cax; 
therefore s , o2 _ fc2 

nr — /,>» — — I — -- at 


x — wy = 




so that 


d<t> a 2 — b* 

‘' +<ux= -&,= w tf+b* x; 

2 o 2 


Hence 


2/= -&+b* wx - 
4« a & a 

+ (o 2 + 6*) stu x-0. 


which leads on integration to 

x=Bcos coi + a), 

and therefore y = — ^ B sin • 

It follows that the motion is simple harmonic motion; the paths of the 
particles being ellipses similar to the boundary ellipse, described in time 
it ( a 2 + b z )jaboi . 

Or, to get the relative motion, we may impose on the whole system the 
angular velocity a> reversed. That is, we must increase by — J a> (x* 4- y % )» 
This makes 2 _. a 

0 = i w o*hTS* ^ (** + 2/*) 

o>a 2 6 a (x 2 , y 8 \ 

~ a*4-6*V* a+ &V’ 

shewing that the stream lines are similar ellipses. 

(3) Another simple case is that of a rotating prism whose section is an 
equilateral triangle. For this we take 

w = iAz 3 , 

or <£ = — Ar 8 sin 30, 0 = Ar 8 cos305=A (x 8 — 3xy 2 ). 
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Th© boundary condition for rotation gives, in this case, 

A - Zxy*) = J <o (x 2 + y 2 ) + B, 

to be satisfied at all points of the boundary. 

To include the line x=a in the boundary, we must take 

Aa* = \wa* + B 9 

and -3 Aa = \<x>; 

so that the equation becomes 

x 8 — 3 xy 2 + 3 a ( x 2 + y 2 ) = 4a 3 , 

or (a? — a)(x—<\/3y + 2a)(x+'\/3y + 2a) = Q. 

These three lines form an equilateral triangle with its centre at the origin; 
and the motion of liquid in a prism having this triangle for section and 
rotating with angular velocity w is given by 

— sin 30, 0=-—— r^c os30. 

5*51. The stream function has been determined for the motion of 
liquid produced by moving cylinders of a great variety of forms. We have 
discussed some of the simplest cases very fully and append here a list of 
other cases with references to shew where the investigations may be 
found. 

1. Rotating rectangular prism or box. Stokes, Tram. Camb. Phil. 
Soc. vm, or Math, and Sci. Papers , I, p. 60. Ferrers, Quart. Journal , xv, 
p. 83. Greenhill, ibid. p. 144. Basset, Hydrodynamics , J, p. 96. 

2. Rotating semicircle. Hicks, Mess, of Math, vm, p. 42. 

3. Rotating quadrantal sector of a circle. Greenhill, ibid. p. 89. 

4. Rotating sector of a circle. Stokes, Tram. Camb. Phil. Soc. vm, or 
Math, and Sd. Papers , l, p. 306. Greenhill, Mess, of Math, x, p. 83. 
Basset, Hydrodynamics , i, p. 98. Lamb, Hydrodynamics , 1932, p. 89. 

6. Rotating rectangle bounded by two concentric circular arcs and two 
radii. Greenhill, Mess, of Math, rx, p. 35. 

6. Rotating arcs of confocal ellipse and hyperbola. Ferrers, Quart. 
Journal , xvn, p. 227. 

7. Rotating arcs of two confocal parabolas. Ibid. 

8. Confocal elliptic cylinders—translation and rotation. Greenhill, 
Quart. JoumalyTLWy p.227,and Encyc. Brit, llth edition, 4 Hydromechanics’. 

9. Rotation and translation of inverse of an ellipse. Basset, Quart. 
Joumal 9 xix, p. 190,xxi, p. 336, and Hydrodynamics , i, p. 102. 

10. Rotation and translation of a lemniscate. Basset, Quart. Journal , 
xx, p. 234, and Hydrodynamics , I, p. 106. 

5*6. Applications of the Theory of Functions of a Com¬ 
plex Variable. Some well-known theorems in the theory of func¬ 
tions of a complex variable have direct applications to the kind 
of hydrodynamical problems considered in this chapter. In parti- 
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cular Cauchy’s Theorem, that if C is a dozed curve in a region 

within which f (z) is a regular function of z then j f (z)dz = 0; with 

its immediate corollary that if C is another dosed curve inside G 
or surrounding C andf (z) is regular in the region formed of C, C 9 
and the part of the plane between them then 


jJ (z)dz=j(z)dz. 


Also the integral theorem in the theory of residues that if 
f (z) is regular on a closed curve C and at all points within it save at a 
number of * poles * then 

f (z) dz — 2ni (sum of residues off (z) at its poles inside C); 

Jc 

where, if in the neighbourhood of a point z = a, f (z) can be ex¬ 
pressed in the form 

„ , b l , b 2 , , K 

and g (z) is regular at a, then / (z) is said to have a pole of order n 
at a, and the coefficient of (z — a)*" 1 viz. b 1 is called the residue of 
/ (z) at a, 

5*61. Theorem of Blasius. In a steady two-dimensional 
irrotational motion given by the relation w =f(z), or <f> + i*fi =f(x -f iy) y 
if the hydrodynamical pressures on the contour of a fixed cylinder are 
represented by a force (X, Y) and a couple N about the origin of co - 
ordinates, then r (dwV , 

X - ¥_iV J„(*) dz 

and N =real part of — j zdz, 

where the integrations are round any contour which surrounds the 
cylinder *. 

Let the normal to the cylinder at the point (x> y) make an angle 
0 with the axis of x, then 

X=—Jpcosflefe and Y=— Jpsinfldfe .( 1 ); 

where in steady motion 

p = A-\pq* = A-\p(u* + v*). 

♦ Blasius, Zeits.f. Math. u. Phys. lyih, 1910. The proof given above was outlined 
in a Tripos question in 1933. 


= -J J 
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Therefore 


X-*,f (u 2 + v 2 )dy and Y= f (u 2 +v 2 )dx,..( 2 ), 
Jc' Jc' 

where the integrals are round the contour C' of the cylinder. 

Now the contour of the cylinder is a stream line and on every 
stream line dx/u—dy/v, so that 


and 

Again since 
therefore 


x - H. {2 uvdx — ( u 2 — v 2 ) dy}| 

Y = — \p f {(' u 2 — v 2 ) dx + 2uvdy) 
Jc' 


.(3). 


dw _dcf) .di/j _ 
dz dx dx 


■ u + iv, 


iipj dz=£ipj (u 2 — v 2 — 2iuv){dx + idy) 


= X-tT 


.(4). 


Now in the plane outside the cylinder a singularity in the 
function ( dwfdz ) 2 would only be occasioned by a physical singu¬ 
larity in the fluid, such as a ‘ source ’ or a ‘ vortex \ It follows that 
if we take a larger contour C surrounding C' and such that be¬ 
tween (7'and C there are no such singularities, or, more generally, 
such that when such singularities exist the sum of the residues of 
(<iwjdz ) 2 at all poles between C' and C is zero, then the integrals 
of this function have the same value for all such contours and 

. (5) - 

Again, with the same notation, the total moment about the 
origin of the pressure on the cylinder is 


N= (ycos0 — XBmO)pds 

J c 

=J p(xdx + ydy) 

= - £/> f (u 2 + v 2 )(xdx+ydy) .(6). 

Jo’ 

Making the same use as before of the stream line relation 
dxju = dyjv, it is easy to see that 

N = £p I [{(w 2 — v 2 )y — 2uvx}dy—{(u 2 — v 2 )x + 2uvy}dx] 

Jo* 
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and that this is the real part of 

-lpj c ( u -iv)*(x+iy)(dx + idy) or -Jpj zdz ...(7), 

and subject to the same limitation as before regarding singu¬ 
larities in the liquid the integral may be taken round any contour 
which surrounds the cylinder. 

The advantage of being able to use any such contour will be¬ 
come evident later. It lies in the fact that if all parts of the con¬ 
tour lie at a great distance from the cylinder it is sufficient to use 
an approximation to the expression for w as a function of z. 

5*7. Steady Streaming with Circulation. Theorem of 
Kutta and Joukowski. The relation 


%K 

«; = - lo g Z 


.( 1 ), 


or 




represents fluid motion in which <f> decreases by k in making a 
circuit of any contour which encloses the origin; i.e. motion with 
circulation k. 

Let this circulation be superposed upon a steady stream 
w>= Uz, in which the velocity in the direction of the axis of x is 
— U, and let there be a fixed cylinder of some form in the finite 
region of the plane, its cross section containing the origin. The 
disturbance of the stream caused by the cylinder can be repre¬ 
sented at a great distance by terms of the form 

A B 
u> = — 
z z 2 

where A,B 9 ... depend on U and k, so that at a great distance from 
the origin . . 

*.H, + £log.+f + 0@).(2). 

Then by 5*61 the force exerted on the cylinder is given by 


-"■HO* 




IK 

2irz 


:« + 


...)■ 


dz 
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taken round any contour at a great distance from the origin. 

( ikU ) 

Expanding the integrand in the form $ ip j U 2 ++... L the 

function is seen to have a pole at the origin with residue —p<U /2 it, 
so that the integral = —ipi<U (5*6). 


The value of the integral might also be obtained directly by taking for 
contour a circle of large radius R ; i.e. by writing z = Re id . It appears that 
when we make R -+00 the only term which contributes to the result is the 


term 


~ipf ^ 

J G m 

which is equal to — ipicU . 


dz or 




2 * U K Rie i$ 
irRe^ 


dO , 


Hence we have X — t Y = — ip* 17, giving 

X = 0 and Y=pkU .(3)*. 

There is thus a transverse force on the cylinder at right angles to 
the stream. 

The couple on the cylinder might be calculated as the real part 
zdz (5-61). but when we substitute for w from (2) 




above, it will be found that the terms which contribute to the 
result contain A, so that the couple depends on the form of the 
cylinder. 

It will be observed that the velocity #c/2irr due to circulation 
increases the general velocity of the stream on one side of the 
cylinder and decreases it on the other; that the pressure is 



\ H 

\27rr y X 


* Kutta, Sitzb. d. k. bayr. Akad . d. Wits. 1910. An earlier publication is attri¬ 
buted to Joukowski, 1906; see also Joukowski, A&rodynamique, 1916, p. 139. 
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greater on the side of less velocity causing a resultant force on 
the cylinder across the stream towards the side of greater 
velocity. 

Since the hydrodynamical pressure on the cylinder is only due 
to the relative motion of the fluid and the cylinder, any common 
velocity may be superposed on the cylinder and fluid without 
affecting the result, so that the same formulae will give the 
resultant pressure when the fluid is at rest at infinity and the 
cylinder is in motion. 


5*71. Example. Consider the relation 


k , . z 

w — - tan -1 - 
it c 


.( 1 ), 


or tan- (</> + iip) 

K C 

Since tan -(<£ — itp) = x - ^ , it is easy to eliminate <p and *p in turn and 
obtain the equations 

x 2 +(y — c coth - = c 8 cosech 8 .(2), 


and 


(x+ccot^^j 


+ 2 / 2 = c 8 cosec 2 

1 K 


.(3), 


, 2ttol 
a = c cosech- 

K 

, c coth 


point ^0, < 


so that the curves ^ = const, and ^ = const. are orthogonal families of 
coaxial circles, with z = ± ic as the limiting points C, C'. 

Consider a two-dimensional flow in 
which the j/r-circles are stream lines and 
let ip —a. be a fixed circular boundary 
(cross section of a cylinder) of radius 

, with its centre A at the 

2 ™)- 

Though (1) represents w as a many- 
valued function, yet the velocity com¬ 
ponents being given by 

, . dw k c /A , 

— U + IV= „ , „ ...(4) 

dz t tz 2 + c 2 v ' . 

are single-valued and define a definite 
motion. 

Again the circulation round the cylin¬ 
der is the decrease in <p in going round 
any ^-circle. But if P is the centre of a 
^-circle, it is clear from (3) that the angle CPx is 2it<P/k 9 and if P is to vary 
its position so that a point of intersection of the <f>- and ^-circles travels 
round the latter, the angle CPx will increase by 2ir or <p will increase by 
rh 8 
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k, so that the circulation round the cylinder is — * in the positive sense 
or * in the clockwise sense. 

We can also verify the sense of the motion by considering the velocity 
on the axis Oy; putting z=0 in (4) gives 




k c 
7r c 2 — y* 9 


v = 0 


(5) 


making u positive above the cylinder and negative below it. 

Now apply the theorem of Blasius to find the resultant fluid pressure 
on the cylinder. 


We have 


dw _k c 
dz 7 r z 2 + c 2 ’ 


and 


X—.y^v'57, 


dz 


C(2 2 + C 2 )* 


integrated round any contour between which and the given circle there is 
no singularity in the integrand. The integrand has a pole at z = ic, and to 
find its residue there we write z = ic + £ where £ is small. Then 


1 = 1 _ _ a 

(z 2 + c*)» (2 ic£+£ a ) J 4c*£*V 2cJ 

_I_ i . 

~ 4c J J s 4c»£ " 

bo that the residue is — t/ 4 c s , and the value of the integral is vj2<?. 


Hence 


X-iY=^\ 
4 7TC* 


or X = 0 and Y= — pic* /tare ...(6). 

Now the fluid might have as an external boundary any other stream 
line, e.g. the a?-axis, giving flow round a cylinder parallel to a wall; or a 
larger ^-circle, say a circle of radius b with its centre J? at a distance d from 
that of the given circle A. 

In the former case, when the ar-axis is a rigid boundary, if the cylinder 
of radius a has its axis at a distance a' from the boundary, then c* = a' 2 — a 2 , 
and the force per unit length on the cylinder towards the wall is from (6) 
pK l jAn s j{a r2 — a*)*. 

In the case of the flow between two cylinders, we have 
OB — OA=d and OB 2 ~b 2 = c 2 = OA 2 -a 2 , 
so that OB + OA = (6 2 — a 2 )/d; 

therefore OB = (6 2 — a 2 + d 2 )/2d 

and c 2 = {(5 2 - o 2 + d 2 ) 2 - 46 2 d 2 }/4d 2 . 

It follows from (6) that in this case the force per unit length on either 
cylinder tending to increase the distance between their axes is 

pK 2 d/2n y/{(a + b + d) (b + d — a) (6 + a — d) (b — d + a)}*. 


* These results were obtained by Cisotti, Atti della R. Acad, dei Lined, 6 A, I, 
1925. 
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5*72. Reaction on a Moving Cylinder. Other Formulae. 

Let the motion of the cylinder be defined as in 5’1 by the 
velocity components J7, F of a point of its cross section and by an 
angular velocity a>. Let the reaction on the cylinder per unit 
length be represented by a force X, Y and a couple N; we shall 
obtain expressions for X, Y and N as products of U, F, <o and 
certain line integrals. 

In steady motion the pressure in the liquid surrounding the 
cylinder is given, as in 2*41, by 

pjp = const. — £ {(u - U) 2 + (v — F) 2 } + oj (xv — yu) .(1), 

and 

X= — I Ipds, Y— — I mpds and N = — | (mx-ly)pds ...(2), 

J c J c J c 

where l , m are direction cosines of the outward normal to the 
element ds of the contour G of the cylinder. 

The method is now to substitute for p from (1) in (2) and 
transform the integrals by making use of Green’s Theorem in 
the form 

where the contour G in the first integral is the complete boundary 
of the area A of integration on the right, the contour is described 
in such a sense as to have the area on the left and here (l, m) 
represents the normal drawn outwards from A. 

We must therefore assume an outer boundary for the liquid 
and take account of contour integrals on this part of the boundary. 
It is convenient to take a fixed circle of large radius as the outer 
boundary. Since no tubes of flow can end in the liquid or on a 
fixed boundary, therefore all such tubes start from the moving 
cylinder and return to it. The motion is therefore of the general 
type which would be produced by a doublet or doublets, so that 
(in two dimensions) the velocity potential at a great distance is 
of order 1/r and the velocity is of order 1/r 2 . On the large circle 
we may also assume that ljx = mly, so that the factor mx — ly is 
zero. 

Taking the variable terms in the pressure we have 

Xss + £/> f l(u 2 +v 2 )d8—p f l{u(U — ajy) + v(V + (ox)}ds...(S). 
Jo Jo 
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Considering the first integral, since on an infinite circle it clearly 
vanishes, we have by Green’s Theorem 

;(*■+»*)*—JJ(*5+»£) 


-//■ 


S^ 2 /3w 3t?\ 

9# + dy U \dx + dy) 


(lu 2 + muv)ds .(4), 


where we have made use of the equation of continuity, and again 
note that the integral round the infinite circle vanishes. 

Hence (3) becomes 

X = p I u(lu + mv)ds — p l{u(U-a)y) + v(V + u)x)}d8...(5) 

Jo J c 

where the integration is round the contour of the cylinder. But 
on this contour the normal velocity of the liquid is equal to that 
of the cylinder, so that 

lu + mv==l(U-~ajy) + m(V + <ox) .(6). 

Therefore X=p J (mu-lv) (V+ <x>x)ds\ 
or, since m = — dxjds and l = dy/ds, 


: = pj 

Jo 


(V + o)x)*~ds 


similarly Y= -p J (U - coy) ~ 


This gives 


X+iY= —ip{U + iV)j -^ds+pojj z^ds. 

If there is a circulation k round the cylinder then — J* ~ds = K, 

and X + iY=iK P (U + iV)+ P u> jz^ds .( 8 ), 

including as a special case the theorem of Kutta and Joukowski. 


* This discussion is based on a paper by Lamb, Reports and Memoranda of the 
Aeronautical Research Committee , 1218, 1929, also in Hydrodynamics , 1932, p. 184, 
which includes the effects of acceleration and contains results (7) and (12), and (8) 
in slightly different form. 
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If there is no circulation, then by an integration by parts we 
get r 

X + iY=— put l <f>dz . 

J a 

Again, from (1) and (2) 




J c 


(u 2 + v 2 ) (mx — ly) da 


—p J {u(U — <*>y) + v(V +<«>*)} (mx—ly)ds... (10), 

and since the first integral would vanish when taken round the 
infinite circle its value is, by Green’s theorem, 

fff / du dv\ / du 3tAl , , 

-n)\ z \ u ^ +v ^r y \ % te +v 7*)\ ixdy '’ 

and, by making use of the relations ~ ^ and ^ 4 *^ = 0, this 

J ° dy dx ox dy 

is seen to be equivalent to 


fff dxuv dxv 2 

dyu 2 

dyuv 

JJt dx + d v 

dx 



| dxdy, 

so that N=p J ( lu + mv)(pcv—yu)d8 

-pj {u(U~(oy) + v{V + o)x)}(mx-ly)d8 ...(11); 
whence by using (6) we find that 

n--,/ (mu — Iv) (xU + yV) ds 

=-p^(Ux+Vy) d ^d8 .( 12 ). 

When there is no circulation, an integration by parts gives 

N=pf <f>(Udx + Vdy), 

J c 

or N=real part of p(U — iV)j <f>dz .(13). 

When there is no circulation the formulae (9) and (13) may be 
further modified thus: taking the formula 5*1 (1) for iff on the 
contour C, we have 

J t/tdz=j {Vx-Uy + laj(x*+y 2 )}(dx + idy); 






REACTION ON A MOVING CYLINDER 


and provided that the origin is the centroid of the cross section of the 
cylinder . .. g 

J (x 2 +y 2 )dx- -JJ ^-(x 2 +y 2 )dxdy=0, 


and J (x 2 +y 2 )dy=jj^(x 2 +y 2 )dxdy=0, 

bo that f ifidz=A(U+iV) .(14), 

Jo 

where A is the area enclosed by the contour. 

It follows that (9) may be written 

X + iY = — pw f wdz + ipAoj(U +iV) .(9'); 

J c 

and we may write (13), adding a purely imaginary term, 

N=realpartof p(U—iV)j <l>dz + ipA (?7 8 +F a )J, 
or, from (14) 

N=realpartof|p(Z7 —*F)J (<f> + i>fi)dz 


i.e. N=real part of p(TJ— iV) j wdz .(13'). 

J c 

5’8. Formulae for Momentum. Consider the case of a 
two-dimensional motion represented by the relation w=f(z). 
The components H x , H y of the momentum of the liquid bounded 
by a contour C are given by 

H t + iH y = p j*J(w + 2V ) dxdy 

. 


integrated over the area bounded by the contour C. It follows 
that 

H x + iH y = p J \f/(dx + idy)—p f <fidz .(2). 

J c J c 

Alternatively, instead of (1), we have 

H x +iH u =- P jl^ + i^)dxdy 

=p <f> (idx—dy) = ip I <f>dz ......(3). 

Jc Jc 
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Also, by adding (2) and (3), we get 


H x + iH y = \ip^wdz, (w = <j>-i*l 


It follows in the same way, that, if the liquid is contained 
between two contours C , C ' of which C ' is the outer, then 


H x + iH y =p I fsdz — p I tpdz .(5), 

J C' J c 


and similar formulae corresponding to (3) and (4). 

These expressions for the linear momentum may lead to results 
independent of the shapes of the contours. For example, con¬ 
sider the momentum produced in liquid contained between two 
long cylinders, set in motion impulsively, so that their velocity 
components are U, V and U', V ' at right angles to their lengths. 

Then, on C, , T7 TT /c 

Vx— Uy (5*1) 


Similarly 


j \fidz— j (Vx— Uy){dx + idy) 
J c J c 

= A((J + iV). 

J iftdz^A'iU’ + iV'), 


where A, A* are the areas of the cross sections of the cylinders. 
Hence, from (5) 

H x + iH y =pA'(U' + iV')-pA(U + iV) 
or H x = M'U' — MU and H y = M'V'-MV, 

where H x , H y are momenta per unit length of cylinder, and 
M , M ' denote the masses of liquid which unit lengths of the 
cylinders would contain. 

5*9. Example. An elliptic cylinder, semi-axes a and b, is held with 
its length perpendicular to, and its major axis making an angle 0 with, the 
direction of a stream of velocity V. Prove that the magnitude of the couple per 
unit length on the cylinder due to the fluid pressure is trp (a 2 — 6 2 ) V 2 sin Q cos d, 
and determine its sense . (M.T. 1903.) 

Lot w = A cosh (£ — y) . (1), 

where A is real, £ = f -f M 7 , y = x + ijS and z = c cosh £. 

This makes ^ = 0 on f = x, which wo take to be the boundary of the 
cylinder. 

Then - u + iv= d ™ = A ^U-Y} . (2) . 

dz csinh{ ' 9 
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At a great distance from the cylinder ( is large, and u——V oos0, 
v = — V sin 6, so that (2) takes the form 

T7 A e<~y Ae-< a+i b 
Fe_ "=c-^ = —a” ' 
giving A = cFe® and 0 = 0 . 

Therefor© ~ = Ve a (cosh y — sinh y coth £) 

= Fe« (cosh y - sinh y -^—^. 

For large values of z this gives 

^=r«*{oo.hy-«nh,(]+^)} 


This fimction has a pole at the origin with residue 

- FW—v sinh y = - JFV’ (e **- e-W), 


8 othat / c (S ) 2 

has the value 


z dz taken round a large contour surrounding the cylinder 
— rriV 2 C 2 (c 2a — cos 20 + i sin 20 ). 


By the theorem of Blasius the couple on the cylinder is — Jp times the real 
part of this integral, i.e. — rrpV 2 (a 2 — b 2 ) sin 0 cos 0. The — sign in relation 
to the direction assumed for V above indicates that the couple tends to set 
the cylinder broadside to the stream. 

The result may also be obtained simply from 5*72 (13'). 
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1. An infinite circular cylinder of radius a is in motion in homogeneous 
fluid which extends to infinity and is at rest there. Shew that at any 
moment the pressure at a point of the fluid at distance r from the axis of 
the cylinder exceeds the hydrostatic pressure by 

whereis the component acceleration of the centre of the cylinder in the 
direction of r, u Y and v x are the component velocities in and perpendicular 
to that direction. (Trinity Coll. 1904.) 


2. In the case of the two-dimensional motion of a liquid streaming past 
a fixed circular disc, the velocity at infinity is u in a fixed direction where u 
is variable. Shew that the maximum value of the velocity at any point of 
the fluid is 2 u. Prove that the force necessary to hold the disc at rest is 
2 mu, where m is the mass of liquid displaced by the disc. 

(Coll. Exam. 1907.) 
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3. Shew that when a cylinder moves uniformly in a given straight line 

in an infinite liquid, the path of any point in the fluid is given by the 
equations <fe_ Va * dz'_ Va* 

dt ~ (V- Vt)* ’ dt ~(z-Vt )*' 

where V =velocity of cylinder, a its radius, and z> z* are x + iy f x—iy where 
x, y are the coordinates measured from the starting point of the axis, along 
and perpendicular to its direction of motion. (Coll. Exam. 1897.) 

4. The space between two fixed coaxial circular cylinders of radii a and 
6 , and between two planes perpendicular to the axis and distant c apart, is 
occupied by liquid of density p. Shew that the velocity potential of a 
motion whose kinetic energy shall equal a given quantity T is given by Ad, 

where npA*c log b/a = T. 

Work out the same problem for the space between two confocal elliptic 
cylinders. (St John’s Coll. 1903.) 


6 . A circular cylinder of radius a is moving with velocity U along the 
axis of x; shew that the motion produced by the cylinder in a mass of fluid 
at rest is given by the complex function 

w = <f> + iifj — a z U/{z— Ut), 
where z — x + iy- 

Find the magnitude and direction of the velocity in the fluid; and deduce 
that for a marked particle of the fluid, whose polar coordinates are r, 6 
referred to the centre of the cylinder as origin, 

*£ +i 2=?(S e ""' e " w ) and (’•-?) sin *= 6 - 

Hence prove that the path of such a particle is the elastic curve given by 
p(y-ib) = ia 2 , 

where p is the radius of curvature of the path. (St John’s Coll. 1911.) 


6 . An infinite cylinder of radius a and density a is surrounded by a 
fixed concentric cylinder of radius 6 , and the intervening space is filled with 
liquid of density p. Prove that the impulse per unit length necessary to 
start the inner cylinder with velocity V is 

5^2 {{<7 + p) b*-(<7-p) a*} V. (Trinity Coll. 1912.) 


7. A stream of water of great depth is flowing with uniform velocity V 
over a plane level bottom. An infinite cylinder, of which the cross section is 
a semicircle of radius a, lies on its flat side with its generating lines making 
an angle a with the undisturbed stream lines. Prove that the resultant 
fluid pressure per unit length on the curved surface is 

2oIT— 3 pa V 2 sin 2 a, 

where II is the fluid pressure at a great distance from the cylinder. 

(Trinity Coll. 1896.) 

8 . The space between two infinitely long coaxial cylinders of radii a and 
b respectively is filled with homogeneous liquid of density p and the inner 
cylinder is suddenly moved with velocity U perpendicular to the axis, the 
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outer one being kept fixed. Shew that the resultant impulsive pressure on a 
length l of the inner cylinder is 

„paH^±^ t V. (M.T. 1882.) 


9. Verify that the stream functions for uniform streaming parallel to 
the axes past a solid, bounded by those parts of the circles 
(*+l)* + S / 2 = 2 , (x— 1) 2 + 2/ 2 = 2 
which are external to each other, are 


and 


fr=y[ 1 + 


4= -* + 


_2_2 “I 

x* + y* (a;+l)* + y* (ar-l)*+y*J 
x . 2 (x+ 1 ) , 2 (*-l) 


r z* + y* + (* +1 )* + y* ^ (x - 1 )»+y* ; 
and, when the stream is inclined at an angle a to the line of centres, find the 
equation to the stream line that divides on the solid. (M.T. 1894.) 


10 . If a long circular cylinder of radius a moves in a straight line at 
right angles to its length in liquid at rest at infinity, shew that when 
a particle of liquid in the plane of symmetry, initially at distance 6 in 
advance of the axis of the cylinder, has moved through a distance c, then 
the cylinder has moved through a distance 

b 2 — a 2 

c + ——2—. (M.T. 1931.) 

6 + a coth - 


11. A circular cylinder is fixed across a stream of velocity U with 
circulation k round the cylinder. Shew that the maximum velocity in the 

liquid is 2U + ^™ , where a is the radius of the cylinder. (M.T. 1927.) 

12. An elliptic cylinder, the semi-axes of whose cross section are a and 6 , 

is moving with velocity U parallel to the major axis of its cross section, 
through an infinite liquid of density p which is at rest at infinity, the 
pressure there being II. Prove that in order that the pressure may every- 
where be positive pU‘<2am/(2ab + b 1 ). (M.T. 1906.) 

13. In the two-dimensional irrotational motion of a liquid streaming 
post a fixed elliptic disc x 2 /a 2 + y 2 lb 2 =z 1 , the velocity at infinity being 
parallel to the major axis and equal to V , prove that if 

x + iy = c cosh (f + irj), 
a 2 — 6 2 = c 2 and a = c cosh a, 6 = c sinh a, 
the velocity at any point is given by 

2 = 72 a + ft sinh 8 (£-«) +sin 2 77 
^ " a — 6 * sinh 8 £ + sin* vj * 

and that it has its maximum value V (a + b)[a at the end of the minor axis. 

(Coll. Exam. 1899.) 

14. An infinite two-dimensional stream whose velocity potential is 

r 

H A n r n cosnd f is disturbed by the insertion of a stationary cylindrical 
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obstacle r=c. Shew that the pressure on the cylinder is in the direction 

00 t 

0=0 and of amount X A n ^4 n ^4 n+1 , where the A’s are independent of the <4's. 

(M.T. 1921.) 

15. Shew that with proper choice of units the motion of an infinite 
liquid produced by the motion of an elliptic cylinder parallel to one of its 
principal axes is given by the complex function 

w —where 2 = 2 cosh £. 

Deduce the formulae 

y=+( l -?h) 

and trace the curves ^=const., ^ = const., indicating which parts are of 
physical interest. (St John’s Coll. 1909.) 

16. Prove that the relative stream lines of the liquid bounded by the 
hyperbolic cylinders 

x(x-y)-a* = 0, y(x + y)-b* = 0 
are the quartic curves 

{x (x — y) — a 2 } {y (x -h y) — b 1 } = const. (M.T. 1881.) 

17. If liquid be contained between two confocal elliptic cylinders, and 

two planes perpendicular to the axes, prove that if the outer cylinder be 
made to rotate about its axis, the inner will begin to rotate with sech 2 (£—a) 
times the angular velocity of the outer cylinder, supposing c cosh a, c sinh a 
the semi-axes of the inner cylinder, and c cosh ft, c sinh ft of the outer; 
neglecting the inertia of the cylinder. (M.T. 1881.) 

18. An elliptic cylinder is placed in a steady stream which at infinity 

makes an angle a with the major axis of the cylinder. Shew that on the 
ellipse the pressure is greatest at the points where the stream divides, and 
least at the points where the fluid is moving parallel to the stream as it 
meets the ellipse. (Trinity Coll. 1906.) 


19. Prove that when an infinitely long cylinder of density a whose 
cross section is an ellipse of semi-axes a, b is immersed in an infinite liquid 
of density p the square of its radius of gyration about its axis is effectively 
increased by the quantity p (a 2 — b 2 ) 2 

ab 


(Univ. of London, 1907.) 


20. Determine the character of the two-dimensional fluid motion inside 

the ellipse (a, 6), for which the stream function is k ^; and find the 

pressure at each point in the cross section when there is no field of force. 

(St John’s Coll. 1901.) 

21. An infinite elli ptic cylinder with semi -axes o, b is rotating round its 
axis with angular velocity o>, in an infinite liquid of density p which is at 
rest at infinity. Shew that if the fluid is under the action of no forces the 

moment of the fluid pressure on the cylinder round the centre is |vpc 4 ^, 

where c 2 = a 2 — b 2 . (Coll. Exam. 1902.) 
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22 . The space between two confocal elliptic cylinders (o 0 , 6 0 ) and 
(«!, 6 j) and two planes perpendicular to their axis is filled with liquid. If 
both cylinders be made to rotate about their common axis with angular 
velocity o>, the kinetic energy of the motion set up is 

I McoPc* (6 x a 0 ^o®i)/(®i®o — ^1 ^o) (®i^i ®o^o)» 

M being the mass of the liquid, and 2c the distance between the foci. 

(St John’s Coll. 1900.) 

23. An elliptic cylinder whose semi-axes are c cosh a, c sinh a is divided 
in two by a plane through the axis of the cylinder and the major axis of its 
cross section. An infinite liquid of density p streams past the cylinder, its 
velocity U at infinity being uniform and parallel to the major axis of the 
cross section of the cylinder. Shew that in consequence of the motion of 
the liquid the pressure between the two portions of the cylinder is 
diminished by 

pcU 2 e a sinh a {2 cosh a + e* sinh a log tanh £a} 
per unit length of the cylinder. (M.T. 1899.) 


24. A fixed elliptic cylinder whose principal axes are c cosh p, c sinh p is 
surrounded by infinite liquid in which there is a source of strength m at the 
point ccoshy, 0 ; prove that if p is very small the stream function of the 

m0t, ° n 18 ^=mtan'’- 8 l n g sinh -Z?-_ rnp sin 


where 


cos f cosh r) — cosh y cosh (y + y) — cos f ’ 

x + iy = ccos(g — ir)). (Coll. Exam. 1900.) 


25. A thin shell in the form of an infinitely long elliptic cylinder, semi- 
axes a and b, is rotating about its axis in an infinite liquid otherwise at rest. 
It is filled with the same liquid. Prove that the ratio of the kinetic energy 
of the liquid inside to that of the liquid outside is 2 ab : a 2 -f b 2 . 

(M.T. 1926.) 


26. A long circular cylinder moves through an infinite liquid, which is 
at rest at infinity, with a velocity u at right angles to the axis. If the cross 
section is not quite circular but has for equation 

r = a(l + ccosnfl), 

where € is small, shew that when the motion is parallel to the axis of x, the 

approximate value of the velocity potential is 

(a a n+1 a n—1 ) 

ua cos 6 + € ^ cos (n + 1) 6 - € cos (n - 1) 0 j . 

(Coll. Exam. 1901.) 

27. Liquid of density p is circulating irrotationally between two con- 
focal elliptic cylinders f = a, f = p, where 

z + iy = c cosh (f + irj). 

Prove that, if k is the circulation, the kinetic energy per unit length of 
cylinder is (M.T. 1925.) 

28. If f, rj be conjugate functions of x and y, such that the curves for 
which f is constant are closed ovals surrounding the origin, then the 
kinetic energy and moment of momentum of homogeneous fluid of density 
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p contained between two curves and £ a , which are rotating with unit 
angular velocity about the origin, can be expressed in the form \Mk 2 and 
Mk 2 respectively, where 

Mk>=i P jlx'+y^dr, 

taken round the boundaries. (M.T. 1895.) 

29. Shew that the angular momentum, of a two-dimensional motion of 
a homogeneous fluid, about an axis perpendicular to the plane of the motion, 

is pju?<t>ds, the integral being taken round a cross section of the containing 

vessel, where m is the perpendicular from the axis to the normal of the cross 
section, p is the density and <f> the velocity potential. 

If the vessel be rotating with angular velocity to, and I o>, I 0 o> are the 
angular momenta about the axis of rotation, and the line of centroids of 
the cross sections respectively, find an expression for I — J 0 in a form which 
does not depend on the shape of the vessel. (M.T. 1897.) 

30. Provo that, if 2 a, 2b are the axes of the cross section of an elliptic 
cylinder placed across a stream in which the velocity at infinity is U 
parallel to the major axis of the cross section, the velocity at a point 
(a cos 77 , 6 sin 77 ) on the surface is 

U (a 4 - b) sin 17 (ft 2 cos 2 77 + a 2 sin 2 77 )“^; 

and that, in consequence of the motion of the liquid, the resultant thrust 
(per unit length) on that half cylinder on which the stream impinges is 
diminished by 2b*pU i t. /a + 6 U. ,fa-b\h\ 

a-b \ l \a—b) tan \a+b){’ 

where p is the density of the liquid. (M.T. 1924.) 

31. An infinite cylinder contains fluid and is rotating with angular 
velocity o> about its axis Oz. Shew that the two-dimensional irrotational 
motion of the fluid may be determined by use of the relative stream func¬ 
tion x » where x i s constant on the boundary, and satisfies the equation 

a 2 y a 2 y . 

+ — = — 2 a> at mternal pomts. 

Shew that the kinetic energy of the fluid is less than its kinetic energy 
when it is rotating as a rigid body with the same angular velocity by 

* p //{(&)‘ + ©’\ dxdy - 

(Univ. of London, 1915. 

32. A circular cylinder of radius a and infinite length lies on a plane in 

an infinite depth of liquid. The velocity of the liquid at a great distance 
from the cylinder is U perpendicular to the generators, and the motion is 
irrotational and two-dimensional. Verify that the stream function is the 
imaginary part of w=naUooth(na/z), 

where z is a complex variable zero on the line of contact and real on the 
plane. Prove also that the pressures at the two ends of the diameter of the 
cylinder normal to the plane differ by 7r 4 p(/ 2 /32. (M.T. 1929.) 
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33. A hollow vessel of the form of an equilateral triangular prism, filled 
with liquid, is struck eccentrically by a given blow in a plane perpendicular 
to the and bisecting the three edges; find the initial motion of the 
vessel. (M.T. 1887.) 


34. What is the nature of the motion in the neighbourhood of the 
origin, when, / (z) being continuous finite and one-valued in that neigh¬ 
bourhood, dw m 

W a, = «+/(•). 


(2) 

(3) 


m and M being real ? 


dz 
dw im 
dz= z + f( Z) ' 

dz=T* +f{e) ’ 


(Univ. of London, 1911.) 


35. Find the steady motion in two dimensions of an incompressible 
liquid, such that the stream lines are all ellipses similar to 

x 2 /a 2 + y 2 lb* = 1, 

which is possible under the action of external forces whose components at 
the point xy are X = Axy 2 , Y = Bx 2 y, where A and B are constants. 

(Dublin Univ. 1911.) 


36. In a two-dimensional irrotational motion of an incompressible 
fluid, the space between two cylinders whose cross sections are the 
curves G t and C % is completely filled with fluid, and G x is wholly inside C % . 
If the velocity components are — d<j>/dx and — d<j>ldy, and <f> is single-valued. 


shew that 




where l is the cosine of the angle between the outward normal and the 
axis of x 9 and the differentiation is along the outward normal. 

An infinite solid cylinder, whose section is the curve C f moves with 
velocity U along the axis of a; in an infinite expanse of inviscid, incom¬ 
pressible fluid, of constant density p, and (j> is the (single-valued) velocity 
potential of the fluid motion, defined as above. Shew that T, the kinetic 

energy of the fluid per unit length, is equal to ipU j l<f>ds. 

If for large values of z 

* +i *= ES ¥ e>+ °{il^ 

use the equality above to prove that 


!T=JpU 8 (27rA-A), 
where A is the area enclosed by C. 


(M.T. 1934.) 



CHAPTER VI 


THE USE OF CONFORMAL REPRESENTATION. 
DISCONTINUOUS MOTION. FREE STREAM 
LINES. AEROFOILS 


6*1. Conformal Representation. If 

f + + or t =/(z), 

and we take (f, rj) and (x, y) to be rectangular coordinates of 
points in two planes which we may call the t plane and the z plane, 
then the point (£, rj) in the t plane corresponds to the point (x, y) 
in the z plane and the functional relation between t and z implies 
(3*21) that at an ordinary point the ratio btjbz of small corre¬ 
sponding elements tends to a limit which is independent of the 
direction of 8 z. Thus let P, P l9 P 2 be near points z, z lf z 2 and 
Q, Qi> Q2 the corresponding points t, t Xi t 2 . Then we may write 

z 1 — z=r 1 e t0 i, z 2 — z = r 2 e i0 iy 

t\ ^2 ^ == P2^ 1 ^ 2 > 



O X O 


and since the limit of bt/bz is independent of direction, therefore 
and tend to the same limit. Hence the ratios and 

€r u i * VV2 

PP 

p~ are ultimately equal, as are the angles <f> 2 — <f> x and d 2 — 6 X or 
Jrr 2 

Q1QQ2 an( l PiPP 2> and this establishes the similarity of the 
corresponding infinitesimal elements of the two planes, though 
corresponding finite areas of the two planes are not similar. Such 
a relation between the two planes is called the conformal repre¬ 
sentation of either plane on the other. 
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It is to be observed that the similarity of infinitesimal elements 
of the two planes will not hold good at points at which dt/dz is 
zero or infinite, as for example at a branch point of a multiple¬ 
valued function. Thus, the origin is a branch point in the t plane 
of the function t—z^ 

and as z describes a circular arc of angle a round the origin, t 
describes an arc of angle £oc so that corresponding elements of the 
planes are not similar. 

Now let there be two areas occupied by a fluid in motion. Let 
£, rj be the coordinates of a point II in one, and x, y the coordinates 
of a corresponding point P in the other. Let <p, ip be the velocity 
potential and current function of any motion within the chosen 
area in the t plane given by 

<j> + iip = Xi^ + i 7 l)> 

and let the boundary be ip==F 1 (£,r)) = const. If we substitute 
for £, rj their values in terms of x, y, we get a relation 

</>+fy=xz {*+iy), 

and, if F 1 (£, tj) = F 2 {x,y), the corresponding boundary in the 
z plane is ip == F 2 (x, y) = const. Hence the same functions <p and ip 
are now the velocity potential and stream function of a motion 
in the z plane with a boundary F 2 (x, y) = const. 


6 # 11. It is clear that f, rj are themselves the velocity potential 
and stream function of some motion in the z plane and if we write 


M2N!r-ffiW- 

we may call h the velocity of the transformation, and as in 5*3 
we see that veloc. of P = h x veloc. of II. 


Thus the actual velocities at corresponding points may be com¬ 
pared. The directions of motion at corresponding points make 
equal angles with corresponding lines in the areas. 

Since didr, = (| h.- 11) dxdy = hHxdy, 

corresponding elementary areas in the t and z planes are in the 
ratio A 2 :1. Hence the kinetic energies of the two fluids that 
occupy corresponding areas are equal. Thus the whole kinetic 
energies of the two motions are equal, but differently distributed 
over the areas of motion. 
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6 * 12 . If a source exist in one fluid there will be a source at the 
corresponding point of the other fluid . This follows at once from 
the fact that \fs is the same at corresponding points in the two 
fluids, so that J d*f r taken along corresponding arcs of curves must 
have the same value. That is, the flow across corresponding arcs 
is the same. At a pair of corresponding points at which t and z 
possess no singularities a small curve surrounding one corresponds 
to a small curve surrounding the other, and J difs round either 
curve represents the flow across it. Hence to a source at one such 
point must correspond a source of equal strength at the other. 
But care must be taken at a zero, infinity or branch point of the 
function that t is of z or that z is of t. A source will always 
correspond to a source but the strengths may differ; thus in the 
case t=z* , since a semicircle round t = 0 corresponds to a circle 
round z = 0 and the flow across both is the same, if there be a 
source of strength m at 2 = 0 the corresponding source at t=0 
must be of strength 2m. 

If a doublet of strength m exists in the z plane at a point 
which occasions no singularity in t there will clearly be a doublet 
at the corresponding point in the t plane, the axes of the doublets 
will be in corresponding directions, i.e. they will make equal 
angles with any two corresponding lines through the points, and 
the strength w! of the doublet in the t plane will be given by 

m'/m= | dt/dz | =h } 

for the strength of a doublet is the product of the strength of a 
source and an infinitesimal length. 

6*121. Example. Consider the transformation 

$ = z*, 0<K<1. 

If we use polar coordinates r, 6 in the z plane and p, x in the t plane, this 
relation may be written ^, x _ rKe uid t 

so that x = *0* and p=r“. 

Suppose there to be liquid in the z plane bounded by the real axis, i.e. 
from 0=0 to 0= rr. The corresponding boundaries in the t plane are 0=0 
and 6= kit. 

First let the motion in the z plane be due to a source of strength m at the 
origin, then * + i0=-mlog*. 

The corresponding motion in the t plane is therefore given by 

\ w 

+ r= — mlog£*=: — ~ log t, 


R1I 


9 
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and this represents motion due to a source of strength m/#c at the origin in 
an area of the t plane bounded by 6 = 0 and d = kit. 

Secondly if the motion in the z plane is due to a source m at s=o f we 
must introduce an equal source at the image point a / with regard to the 
real axis in order to make the real axis a stream line. Then we have 


^ + — mlog(z — a) (z — a'). 

If 6 = o* and 6 ' = a' K be the points in the t plane corresponding to a and o' 
the motion in the t plane is given by 

ill i 

^ + = -m log ( 2 *- 6 *) (t*- 6 '*). 

To investigate the form of this expression in the neighbourhood of the 
point 6 , we write t = b 4 - 8t, and it is easily seen that the variable part of 
tj> + reduces to — m log 82 or — ra log (2 — 6 ). Hence it follows that in this 
case the motion in the 2 plane is due to a source of strength m at 6 . 

6*2. We may use this method, by proper choice of formulae 
of transformation, to deduce the motion with a complicated 
boundary from that with a simpler boundary. Thus to find the 
motion of a fluid with sources or doublets P*, P 2 ,... within an 
infinite area on the z plane with a boundary P 2 ( x , y) = 0. First 
suppose the sources and doublets removed and try to find a 
steady acyclic motion of fluid with the same boundary. If this 
can be done, let £, tj be the velocity potential and stream function, 
so that rj is constant along the boundary F 2 , say tj = k. Then use 
£, rj as the formulae of transformation; the boundary F 2 trans¬ 
forms into the straight line rj = k and the area of motion trans¬ 
forms into the infinite area on one side of this line. Now replace 
the sources and doublets P,, P 2 , ... by corresponding sources 
and doublets II*, II 2 ,... in the t plane. The motion in the t plane 
due to the sources and doublets II*, II 2 , ... can generally be 
inferred by placing single images for each on the other side of the 
line rj = k 9 and so we obtain <f> + iifs in terms of £ 4- irj for the motion 
in the t plane, and substituting for f y in terms of x and y we get 
+ in terms of x + iy giving the motion in the z plane due to the 
sources and doublets P*, P 2 , .... 


6*21. Examples. 1. To find the motion in the space bounded by x = 0, 
y =z 0 , y = 6 due to a source at the origin. 

We want a solution of 1^ 


* 1 ? JS 

dx^dy 2 


= 0 


that will make yj constant when x = 0 , y = 0 , or 

y-*>- 0 ‘ x 
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If w© put i) =/ (x) sin , we get 


dx* 6 2/ ~ U ’ 

so that f (x)—A sinh ^+B oosh , 

and we shall have rj = 0 when x = 0 if B = 0. 

Hence 

and the conjugate function is 


. . ,irX . try 
r) = A sinh sin -y, 


so that 


. A , rrx rry 
£ = A coshcos 

t = £ + ir) = A cosh ^ (x + iy) = -d cosh ^ 


transforms the given boundary into the straight line 17 = 0 , and the point 
£ = .4, 77 = 0 corresponds to # = 0 , y — 0 . 

If we place a source of strength m at this point, we have for the motion 
in the t plane ^+i^= -mlog(t-A). 


Therefore the motion in the z plane is given by 

<f> + — m\o%A ^cosh^ — 1 

or omitting an additive constant 

<f> *+• itp — — 2 mlog sinh 


and it is to be observed that since the straight boundary in the t plane 
corresponds to a right angle at O in the z plane, the motion in the z plane is 
due to a source of strength 2 m. 


2. Verify that , if r, s be real positive constants , 

z — x + iy, a = pe'P, c “ 1 = r ~ 1 + 5 ~ 1 , 

the steady motion outside both the circles x 2 + y 2 + 2 sx = 0 , x 2 -\-y 2 — 2 rx = 0 , 
due to a doublet at the point z — a , outside both the circles , of strength p and 
inclination at to the axis of x , is given by putting <j> + i\ft equal to 


cot ctt 0 — ^ — e - * (a ~ 2 cot C7r 

where z = a 0 is the inverse point to z — a with regard to either one of the circles . 

(M.T. 1896.) 

The transformation t — -, or f + ir\ — K-r—i * 
z * ' x a + y 2 


f- s* + y*’ V-x' + y*’ 

makes the given circles correspond to straight lines 77 = — 1 / 2 s, 77 = l/ 2 r in 
the $ plane, and the space between these lines clearly corresponds to the 
space outside the circles. 

To correspond to the doublet of strength p at z = a we must take one of 
strength J*? I = at the point $ 4 - 177 = t = - = — ^ - . 

I lt-a P a p 


9-2 
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To get the direction of this doublet in the t plane, we observe that the 
doublet fi at a makes an angle a with Ox 
and therefore makes an angle $ it — (2 £ — a) 
with the circle of the same coaxial family 
that passes through a ; and this circle trans¬ 
forms into a parallel to 0( in the t plane 
so that the doublet in the t plane makes 
an angle Jtr — (2/3—a) with 17 = (cos p)/p. 

Instead of taking an infinite series of 
images of this doublet in the parallel 
boundaries 37=— l/ 2 s, 37 = 1 / 2 r in the 
t plane, we make another substitution which transforms the strip of the 
t plane into the upper half of a plane z '; viz. 

2 *rc(t+^) 2nc(£+iy+±) 

z—e ' or re*^ = a? +iy = e v * 8/ , 

for this makes 0 ' = 2nc * 80 ** V increases from — 1 / 2 * to 1 / 2 r, 

0' increases from 0 to ir. And we may now omit the constant factor 
e vci,t from z' as it only implies a rotation of the axes about the origin. 
There is now therefore a single boundary y' = 0; and the last doublet 

£ at * = - becomes a doublet I I at z'= e 2irei/a ; i.e. a doublet 

p* a p* I at !*_</„ 

u' = £ I 2irce 2ncila I = ~g 2 nc(ain W. 

P P 

Also since the doublet in the t plane makes an angle \n + a — 2)3 with 
17 = (cos fi)lp, therefore the doublet p makes the same angle in the z' 
plane with the radius 6' = (2?rc cos P)/p, or an angle 

y = Jw + a — 2j8 + ( 2ttc cos 0)/p, 

with Ox'. 

This doublet gives rise to a motion represented by 



!L*1 e ** c<la ■ 

w — z ' __ e 2tr ci/a ~~ p 2 ° e **ci/g _ ginci/o 


2 njtm _ e 




#>* 


a-s> 

Mwc 6-3- fBinwc G-i) 

/1 i\ 

sin ire (- 

\z a) 


— e <(tt *" 2 ^ cot nc (- — + const. 


But this doublet will require an equal doublet as an image symmetri¬ 
cally placed with regard to the line y' = 0, and this can easily be shewn 
to give rise to the other term in w. 
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6*3. Discontinuous Motion. We have now arrived at a 

point in the theory of motion of a perfect fluid at which it is 

again necessary to emphasize the difference between this and 

real fluids. In any steady motion, apart from external causes, 

we have , ^ , _ a 

p/p = C-lq*, 


where C is a constant, so that for large velocities the pressure 
will be negative. This is physically possible, and in the case of 
a liquid there is then the question whether ‘cavitation’ ac¬ 
companied by evaporation takes place or not. In many cases 
single liquid elements would be in the region of low pressure 
for too short a time for the necessary transfer of heat to cause 
evaporation, but if the liquid contained dissolved gas a separa¬ 
tion might take place. In the flow of a gas there is no question 
of cavitation because indefinite expansion is possible. So far as 
we are concerned with ideal liquid, cavitation would prevent 
the establishment of the large negative pressure and infinite 
velocities which the theory of continuous flow sometimes re¬ 
quires, e.g. in 5*31. But in real fluids viscosity is the important 
consideration, and the slightest amount of viscosity is effective 
in so modifying the motion, before any cavitation takes place, 
that no large negative pressures are brought into being. In the 
perfect fluid theory it is assumed that when an obstacle hinders 
the flow of a stream there is generally a region of ‘dead-water’ 
behind the obstacle; this region is separated from the rest by a 
surface of stream lines and there is a discontinuity in the tan¬ 
gential velocity as we cross the surface*. We have seen in 3 # 72 
reasons why such a surface should be unstable, but in the analysis 
which follows in the examples considered in the next few articles 
we shall proceed on the hypothesis of the existence of a steady 
state. 


6*31. We propose now to consider some cases of discontinuous 
two-dimensional motion, such as the flow of liquid through an 
aperture, and the impact of a stream on a plane lamina. The 
earliest solutions of problems of this nature were by Helmholtzf, 

* This idea of discontinuity was enunciated by Stokes, ‘On the Critical Values 
of the Sums of Periodic Series’, Trans . Carnb. Phil. Soc . vm, or Math, and Phys . 
Papers, i, p. 310. 

t ‘Ueber discontinuirliche Fliissigkeitsbewegungen’, Berlin . Monutsberichte, 
1808. 
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and Kirchhoff* who developed a general method of treatment 
applicable to cases in which the fixed boundaries are rectilinear, 
and where there may also be surfaces of constant pressure which 
may be free surfaces of the liquid or surfaces separating a portion 
of liquid at rest from the rest of the liquid. The given fixed 
boundaries are portions of stream lines, the other boundaries 
may be regarded as free stream lines and the solution of the 
problem will determine their form and position. Along the fixed 
boundaries the direction of the velocity is known but not its 
magnitude, and along the free stream lines, the pressure being 
constant, the velocity is constant in magnitude though its 
direction is not known. We must point out however that the 
problems of flow of a jet and flow past an obstacle are different 
in character, and that in the latter case the results of the free stream 
line theory are of little practical importance because they are widely 
at variance with reality . 


6*32. In any particular case it is our object to find a suitable 
relation between w and z, i.e. to express </> and ip in terms of x 
and y . When we have found the equation of the stream lines, 
0 = const., it will of course include the equations of the fixed 
boundaries. 

For this purpose Kirchhoff introduced the intermediate 
function 


* dw 

= e iB lq, 


dz u + iv 


(3-51) 


where 9 is the inclination to the x axis of the velocity q, so that 9 
is constant along a fixed boundary and q is constant along a free 
stream line. Kirchhoff then shewed how, by conformal repre¬ 
sentation, to obtain a relation between w and this function £, and 
the elimination of £ between this relation and dz/dw = —£, gives on 
integration a relation between w and z. 


6*33. In our two-dimensional problem we have a certain 
region on the z plane bounded by stream lines, that is, lines for 
which if/ is constant, so that the corresponding region on the w 
plane will be bounded by straight lines parallel to the <f> axis. The 
method that we shall use for obtaining the relation between w and 


CreUe, 1869. See also Mechanik , chaps, xxi, xxh. 
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z consists in making two intermediate transformations*. Thus 
consider the function 

£2 = log £ = log gr 1 + id. 

Since the figure in the z plane is bounded by lines for which 
either 6 is constant or q is constant, and we may by suitable choice 
of units take unity to be the constant value of q along the free 
stream lines, hence if the z plane is conformally represented on 
the £2 plane the fixed boundaries {6 = constant) on the z plane 
will correspond to fines parallel to the real axis on the £2 plane, 
and the free stream fines (q= 1) on the z plane will correspond 
to portions of the imaginary axis on the £2 plane. Thus the 
figure on the £2 plane is rectangular and bounded by straight 
fines. 

We next make use of a theorem due to Schwarzf andChristoffelJ 
by which a rectilinear polygon in one plane can be transformed 
into the real axis in another plane, which we will call the t plane. 
This theorem enables us to determine the relations between £2 and 
t and between w and t that will transform our figures in both the 
£2 and w planes into the real axis in the t plane, so that points which 
ought to correspond in the £2 and w planes both correspond to the 
same point on the real axis in the t plane. The elimination of t 
then gives w in terms of £2 or log (— dzjdw) and hence we get the 
required relation between w and z, though it is sometimes more 
convenient to retain t as a variable parameter. 

6*4. Theorem of Schwarz and Christoffel. If z = x + iy 

and t = £ -f irj then any polygon bounded by straight fines in the z 
plane can be transformed into the axis of £, points inside the 
polygon corresponding to points on one side of the axis of and 
the relation that effects this transformation is 

dz - l -i -*-i ~-i 

(t-z 2 r ...(t-inV , 

where a ls a 2 ,... a n are the internal angles of the polygon in the 
z plane, and f x f 2 > • • • are points on the axis of £ that corre¬ 
spond to the angular points of the polygon in the z plane. 

* See Love, ‘On the Theory of Discontinuous Fluid motions in two dimensions\ 
Proc. Camb. Phil . Soc. vn, p. 175. 
t ‘Ueber einige Abbildungsaufgaben*, Crelle , lxx, 1869, p. 105. 
t ‘Sul problema delle temperature stazionare’, Annali di Malematica, I, 1867, 
p. 89. 
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To verify this, we observe that dz/dt is never zero or infinite 
except at the points £ lf £ 2 , ••• on ^he real axis of £. Also if 
dz/dt =* Re i9 > where R is real, the argument 0 remains unchanged 
so long as £ is real and does not pass through any of the values 
£1 > £2 * • • • €n> hence the argument of dz is constant so long as t lies 
between any two of the values^ ,£ 2 , and a Upoints z which 
correspond to points between £ r and £ r+1 , say, on the axis of £, lie 
on a straight line in the z plane. 

Hence it appears that points on one side of the axis of £ in the 
t plane correspond to points within a polygon on the z plane and 
that the points^, £ 2 ,... £ n correspond to the comers. 

Now consider the change in the argument of dz/dt as t, moving 
along the £ axis, passes through the point £ r . It is clear that the 

^-1 

only factor that will give rise to any change is (t — £ r ) n , and we 





> 


can make the passage by making the path near £ r a semicircle of 
small radius e with centre at £ r as in the figure. On this semi¬ 
circle t — £ r = €e i6 , so that 



and as the semicircle is described 0 changes from n to zero, hence 
the argument of dz/dt increases by 7r — a,.. There is, therefore, a 
change of argument in the z plane amounting to it — 0 ^, so that 
the lines in the z plane corresponding to | r „ 1 | r and £r£r+ 1 make 
an angle 7r —a,, with one another and the internal angle of the 
polygon corresponding to the corner £ r is a r . 


6*41. When we wish to transform a given polygon in the z 
plane into the axis of £ in the t plane, the values of a x , a 2 ,... a n are 
known, and as regards the values of$ l9 £ 2 ,... £ n three of them may 
be chosen arbitrarily and the others then depend on the dimen¬ 
sions of the polygon. For in order to construct a polygon similar 
to a given polygon of n sides we must have n — 3 relations between 
the lengths of the sides. Any arbitrary distribution of the points 
fi> £ 2 * ••• provided they are taken in the proper order, will 
correspond to a polygon whose sides are in the right directions 
but, if the polygon is to have definite shape, only three of the 
points £ 1 , £ a , ••• £ n can be chosen arbitrarily. 
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By consideration of the function 


d 

dt 



■K' a rl' tr i 

s i=r 


9 


it can be shewn that if the point f=oo be taken to correspond 
with one comer of the polygon the corresponding factor in the 
expression for dz/dt is omitted*.' 


6*42. As indicated in 6*33 the cases jvith which we are concerned will 
be those in which the polygon is rectangular. For a rectangle 

*! = ** = «. = « 

and if the comers correspond to the points g lf f t , f 4 on the ( axis we 
have dz_ A 

(i) If we take &= — 1 , 1 , £ s = oo it is clear that two sides of the 

rectangle are infinite, so that we must also have ( 4 = — oo, and the relation 
is, in this case, ^ A 

dt—y/tFZ x* 

This gives z=A cosh' 1 *-!- B; and if we t€ike I? = 0, which only means 
moving the origin in the z plane, we have 

t — coshz/A f 

and the following values correspond: 

*= 1, —1, oo, — oo; 2 = 0, in A, oo, oo +inA. 

The area in the z plane is then a strip of breadth nA parallel to the real 
axis and extending from x = 0 to x = oo. 


_Jl 

-oo 


y\ 


z plane 


*i 

J4 


tplane 


-1 



and the points in the two diagrams that correspond are indicated by like 
suffixes; z lt z 9 , z Sf z 4 corresponding to £= —oo, — 1, 1, oo. 

(ii) Another method of representing on the t axis the comers of the same 
strip of the z plane is to regard the strip as a triangle of zero angle in the 


* See Forsyth's Theory of Functions , Art. 268. 
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direction #= 00 , we may then take any three points on the £ cuds in the 
t plane to correspond to the comers, say the points t— — 1, a t 1, as shewn 
in the figure. 




The relation connecting z and t is then 
dz __ A 

which gives on integration 

iA , ,o<-l , D 
z = „ cosh -1 -h B , 

Vl-o 2 

or z—C cosh - 1 ~—- + B. 

t — a 

If we choose the constant B so that z — 0 when t = — 1 we find B = 0; then 
t— 1 makes z — ittC so that the width of the strip is -nC, and t — a makes 
z = oo as it ought. 

(iii) As another case let us consider what sort of rectangle will correspond 
to the four points t= — oo, 0 , 0 , oo. The relation between t and z is 

S=T’ or z=4l0 «*+*• 

z-B 

Considering t—e A , we have as corresponding values 

2 = — oo, 0 , oo and z = ao + inA t —co + inA (or — oo), oo. 

So the rectangle in the z plane is a strip of width ttA extending the whole 
length of the real axis. 
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6*5. We shall now apply the foregoing theory to some Examples, in 
every case assuming the velocity to be unity along the free stream lines 
and neglecting all external forces. 

Jet of Liquid through a Slit in a Plane Barrier. We assume that 
the sides of the vessel containing the liquid are infinitely distant from the 
slit compared to its breadth. In the diagrams fixed boundaries and lines 
that correspond to them are indicated by thick lines, free stream lines by 
thin lines, and the arrows indicate'the direction of flow. Remembering 
that velocity is in the direction in which velocity potential decreases 
{q — — d<f>/ds), we may place <£ = oo, </> = — coat opposite ends of the stream. 
For convenience we suppose the boundary stream lines to be 0 = 0 , 0 =tt. 
The region on the w plane which is to correspond to the given region on the 


0=oo 



sri 2=i 

0 =x v 0=0 

d c 

0 =- 00 

z plane is therefore seen to be a strip of width rr extending along and above 
the axis of <f> from 0 = — oo to 0 = oo. 

We have now to transform the z plane on to the ft plane, where 
ft = logg _1 + i 0 . In the z plane we take the origin at B', then for the 
velocity along A'B' we have 0 = 0 and along AB 6= —n. Hence in the 
ft plane the lines A'B', AB are 0 = 0 and 0 = — n, and the lines correspond¬ 
ing to the free stream lines BC, B'C' for which q = 1 are parts of the 
imaginary axis. 

We have now to transform the areas in the w plane and in the ft plane 
into the upper half of the t plane so that corresponding comers in the w and 
ft planes are represented by the same point on the real t axis. 

Before lettering our w and ft diagrams it will be convenient to choose 
particular points on the real t axis to correspond to them, since as we saw in 
6*41 three such points may be chosen arbitrarily. Thus we may take the 
edges of the slit B, B' to correspond to $ = 1 , $ = — 1 and let A correspond to 
t — co. The w diagram is then as indicated, where we may take the line BB' 
to be 0 = 0 so that B is the origin in this diagram. 
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The relation between w and £ is as in 6*42 (iii) 
w~A\o%t + B, 

and w=0 when t= 1, so that B=0; 

also w=iir when t = — 1 . But log (— 1 ) = in, 

therefore ,4 = 1 and w = \ogt. 



t — —oo t— —1 0 t= 1 £ — 00 

A ; B' C*5 B A 

t plane 



The diagram in the ft plane has the point B' for origin, and the relation 
between ft and t is by 6 * 42 (i) 

ft = C cosh -1 1 + D, 

and ft= —in when t= 1, so that D= — in; 

also ft = 0 when £= — 1 . But cosh -1 (— l) = iir, 

therefore ft = cosh -1 1 — in, or t= — cosh ft. 

But ft = log { or log(-^,), 

hence we have cosh log £ = — t = — e", 


or 

From which we deduce 


£+{-i=-2e". 



-e w ±V / e 8 w -l, 


and the fact that { or e i9 jq is infinite when«/»= 0 and <f> = cc determines that 
the lower sign must be taken. 

=e w +V e*”— 1, 


Hence we get 



141 


6*51 


bobda’s mouthpiece 


and the integral of this is 

*=e*+Ve*“— 1 —tan - 1 Ve*"—i — 1 , 
adjusting the constant so that z =0 when w= 0 . 

To find the equation of a free stream line, we have along the stream line 
B'C' ' 8<j> 

* =9=1 * 

so that </> = — a measuring a from the origin B\ Hence on this stream line 
^=irwe have 

0 = ——real part of w= — real part of log t, 
where t is real and lies between — 1 and 0 ; also q= 1 so that 
iO=Q = cosh -1 t — iir or J = — cos B, 


where 6 varies from 0 to — J*r. 

Hence on the stream line B'C' 

8 = log (— sec 6). 

But dx/ds = cos 0, 

since 6 gives the direction of the curve, therefore 

dx = sin Odd, 


and x—\— cos B, 

the constant being determined by the consideration that 0=0 when x = 0 . 
Similarly y = log (tan B +sec B) — sin B . 

Since the ultimate breadth of the jet when the free stream lines become 
parallel is tt, and this is attained when B = — ^, for which the value of * is 

unity, it follows that the breadth of the slit is it + 2 and the coefficient of 
contraction ir/(w*f 2). 


6*51. Bor da *8 Mouthpiece. We shall now consider the efflux of 
liquid through a pipe projecting into the containing vessel, being the case 
to which reference was made in 3*63, but restricted to two dimensions 
and assuming that the sides of the vessel are so far away as not to affect 
the problem. 
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We shall adopt so far as possible the same notation and lettering as in 6 * 5. 
The boundary stream lines ABC , A'B'C' are i)f—0 and ^= 7 r, so that the 
diagram in the w plane is the same as in the last case. If we take the same 
set of corresponding points on the real axis in the t plane as before, we have 
the same diagram in the t plane, and the relation between w and t is still 

w =log t. 

The diagram in the £1 plane is also the same as before but now the line 
AB is 0=0 and A'B' is 0 = 2ir so in the relation 

£1= C coah^t+D 

we have £1 = 0 when 1=1, so that D = 0 , 

and £1 = 2 in when t = — 1 , so that, since cosh " 1 (— 1 ) = in, 

we have C = 2 and £1 = 2 cosh" 1 1 . 

With the origin at B in the z plane (also in the w and £1 planes) we get 
along the free stream line BC, or ^r = 0, 

— 8 = <f>=:W = log t, 
where t ranges from 1 to 0 and 

since q= 1 , iO = £1 = 2 cosh - 1 1, so that $ = cos£ 0 , 
and a = log sec £ 0 . 

Then dxjds = cos 0 and <&//(& = sin 0 

give a: = sin 2 £0 —logsec £0 and y — — sin 6) 

as the equations for the free stream line BC. 

oo t -=-1 t —o t^r l oo 

A' B' C'C B A 

t ylane 



When the two free stream lines BC , B'C' ultimately become parallel the 
distance between them is it, and the value of 0 being n f we get y = Jtt, so 
that the total distance between the walls AB,A 'B' of the opening is 2*r and 
the coefficient of contraction is £. This is in agreement with Borda’s theory 
as stated in 3*63. 

6*52. Impact of a Stream on a Lamina. We shall suppose the 
width of the stream to be infinite compared to that of the lamina and the 
lamina to be fixed at right angles to the stream. 

The stream line ^ = 0 which strikes the lamina at its middle point C 
divides there into the branches CAA' t CBB'. If we take ^ = 0 at C f the 
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6*52 


region on the z plane occupied by liquid corresponds to the whole w plane 
regarded as bounded by the double line from the origin to ^= — oo, 0=0. 

We may clearly choose a transformation on to the t plane so that the 
points A' 9 A, C, B, B ' correspond to $=oo, 1, 0, — 1, — oo. The relation 
between w and t is then 

di =At ’ 

for the interior angle of the w polygOQ is 2ir. This gives 

w—\At % , since w=0 when t—Q . (1). 



-30 t — ~ 1 t=0 t — \ t—oo 

B' B C A A 

t plane 


B'A' 


B 0=0 c 

t= -1 

t—co £2 plane £=*0 

t = l 

A 0= — * C 


To get the diagram on the ft plane we have 0=0 along CB, and 0= — it 
along GA and q = 1 along B B' end A A'. Hence the diagram must be as 
indicated and the relation between ft and t is by 6*42 (ii) 

dft_ & 

ft = C cosh- 1 ^ -f D. 


or 
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But when 1= — 1 the diagram shews that fl=0, therefore D=0; and 
when *= 1, we have Q = —in, but eosh^f —l)=s»ir, therefore (7= — 1. 


Hence 

but 


0 = — cosh -1 (-1 /0 or ^ = —coshft .(2), 

.( 3 ). 


O=log £, therefore t —• 


We have now to determine the constant A in equation (1), and its value 
must depend on the width of the lamina. 

Along the stream line CB, since 0=0 therefore (=1/9 and 
<=-2g/(l+g), 

-i+Vi-** 


which gives 


3= 


We take the positive sign in order to make q =0 when t = 0, for the velocity 
must be zero at the point C where the stream line breaks into two branches. 

Again, along CB, since 0=0 therefore <f> = w = $At* t and, the velocity 
being wholly along the x axis, 

— q = d<f>/dx = Atdtjdx. 


Therefore 


At dt l-Vl-i 1 
At dx= - i -' 


or 


dx=- 


APdt 


1-Vl 

If I is the width of the lamina, this gives 

r-i t*dt 

i l=A f t T^7T= 

and by writing t =sin y we find 

= - A (1 + \n), so that A= — 
fc* 




21 

77 + 4' 


and 


w= — 


77 + 4 


•(4). 


Relations (3) and (4) contain the solution of the problem. 

To find the Cartesian equation of the stream line BB' we have g = 1, 

id=£l= — cosh” -1 (— 1 /t), or cos 0 = — l/t. 


so that 

Also 

Again 

therefore 


. . . . U % Zsec*0 

0 = 0, so that 0 = w=-—; =-- -r. 

T T 77 + 4 ir + 4 

00/0* = —g= — 1, 

_1(860*0—1) 

77 + 4 9 


measuring a from B where 0=0, is the intrinsic equation. 

Then <fc=cos0ri9 = 2Zsec0tan0d0/(ir-i-4), 

so that, taking the origin at C, 

21 


t ( sec «+j)* 


and 

whence 


77 + 4 

dy =sin Qda = 27 sec 0 tan* 6dd/{n + 4), 
y= _^- 2 {sec 0 tan 0 — log (sec 0 +tan 0)}. 

77 + ^ 
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6*53. The same problem with oblique impact. We may proceed 
in the same way, but the stream line that divides is not in this case the one 
that strikes the barrier at its middle point. 

We get a similar set of diagrams (see next page) wherein, in this case, 
the points A', A, C, B, B' correspond to $=oo, 1, a, — 1, — oo, and the 
relation between w and t is , 

UW A iA V 

or .(1), 

since w=0 when t = a. 

Also for the relation between Cl and t we have by 6*42 (ii) 
dCl_ C 
dt 


C1=C cosh 


_ x at— 1 


But when t— — 1, the diagram shews that Q = 0, therefore D = 0; and 
when t = 1 we have = — in; but cosh -1 (— l) = in, therefore C = — 1. 

Hence Cl = — cosh -1 ~—?, 

t — CL 

or ®*”- =coshn = i(£ + £- 1 ) .(2). 


Also, if the stream makes an acute angle a with the barrier, the final 
direction of AA' and BB' is given by 0 — — (it — a) when t = co. Hence 
i(n — a.) = cosh -1 o, or a== — cos a. 

Therefore (2) may be written 

_ tcos« + 1 = coahfl = i({+ ;-i) .(3). 

t + cos a 2 b ' v ' 

On the barrier from A to G 

6= — 7r and £= —1/g, 

and from C to B 0=0 and £= 1/q; 


therefore 


q 2 4-1 _ t cos « +1 
2g “ t -f cos a * 


the upper or lower sign according as t lies between 1 and — cos a or between 

— cos a and—1. _ 

. , $ cos a 4- 1 — sinaVl — t 2 

This makes q = ±-—-, 

* t + cos a 

the signs being adjusted so that q shall not become infinite when t= — cos a. 
AJso along the barrier 

^r = 0 and <f> = w = %A (t — c) 2 . 


so that 


,=*e*= 


+ A(t-a)- 


the upper or lower sign according as we are on CB or CA, since these are 

the directions of q. _ 

„ a iA t v dt tcosa+1 — sinaVl — t* 

Hence A ($+cos a) -j- =-r-- , 

' 1 dx * + cosa 

and dx~ — A($cosa + l + sina\/l — t 2 )dt. 


RH 


ZO 
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Integrating this and taking the origin at the middle point of AB so that 
<=U=-1 give equal and opposite values for x , we obtain 

x= — \A {( t 2 — 1) cos a 4- 2t + sin a (t V 1 — t* + sin -1 *)}.(4). 

If we put t = — I we get half the width l of the barrier, so that 

1 = (4 + 7rsina) .(5). 

Hence w = Z(tf + acosa) 2 /(4 + 7rsina). 



*- 


B1 
—oo — 
A' 


B 


A 



w plane 


(P~ 00 




t — a r = l 

* = GC 

B' 

B 

C A 

t plane 

A' 


1 

B 

<9=0 

C 

B'A' 

r- -l 

f* 00 

Q 

t — a 


*=1 



i 

\ 

6 — — TT 

C 


If in (4) we put t = — cos a we get for the distance from the middle of the 
barrier to the point where the stream divided 

x = |2 cos a (1 + sin 2 a) + — a sin aj 

= |2cosa(l + sin 2 a) + ^ — sinaj Z/(4 + 7 rsina) .(6). 

Taking p/p = C — \q* t we get on the free stream lines p/p = C — and 
this gives the pressure of the 4 dead water * behind the lamina. Therefore 
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the difference of the pressures on opposite sides of the lamina at any point 
is 

The resultant thrust on the lamina is therefore 


j il _ hl P'dx = lp j il ^ (1 -q*)dx 

=i p -«)«<*»• 


But 

therefore 
and 

therefore the thrust 


( 7 ) 


q = ± (Jcosa-f 1 — sinaVl — * 2 )/(* + cosa), 
q- 1 = ± (t cos a + 1 + sin a\/l — t 2 )j(t + cos a), 
qdx = + A (t + cos a) dt , 

= — pA 1 sin a V1 —t 2 dt . 

= \npA sin a 

— 1IELEBJL t*\ 

~4-f7rsina .' '* 

For the distance of the centre of pressure from the end A , we have that 
the moment of the pressure about the centre 


[\l [hi 

zj ^xp'dx=^p j ^x(l—q 2 )dx. 


To reduce this integral we notice that it is the same as (7) if we introduce 
the expression (6) as a factor, then the substitution t = sin * enables us to 
evaluate the integral at once giving as tho result npA 2 sin a cos a. But 
the whole pressure is forpA sin a, therefore we have for the coordinate of 
the centre of pressure i cos a 

x = §A cos a = J 7——— .(9), 

8 4 4 + 7rSina v ’ 


on the up-stream side of tho middle point. 

This problem was discussed at length by Lord Rayleigh as the case of an 
elongated blade held vertically in a horizontal stream. He obtained 
results (8) and (9) by Kirchhoff’s method and gave tables for their values*. 

There is however an objection to the solution of tho problem when 
viewed as one of a plane moving steadily through fluid at rest and carrying 
with it a region of ‘dead water’ oxtending behind it to infinity, namely 
that the kinetic energy of the dead water would be infinite. But we have 
seen in 3’72 a reason why the surfaces of discontinuity should be unstable 
and we shall soo later, in the chapters on vortices and viscosity, the way 
in which the surfaces of discontinuity roll up and in general an eddying 
wake forms behind the body. 


6’54. A variety of cases have been worked out by Michellf, LoveJ, 
Greenhill§ and other writers ||, the method has been extended by Hopkin- 
sonlJ f° include the case of sources and vortices in the liquid, and important 

* Phil. Mag . n, 1876, p. 430, or Set. Papers , i, p. 286. 
t ‘On the Theory of Free Stream •Lines’, Phil. Tram. A, 1890. 
t Loc. cit. p. 135. § Encyc. Brit. 11th edition, Art. Hydromechanics. 

11 For a full bibliography of the subject see Love, Encyc. des Sc. Math, iv, 18, 
pp. 118-122, where an account is given of the recent work of T. Levi-Civita, M. 
Brillouin, H. Villat, U. Cisotti and other writers. 

U ‘Discontinuous Motion involving sources and vortices’, Proc. L.M.S. 1898. 
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applications of conformal transformation to curved boundaries have been 
developed by Leathern* by the introduction of curve factors into 
Schwarzian transformations. 


6*6. The hydrodynamical applications of conformal repre¬ 
sentation which have received most attention in recent years are 
concerned with the theory of aerofoils. They are to be found in 
the Journals of Aeronautical and other Societies and in a large 
number of books on the subject of Aeronautics*)*. We must limit 
ourselves here to the consideration of a few cases of transforma¬ 
tion of a state of steady flow about a circle. 


6*61. Steady flow about a Circle. Recapitulation. Such 
a flow is represented by 

w=(U + iV) (z - z 0 ) + ~ log (z - z 0 )... (1), 

z — z 0 Ztt 

where z Q is the centre of the circle and k the circulation. 

The velocity components u , v are given by 


d6 .dilf dw TT . TT (U — iV)a 2 itc 


( 2 ). 


so that the velocity at infinity has components - Z7, F; and if we 
put V = Q cos p, V=Q sin/?, then Q is the velocity at infinity 



X 


and its direction makes an angle p with the negative direction of 
the x axis as in the figure. We may now write (1) and (2) 

w=Qe# (z - z 0 ) + log (z - z„) .(1'), 


and 


. • d w id Q a e ^ . lK 

-u + iv = - r = Qe i P-- / - r» + 7ri -r 

dz (z-z 0 ) 2 27 r(z — z 0 ) 


.( 2 '). 


* Phil. Trans, R.S. coxv, A, 1916, pp. 439-487, and Phil. Mag. xxxi, 1916, pp. 
190-197. 

t E.g. H. Glauert, Aerofoil and Airscrew Theory , 1926; and N. Joukowski, A&o- 
dynamique , 1916. 
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If we assume that there is a point of zero velopity on the circle at 
z=z 0 + oe <(,r+ “ ) =z 0 — ae ia , we have 

0—Q (etf—e-tP-***)— e _< “, 

Zttcl 

or k= 4nraQ gin (a+ /J) .(3). 

This (for values of k not too large ) gives two points symmetrically 
situated about the diameter perpendicular to the stream. These 
are the points N, N' of 5*25. 


6*62. Joukowski’s Condition. When the state of flow is 
transformed by a relation t=f(z) the velocity in the t plane is 

given by . dw dwdz . . dz . . 

— =3r*ar ( -» + »’>s.< 4) - 


Now the transformations which prove useful in aerofoil theory are 
such as give in the t plane the contour of a figure with a ‘trailing 
edge’, and this implies a singular point in the transformation, i.e. 
a point at which dzjdt is infinite. But in an actual state of flow 
about an aerofoil the velocity is not infinite, and it was pointed 
out by Joukowski that to get a finite velocity (u f , v f ) at the 
trailing edge, where dzjdt is infinite, it is necessary that (u, v) 
should be zero. This implies that the point on the circle which 
transforms into the edge of the aerofoil must be a point of zero 
velocity in the motion about the circle, and from (3) this requires 
that the circulation shall bear a definite ratio to the velocity of 
the stream. It must be noted that the circulation k is the same 
in both planes, but the velocity at infinity in the t plane is 
Q | dzjdt | (t infinite). 


6*63. A Joukowski Transformation. Let 


or 



This transforms the circle r = a into £ = a cos 6, rj = 0 , i.e. into the 
diameter BA of the circle which lies along the real axis taken 
twice over. 

Any contour which surrounds the circle r — a will transform 
into a contour surrounding the line BA, and may be constructed 


* N. Joukowski, Airodynamique, i916, p. 145. 
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thus: let P be a point zona contour to be transformed, P' the 
inverse of P in the circle r = a, then P” the reflexion of P f in the 


real axis is the point a 2 /z , and 
if R is the middle point of P n P 
the vector OR is half the sum 
of OP and OP" so that R is the 

. , / a 2 \ 

point 2 |3 + --l°r£. 

Now take a circle of radius 
a’ in the z plane slightly larger 
than the circle r — a and touch- 1 
ing it at B. The contour ob¬ 
tained by transformation must 
touch the line BA on both sides 
at B f and is a ‘fish-shaped’ 
figure extending a little be¬ 
yond the line BA at the end A . 



From (1) we have—= \ , so that the points B and A, 

i.e. z= + a, are the infinities of dzjdt. Comparing with 6*61 and 
6*62 we see that B should be a point of zero velocity in the 
motion about the circle. With the centre of the circle as origin, 
this means that in 6*61 (3) a is zero and 


K = 47 ia'Q sin j8. 


We might now eliminate z between (1) above and 6*61 (1'), 
expressing w as a function of t to get the flow about the aerofoil, 
and then use the theorem of Blasius to determine the resultant 
thrust upon it due to the motion. But we will reserve these 
calculations for a more general type of transformation. 


6*7. Consider the transformation 

t-A'_(z-A\ 2 ~n 
t—B’~\z—BJ 


( 1 ). 


where A\ B' are two points in the t piano which correspond to the points 
A, B in the z plane. Without loss of generality we may regard the planes 
as superposed so that the points A', B' coincide with the points A , B. 

We may call these points the poles, and 2 — ^ or k the exponent of the 

7 T 

transformation. 

If wo put z — A— re 1d 9 z—B = r'e iB \ t — A' — pe ^ and t—B' = p'eW wo see 
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It follows that if P, P' are corresponding points in the z and t planes, the 
angle AP'B = k . APB. 

Now if we apply the transformation to a circle C passing through A , B 
in the z plane, the corresponding contour in the t plane consists of arcs of 
circles. And bearing in mind that it is the regions outside the contours 
which are to be transformed, we may exclude the singular points A and B 
by drawing small semicircles with centres A and B outside the circle C. 



Then when a point P travels round the circle C in the z plane, as P passes 
B the angle 0' increases by ?r, so that from (2) the corresponding increase 
in the angle <j>' in the t plane is kn. Consequently the two arcs in the 
t plane which correspond to the major and minor arcs of the circle C in the 
z plane intersect at B' and A' at an angle (2 — k) n or The circle G has 
thus become a figure C ' bounded by two circular arcs. 

Further, if we apply the same transformation to a circle C x in the z plane 
which touches C at B and surrounds ( 7 , we shall get a contour C/ in the 



t plane touching at B the two arcs of the contour C' and surrounding C f , 
i.e. enclosing the other pole A. This contour C t ' may be taken as the 
section of an aerofoil with a blunt nose and a trailing edge formed by the 
intersection of two surfaces which cut at a finite angle x at B. 
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In this general case there is no simple geometrical construction such as 
we had in 6*63 for points on the contour but an analytical method has 
been given by Glauert*. 

Now suppose that the state of flow represented by 6*61 (1') exists out¬ 
side the circle G 1 , and that the circulation k is such that B is a point of zero 
velocity, i.e. such that, in the notation of 6*61, 

k = 47raQsin(a-f /?) .(3), 

when a is now the radius of the circle C 1 , and if we take the origin at B, by 
reference to the figure of 6*61 we see that the centre of the circle C t is 
z 0 = ae <a . 

Let BA = 21, then, with the origin at B, (1) becomes 


t-2l_(z-2iy 


Expanding z in powers of t~ l we get 


(k Di + Jct (P-W* 

!- (* + sk( ... 


a = c 0 + c 1 < + y*+||+... 


so that 


Now from 6*61 (2') 


dw - Oe*P- <go>e ~ ig + »« 

dz~ Ve (*-*„)* + 2,r(z-z 0 ) 


Cq — z 0 •+■ c 1 1 + - 8 + • • • 

=—.{i+ c# ..} _I 
c x < { c,« J 


Cx< CiV 

therefore *” =Q U-* e ^) + Jf .(8) 

dz \ c x H 2 J 2 it \C\t c x H 2 I ' 

as far as t~ 2 . 

Then by multiplying and squaring (6) and (8) we get 

(£)■-«* -4^. 

, i K Qe* (Ci (c 0 - 2 0 )| , m 

+ ~—\t < 5 —/ . (9) - 

By the theorem of Blasius the components of force X, Y on the contour 
Ci due to the fluid motion about it in the t plane are then given by 


:-iY=iip /(*)\* (5-61) 


* H. Glauert, Report* and Memoranda of the Aeronautical Research Committee, 
911, 1921. 
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integrated round any surrounding contour. By the theory of residues we 


get 


7T 


where from (5) c x = k. 

Therefore X—iY = — iptcQk (cos p + i sin p) 

or X^KpQksmp, Y = KpQk cos p .(10). 

Now Q is the velocity at infinity in the z plane, and since and 

dz 

from (6) at infinity =c x = k, therefore the velocity at infinity in the 

t plane is Q'=:kQ, so that the force components on the aerofoil C x in the 
stream Q' are simply 

X ==*,#'sin Y=KpQ'coap .(11), 

i.e. a force R = k P Q ' .(12), 

at right angles to the stream, as might have been predicted from the 
theorem of Kutta and Joukowski (5’7). 

We remark that since the circulation round a curve is 

-if- 

therefore as stated in 6*62 the circulations round corresponding contours 
in the t plane and z plane are the same. 

Hence if the circulation be such that the velocity in the t plane is finite 
at the trailing edge B , (3) is equivalent to 


ds or 




4t7raQ' . 


sin (<x 4- p) 


and 


r _ AirpaQ sin(g+i8) .(13). 


Again the moment about the origin B of the pressures on the contour 
C x ' is ~ 

N = real part of — ip j tdt (5*61) 

= real part of irpi |2 Q 2 (a 2 + c t c 2 e*'&) + ~- 2 + (c 0 - z 0 )} » 

where c 0 = —(k—1)1, c x = k, c 2 = — (k 2 — 1) l 2 /3k and z 0 = ae ia . 
Whence we get 

N = 7t^Q jiQ(fc 2 — 1) l 2 sin 2jS + *(& — l)Zcos /? + ^acos(a+ j8)|, 
or, putting Q = Q'/k and using (3), 

N = (k 2 — 1) J 2 sin 2 p + 2 (k — 1) al sin (a + p) cos p + o 2 sin 2 (a + p) J- 

.(H). 

The discussion of this general case i •> based upon two papers by W. Muller*. 
It is evident that by varying k , a and a a great variety of contours can be 


* Zeits . f. angew . Math. n. Meek. 1923, 1924. 
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obtained; in particular k = 2 leads to Joukowski aerofoils with cusps as 
the trailing edges. 

It must be observed that the foregoing results have been obtained from 
Joukowski’s hypothesis 6*62 of smooth flow at the trailing edge, and that 
in the case of real fluids we should need to consider the possible effect of 
frictional drag on the aerofoil and of the formation of vortices streaming 
from the edge (3*72). 


EXAMPLES 


1. The irrotational motion in two dimensions of a fluid bounded by the 

lines y = 0, y = b is due to a doublet of strength p at the origin, the axis of 
the doublet being in the positive direction of the axis of x . Prove that the 
motion is given by n 

w =Yb ooth 2b z - 

Sketch the stream lines, and shew that those points where the fluid is 
moving parallel to the axis of y lie on the curve 

cosh (t rx/b) = sec (ny/h), (Trinity Coll. 1904.) 

7 TZ 

2. Use the transformation z' — e a to find the stream lines of the motion 

in two dimensions due to a. source midway between two infinite parallel 
boundaries. [Assume the liquid drawn off equally by sinks at the ends of 
the region.] If the pressure tends to zero at the ends of the streams, prove 
that the planes are pressed apart with a force which varies inversely as 
their distance from each other. (M.T. ii. 1911.) 

3. A source is placed midway between two planes whose distance from 
one another is 2 a. Find the equation of the stream lines when the motion is 
in two dimensions; and shew that those particles which at an infinite dis¬ 
tance are distant \a from one of the boundaries, issued from the source in a 
direction making an angle 7r/4 with it. 


4. Fluid motion is taking place in the part of the plane bounded by 
the real axis and the lines x= +o and x— —a, which is due to a source at 
one comer and a sink at the other comer of the strip, each of strength m; 
shew that the motion is given by 


, W 7 TZ 

tanh =tan , 
4m 4a 


and that the equation of the stream line which leaves the source at the angle 

7r/4 to the sides is -y 

~ ‘ - 1 w (Trinity Coll. 1907.) 


t rX . , Try 

cos s- = smh ~ . 
2a 2a 


5. Prove that by proper adjustment of the constants (a, /J, y, 8) the 
assumption z = aw + + 8, (z = x + iy, w = <f> + it/t), 

may be made to give the solution for the two-dimensional motion of a liquid 
in a straight pipe of breadth 6 , and sides y = ± £ 6 , extending from x— — oo 
to x = 0, the velocity in the pipe at x = — oo being V, and the pipe opening 
into an otherwise unbounded liquid at ivst at infinity. Find the values of 
these constants, assuming that at the point (0, $b) the value of <f> is <f> 0 . 

(Trinity Coll. 1903.) 
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6. Prove in any manner that the velocity potential and stream func¬ 
tion of the two-dimensional motion between the walls y=0, y — w, due 
to a source of strength m at (x lt y x ) and an equal sink at (a? 0# y 0 ), are 
given by 

4+ij,- m i og H e *p < x ± M. ~ e *p (*o ± iy*)) ( e *p ( x ± »y) - e *p (*<> - *Vo)} 1 

2ir ® L(Exp (x + iy) - Exp (x x + iy x )} {Exp (x + iy) - Exp {x l - iy x )} J ‘ 

(St John’s Coll.) 

7. Determine the nature of the fluid motion in the space bounded by 

V = 0, *r(# a + y*) —2y = 0, 

which is given by <j> += coth (x + iy)" 1 . (M.T. 1894.) 

8. In the case of uniplanar efflux from a large vessel with two plane 
sides at right angles and an aperture in the comer equally inclined to the 
two sides, shew that the coefficient of contraction is 


or *747 


rr 

7T + 2^/2-21og,(l+v'2) , 


(M.T. 1919.) 


9. A rectangle open at infinity in the x direction has solid boundaries 
along x = 0, y = 0 and y — a. Fluid of amount 2irm flows into and out of the 
rectangle at the comers x = 0, y = 0 and x = 0, y — a respectively. Prove 
that the motion of the fluid is given by 


w-±m log tanh (7rz/2a). 

Also shew that half the stream lies between x = 0 and the stream line 
which cuts y = at the point 

*=-log(l+-v/2). (M.T. 1928.) 

7T 


10. Prove that for liquid circulating irrotationally under no external 
forces in the part of the plane between two non-intersecting circles, the 
pressure on either of the circles is n rp* a /c, where 2c is the distance between 
the limiting points of the circles, and 2ttk the cyclic constant of the motion. 

(Trinity Coll. 1898.) 

11. Shew that the transformations 

_ 

z= {Vt 2 - 1 -sec -1 *}; t-e aV , 

7r 

where z — x + iy, + iip, give the velocity potential <f> and the stream 

function i/r for the flow of a straight river of breadth a running with velocity 
V at right angles to the straight shore of an otherwise unlimited sheet of 
water, into which it flows; the motion being treated as two-dimensional. 
Shew that the real axis in the l-plane corresponds to the whole boundary 
of the liquid. (Univ. of London, 1910.) 

12. What problem is solved by the transformation 

d( x + iy) _ 1 
~ dt ’ 

<f> + = log (t — a), 

where x and y are the Cartesian coordinates of a point and <j> and i/t the 
potential and current function respectively? (M.T. 1891.) 
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13. The sides of a vessel are two planes which extend to infinity in one 

direction. The straight lines in the section, made by a plane perpendicular 
to the sides, are inclined at an angle 7 r/n; and they are symmetrically 
situated with respect to the line joining those extremities that lie in the 
finite part of the plane of section. Fluid escapes from the orifice, the 
motion being parallel to the plane of section. Shew that the coefficient of 
contraction is n 

1 /(l + ~ j *sin ^ cot Oddj . 

In the case where n = 2, shew that the coordinates of any point in the 
free stream line may be expressed as 

*=2 tanh- 1 (1 + + 2 tanh- 1 (1 - - 2 {(1 + + (1 - e - **)*}, 

y = it +2 {(1 + «“** )* - (1 - e - **)*} - 2 tanh” 1 (1 + e - **)* 

+ 2tanh- 1 (l-e -i *)*, 

where the middle stream line is the axis of x , the distance along the free 
stream line from the edge of the nozzle is a, and the scale of measurement is 
so chosen that the final breadth of the stream is 2 tt. (M.T. n. 1895.) 

14. Liquid moving in the plane ( x , y) escapes from an opening between 
two fixed boundaries given by y = 0, x < 0, and y — h,x>b , the part of the 
plane for which y is greater than its value on the fixed boundaries being 
completely filled with liquid which is at rest at infinite distances. Find the 
equations of the free stream lines, and prove that the ultimate direction of 
the jet makes with the axis of x an angle a given by the equation 

\ = £tana-f * sec a 4- - log (tan |a). (M.T. n. 1897.) 

n> 7T 7T 

15. The fixed boundaries of a liquid moving in two dimensions are 

given by y = 0 from x= — oo to z = 0 and from x = a to x = oo, together with 
y = b from x= — oo to a: = oo; prove that if c denote the ultimate breadth of 
the jet escaping through the opening in y — 0 from x = 0 to x = a, c is given 
by the relation c , 2b c \ 2 b + c 

a - C + n\c- + 2b) ° g 26-V 

and shew that if a = b the ratio of contraction is approximately 4/7. 

(M.T. n. 1900.) 

16. Discuss the case of a single source on one side of an obstructing line 
of finite length, when the perpendicular from the source to the line bisects 
the line, and prove that when the plane of motion bounded by the obstruct¬ 
ing line and the free stream lines is conformally represented in the portion 
of the plane of an auxiliary variable t which is above the real axis, the 
functions w and Q are given by equations of the forms 

dw__ sin t + p*) 11 1 

~^ dt~ t t*+p* *JV(l-<*)‘ 

Also shew how to obtain equations connecting the length of the obstructing 
line, the distance of the source from it, the strength of tho source, and the 
velocity along the free stream lines. (M.T. it. 1901.) 
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17. Prove that the formula 

da _ ^ l-am-y^l-a^y^l-tt 2 ) 1+att+y'(l — a > )V > (l —t**) 
dw~~ u—a * u+a 9 

where t*=e w , represents (in two dimensions) the efflux of liquid by a 
Borda’s mouthpiece (inward pointing tube) from the base of a cylindrical 
vessel, the vessel and the tube being coaxial, and the aperture of the tube 
at a distance from the base. 

Prove that the coefficient of contra6tion is equal to 

n-<s/{n(n- 1 )}, 

where n is the ratio of the breadth of the vessel to that of the tube. 
Verify this result from first principles. (M.T. H. 1902.) 

18. Shew that, with the usual notation, the substitution 

i0 = ^logZj + jBlog(z a + A), 

where A, B, A are appropriate constants and 

z 8 = {cosh (log £)} a , 

gives the flow from a rectangular vessel with two infinite parallel sides and 
an aperture midway in the third side. 

Deduce from this the solution for the two cases (1) flow past a fixed 
obstacle set perpendicular to an infinite stream, (2) flow through an 
aperture in an infinite plane wall. (M.T. n. 1906.) 

19. Exemplify the treatment of problems in discontinuous two- 
dimensional liquid motion by investigating the case of a stream whose 
breadth and velocity at infinity are a and V respectively, whose course is 
disturbed by a symmetrically placed transverse straight barrier of length b. 
Shew that the force necessary to keep the barrier in position is 

poF a (l — sin a), 

where bja = 1 — sin a + - cos a log (cot 2 J a). (M.T. n. 1905.) 


20. If a stream of infinite width is obstructed by a lamina with an 
elevated rim placed transversely, shew that the mean pressure on the 


lamina is 


npVJ 
4+ 7T 


fl . 8*f 47T+ 27T 2 //a 


where V is the velocity on the free stream lines, and « is the ratio of the 
height of the rim to the breadth of the lamina, and higher powers of < 
are neglected. (Love.) 


21. Water escapes, under pressure, from the plane wall of a vessel, by 
means of a large number of parallel, equal, and equidistant slits. The 
breadth of each slit is a, and the distance between the centres of consecu¬ 
tive slits is 6. Prove that the final breadth c of each issuing jet is given by 
the equation a ,2/6 cV ,c 

c ir\c bj b 

Calculate the mean pressure on the wall, having given the velocity v of 
the issuing jets. (M.T. u. 1907.) 
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22. Shew that the relation t=z + - can be used to transform the 

z 

circumference of a given circle into (i) a circular arc of given angle; (ii) a 
circular arc whose chord is of any prescribed length not exceeding twice 
the diameter of the given circle. 


23. Explain the derivation of a Joukowski aerofoil by the transforma* 

tion n n 

z -z+ i- - 

r=l z 

applied to a circle of centre z 0 and radius a. 

Obtain the lift formula 

L = lirpaU a sin (a + j8) 

and shew that the moment about the point z' = z 0 is 
M = 2irpb*U 2 sin 2 (a + y), 

where a is the angle of attack and 0, b , y constants of the transformation. 

(M.T. 1931.) 

24. Shew that the relation 


t + nc _ / z + c \ n 
t — nc~~\z — c) 

may be used for obtaining aerofoil sections with trailing edges of finite angle. 


25. Shew that the relation 


/ = zsin£a 


z + a cosec hct 


0 < a < \n> 


z + a sin 

where a is real, will transform tho circumferenco of the circle \ z\ =a into 
an arc of the same circle subtending an angle 2a at the centre. 

Shew that, in a two-dimensional flow about such an arc, the lift produced 
by a steady current V parallel to the chord of the arc is 2 TrphV 2 , where h is 
the height of the arc. 


26. A flat plate of infinite length and width l is placed in a current of 
incompressible fluid with its plane at an angle a to the undisturbed stream 
lines, and its edges perpendicular to them. Determine the resulting flow 
on the circulation theory, assuming the velocity at the trailing edge is 
finite. By considering the pressures and velocities over a large cylinder 
whose axis is the median line of the plate, shew that the forces on the plate 
are equivalent to a force np U 2 l sin a per unit length perpendicular to the 
current, acting at a distance \l from the leading edge. (M.T. 1926.) 


27. A circle | z | = a is transformed into a thin aerofoil section of chord 
approximately equal to 4a by the equations 

J=*(l + £4„g). 

£'=£+!*• 

Prove that the lift and moment coefficients are 

k £ = 7r(<x+ ft), 

kjf =J kz + faff + 8 — » 

where a is the angle of attack, supposed small, and j3, D 2 and C % are con¬ 
stants of the aerofoil. (M.T. 1928.) 
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IRROTATIONAL MOTION IN THREE DIMENSIONS 

7*1. It is our purpose now to consider certain special forms 
of solution of the equation 

dx*^dy i + dz*~ 

We do not propose to enter into a general discussion of spherical 
and other harmonics such as may be found in many text-books on 
pure and applied mathematics, and we shall only have occasion 
to assume an elementary knowledge of these functions. 

7*11. Motion of a Sphere through a Liquid at rest at 
infinity. If the centre of the sphere be moving along a straight 
line with velocity V, the motion of the liquid will be symmetrical 
about this line, and Laplace’s equation takes the form* 


0 . 

.(!)• 

A solution of this equation is known to be 


. 

.(2), 

where P n is Legendre’s coefficient of order n. 


In our special problem if we suppose the centre of the sphere 
to be passing through the origin we have to satisfy boundary 

conditions gi 

— -- = normal velocity = V cos 6 . 


.(3), 


* This may be obtained directly by considering the flow of liquid across the faces 
of the polar element of volume r 2 sin 6 dr dd doj. The gain of liquid in the element 
due to the flow in the direction of r is 

dr (sr f2 s * n dr, 

and the gain due to the flow in the direction perpendicular to r is 

Ae(rte rBinedrdu> ) rde - 
But the total gain in the element is zero, therefore 

l ( r * ^ ) + ( sin 8 ae) = °' 
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when r is equal to a, the radius of the sphere, and 

- ^ = 0, at infinity.(4). 

From (4) it is dear that the solution for <f> cannot contain 
positive powers of r, and (3) suggests that we shall take* 

* = * cos0 .(6) 

as the particular form of (2) to suit our conditions, since P 1 =cos 6. 
Substituting from (5) in (3) we find that 

2B 

— cos 8 =V cos 6, 
a 8 

for all values of 0, so that B=\Va z . 

Hence the velocity potential is given by 

<f>=\Vahr~ 2 oob0 .(6). 

To find the lines of flow, at the instant the centre of the sphere 
is passing through the origin, we have 

dr _ rdO 

m^r~mrde’ 

dr _ rdd 

° r cos# - £sin0* 

so that the equation of the lines of flow is 

r=Csin a 0. 


7’12. Liquid streaming past a fixed Sphere. If we 
suppose the sphere to be fixed and the liquid to have a general 
vdocity V, we can obtain the velocity potential from the last 
case considered by superposing a velocity — V on the sphere and 


* The student who is unacquainted with the properties of Legendre’s coefficients 
may proceed thus. The condition (3) suggests that we should try to find a solution 
of (1) of the form *j> =/ (r) cos 0. We get on substitution 


or 

of whieh the solution is 


r *S +2r l- 2 '“°- 

f mAr +2‘ 


On account of condition (4) we reject the solution Ar and proceed as above with 

^= Br~ l cos 0. 
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the liquid. This adds a term Vx 9 or Vr cos 0, to the velocity 
potential, so that now 

<f> = Vr cos 0 + JFa 3 *— 2 cos 0. 

For the stream lines we have 


or 

therefore 


dr 


rd0 


(l-£)co»0 -(l+l^sine 

—*_( *L—iU, 

r* — a 2 r \r*-a* r) 


sin 2 Q = 


Cr 

r 3 — a 3 * 


This equation gives, for either this problem or the last, the lines 
of flow relative to the sphere. 


7-13. Equations of Motion of a Sphere. Reverting to the 
case of a sphere moving in a liquid at rest at infinity, we have to 
calculate the forces acting on the sphere owing to the presence of 
the liquid. If the extraneous forces have a potential £2 and act on 
the sphere and the liquid alike, their resultant effect is, from 
Hydrostatical considerations, a force equal to the difference 
between the forces exerted on the sphere and the liquid dis¬ 
placed; i.e. if a, p are the densities of the sphere and the liquid, 
the resultant extraneous force is (a —p)/<j times what it would be 
if the liquid were not present. Omitting the extraneous forces, 
the pressure is to be found from the equation 

J-J-W+g-fe*.(1). 

Let the coordinates of the centre of the moving sphere referred 
to fixed axes be x 0 , y 0 , z 0 and let U, V, W = x 0 , y Q > z 0 be the 
velocities of the centre. Then from 7* 11 (6) the velocity potential 
at a fixed point of space ( x , y, z) is 


where 

and 


<h- la ? 
* 2r 2 


U 


x — x. 


9 + y y. _ y* + Yf z z ° 


r r r 

r 2 = (x-x 0 ) 2 + (y-y 0 ) 2 + (z - z 0 ) 2 


rr= -(x-x 0 )x 0 -(y-y $ )y Q -(z-z Q )z Q 
= - U (x-x 0 )-V (y-y 0 )-W (z-z Q ). 


( 2 ), 


RH 


II 
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Also d<f>/dt being the rate of increase of <f> at the fixed point 
(x, y, z) we have 


+}-£a( C72 + +} + ^{ cr ( a; - a! o)+ +}* 

.(3). 

Again Tx = ^-^ X ~ X * ) { U(X ~ X ° )+ + >’ 


so that 



0/v6 

=53<°'+ +) + p(t'(*-*.)+ +} ! 


( 1 ). 


Hence on the sphere r = a we have 

j- = .F($) + 1{U (x — a? 0 )+ +} —|(f7 2 + +) + g^- 2 {t7(^~« 0 )+ + } 2 

.(5). 


Then the components of the resultant thrust on the sphere due 
to the motion are given by 


x= -JJzpdS = -jjj^dxdydz 


(Green’s Theorem) 


and similar expressions. 

Whence we get X = — §7 rpaPU, etc., 

or X, Y, Z= -\M' (U, V, W) .(0), 


where M ' is the mass of liquid displaced. 

It follows that if X', YZ' are the components of the ex¬ 
traneous force on the sphere when no liquid is present, and M 
denotes the mass of the sphere we have equations of motion of 
the form 

MU= -IM'U + ^X’ 

a 


or 


i.e. 


MU = 


-flf °~ P y, 

M + \M' ’ a ’ 


MU=^-X'. 


a + \p' 


.(7). 


Hence the whole effect of the presence of the liquid is to reduce 
the extraneous force in the ratio tr—p:a+ip. 

Result (6) implies that if the sphere were to move with uniform 
velocity, the resultant pressure set up by the motion or the resist- 
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ance to motion would be zero. This is contrary to experience and 
arises from our hypothesis that the motion isirrotational and the 
motion of a perfect fluid. In a real fluid the flow does not close 
up again at the rear of the sphere but separates from the 
surface leaving an area of suction behind, and in the rear of the 
sphere there is an eddying wake. In point of fact there is no 
reason why the result here obtained should resemble observed 
phenomena because we have assumed that the liquid slips over 
the surface of the sphere and a real fluid cannot do this. 

7*14. W© may also obtain result (6) of 7*13 from the principle of 
energy. From 4*71 the kinetic energy of the liquid is given by 

T =-*rjj* 8 £ dS ’ 

integrated over the sphere. So confining ourselves to rectilinear motion 
with velocity V - 

T=ipl laV coa0.VcoaO.2na*ainOd0 

J 0 

= fapa s V* = \M' F 2 . 

Therefore the effect of the liquid is to increase the inertia of the sphere 
by half the mass of liquid displaced. And if X denote the force parallel to 
the axis of x 

+ \M'V Z ) = rate at which work is being done 
= XV; 

(M + tM')V = X, 

MV = X-iM'~ p 

so that the pressure of the liquid, apart from any extraneous force acting 
on it, is equivalent to a force \M'V opposing the motion. 

7-15. Sphere projected in a Liquid under gravity. As an example 
let us suppose the extraneous force to be gravity. Since there is no 
horizontal component of extraneous force the horizontal velocity is 
constant; and as in 7* 13 the vertical motion is the same as if the sphere 
moved in vacuo and gravity were reduced in the ratio a — p: a+ip. 
Consequently the centre of the sphere describes a parabola of latus rectum 

2a±p U* 

<*-p 9 9 

where U denotes the horizontal velocity. 

7*2. Concentric Spheres. Initial motion. Let there be a sphere 
of radius a surrounded by a concentric sphere of radius 6, the intervening 
space being filled with liquid. The methods that we have already used will 
enable us to determine the velocity potential of the initial motion when. 


so that 
or 


xx-a 
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say, a given velocity is imparted to either of the spheres, or a given 
impulse is applied to one of the spheres while the other is held fixed, or is 
free to move. 

Suppose the inner sphere receives a velocity F, the outer being fixed. 
The boundary conditions are 


and 

Assume that 
then we get 
Hence 


Ai — y cos 0 when r = a, 
dr 

— = 0 when r = 6. 

dr 

<f> = (Ar +cos 6, 


-A + ^?=V and -.4 + ^f = 0. 

O 3 0 s 


. Fa 3 / 6 3 \ . 

* 6 - 


If M be the mass of the sphere and I the impulse necessary to produce 
the velocity V ; we have r r 

MV=I- / pcosddS, 

where p = p</> denotes the impulsive pressure of the liquid. Therefore 

MV = 1- (a+ " cos* 6.2rra 2 sin 8 dB 

6 3 — o 3 \ 2a 2 / J o 

T 27rpa s (2a 3 -f 6 3 ) V 

31 * 

If now the radius b of the outer sphere is increased indefinitely, we get 
for the limiting value of the impulse necessary to impart a velocity V to 
the inner sphere I = MV+frpa 3 V, 

or I = (M + iM')V. 


Comparing this result with 7*13 we see that the impulse necessary to 
produce the velocity V is the same whether we regard the liquid as ex¬ 
tending to infinity and at rest there, or whether we suppose it to be 
enclosed by a fixed spherical envelope of infinite radius. 

If we calculate the impulsive pressure on the outer sphere, in like manner, 

we « et 2npa 3 b 3 V/(b»-a*), 

which tends to the finite limit 2i rpa 3 F, as 6 tends to infinity. 

It can also be shewn by simple calculation that the total momentum of 
the liquid in the direction of the impulse is — tyrrpaW, whatever be the 
radius of the outer sphere; and thus we have a verification of the dynamical 
principle that the impulse / is equal, in every case, to the total momentum 
in the same direction of the solid and the liquid, together with the impulsive 
pressure on the surrounding sphere. 


7*3. Stokes's Stream Function. Motion symmetrical 
about an axis, the Lines of Motion being in Planes passing 
through the axis. Let the axis of symmetry be the axis of x 
and let m (=Vy 2 +z 2 ) denote distance from the axis. Let u , v 
denote components of velocity in the directions of x and m. 



166 


7*3 STOKES’S STREAM FUNCTION 


Then the equation of continuity may be got by equating to zero 
the flow out of the annular space obtained by revolving a small 
rectangle dmdx round the axis. The total flow out parallel to x is 


dx 


(u2imdxa)dx\ and parallel to w, the total flow out is 


j-(i >2 irmdx)dw, 


so by equating the sum to zero we get for the equation of con¬ 
tinuity 3 3 

- { um)+^{vw)=0. 

This is however the condition that 
vmdx — urn dm 

may be an exact differential, and, if we denote this by difs, we get 


1 dJi 

u =-~ ~r> 

m dm 


1 0<A 

V = ~'T- 
m dx 


This function iff is called Stokes's Stream Function *. 

Since the stream lines are given by 

dxfu = dmfv, 

or m(vdx — udm) = 0, 

that is by difs — 0 ; it follows that the equation 

iff = constant 

represents the stream lines. 

A property of Stokes’s stream function is that 2tt times the 
difference of its values at two points in the same meridian plane is 
equal to the flow across the annular surface obtained by the 
revolution round the axis of a curve joining the points. For if ds 
be an element of the curve and 6 its inclination to the axis, the 
flow outwards across the surface of revolution 


=J (vcosO — wsin 6) . 2nmds 
= 2t r (dift = 2-77 


* See Stokes’s paper ‘On the Steady Motion of Incompressible Fluids*. Trans . 
Camb . Phil. Soc . vn, p. 439, or Math, and Phys. Papers i .p. 12. 
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We might also define the value of Stokes’s stream function at 
any point P as 1 / 2 w of the amount of flow across a surface got by 
revolving a curve AP round the axis, A being a fixed point in the 
meridian plane through P; for this makes 

1 C f 

tfi=— (v cob 6—u Bind) .2ntads 

2n V A 

= f ( vmdx—uxndrn ). 


And by varying the position of P, we get as before 

ldJi , 1 dib 

u= -^ and v = - —. 

w cm m ox 

Also it is easily seen that the velocity from right to left in the 
sense indicated in 3 - 1 across any arc ds is dtfj/tuds. 


c-iE-0, (4-25(2)), 


which leads to 


.( 1 ). 


.( 2 ). 


7* 31. When the motion is irrotational, we have the condition 
dv du 
dx dm 
d 2 \fs d 2 ^ 1 

dx 2 + dm 2 m dm 
Also, assuming that u— — d(f>/dx and v= — d<f>/dm, we get from 
the equation of continuity 

ZQ dQ id* 
dx 2 dm 2 m dm 
Equations ( 1 ) and ( 2 ) shew that <f> and 0 are not interchangeable 
in the way that applied to the velocity potential and stream 
function of two-dimensional irrotational motions. 

The corresponding equations in polar coordinates (r, 0) are 
frequently more useful than equations ( 1 ) and ( 2 ). If we take 
q r ,q 0 to be the velocities in the directions of dr and rdd, then, since 
T& = rsin 0 and remembering that the velocity from right to left 
across <fo is dt/t/cods, we get 

1 dift 
rsin 0 r 00 > 

1 dift 


and 90 = 

But in irrotational motion 

d<j> 


r sin 0 dr * 


and 





7*31 

therefore 

Hence 


that is 
or, putting cos 


STOKES’S STREAM FUNCTION 

1 and _L ^t=i- d A 

r a and dO dr sin Odr dO 

a / i a</>\ d*<t> 9/i ty\ 

30\r 2 sin0a0/ d$dr~ 3r\sin0 3r/’ 

"■^ +8to 4(5r«S)-°- 
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.(3). 


- 3 + <.-*gS-. 


.(4). 



From the equation of continuity in polar coordinates, 1*5 (1), 
we get the equation for <f>, 


mvu^i 


•(5), 


remembering that in this case <f> is a function of r and 0 only. 

The latter is of course a form of Laplace’s equation and has 
solutions of the forms 

r n P n {n) and r^P^). 

Again from (3) we have 


and 


-r 2 ^= -wr»+ip n or (n + l)r~ n P n .(6), 


^ = (l-/i*)|^ = (l-/a 2 )r»^ or (l-/* 2 )r~»-i^f...(7). 


dp 


dfi 


The last equation gives, on integration, as possible solutions 

*** or 1 lp ~ 

r n +1 dfi n r n dp * 

it being easy to verify that these forms also satisfy equation (4). 
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7*32. Applications. Solids of revolution moving along 
their axes in an infinite Mass of Liquid. If U is the velocity 
along the axis of x and ds an element of the meridian curve, the 
normal velocity at any point is 

U drnfds or U d (r sin 6)fds; 

and the normal velocity of the liquid in contact with the surface 
is —dipfinds or — dipfrsmdds. Therefore 

dip= — i7r sin 0cZ(r sin 0), 

or «A= — \XJr 2 sin 2 0 + const.(1), 

is the boundary condition. 

We also have that ip has to satisfy the equation 

r 2 ^ +( 1 -f i2 )|^ = °» where /*=cos 0, 

and we have seen that this equation has solutions of the types 
1—fjL 2 , j dP n , 1 — /x 2 dP n 

7H-1 dfjL nr n dfi 

The simplest case is that of a sphere of radius a. 

Taking n— 1, we have a solution of the form 

tf>=A (J 

then at the boundary we must have 

A (1 - ix*)la = - \Ua % (1 -+ C 
for all values of /x. This requires that 

<7 = 0 and A=-\Ua*. 


Therefore 
But we know that 


ip= 


Ua? sin 2 0 
r 


<w>g-g 


U o 8 

r a 


sin a 0. 


Ua* 
3/x - * r a ’ 


Therefore 
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7*33. Values of Stokes’s Stream Function In simple cases. 

( 1 ) A simple source on the axis of x. 

Here, from 3*3 we have ^ = m/r; but 

dib % d<f> 
d?r r dr~ m ' 

Therefore $= m \ l = m cos 9 or mx/r. 

(2) A doublet along the axis of x. 

Here, from 3*31, we have <f>=M cos 9/r*; but 

dr~ { ‘ P'dp" r * 

M sin* 9 


Therefore 


*=— 


(3) A uniform line source along the axis. 

If m is the strength per unit length and the source extends from 0 to A, 
we have, at any point P (f, 77 ), 

[°A fOA m(f — x)dx 

r Jo Jo vW-aO’ + ’J 1 } 

= tn(OP — AP). 

,P 


mdx 



We might also obtain result ( 2 ) by differentiating result ( 1 ). Thus for a 
simple source tp=mx/r, therefore for a doublet 

d fmx\ 

+ 8x\T) dx 

, /I a? 2 \ ilfsin 2 0 

= —maxi —-= =-. 

\r r z ) r 

And result ( 1 ) might be obtained by considering the flow across a circular 
area whose centre is on the axis and plane perpendicular to the axis. By 
definition, taken from right to left, the flow is 2mfi i and it is also m times the 
solid angle that the circle subtends at the source, so that having regard to 

2mp = — 27rwi (1 — cos 9), 
or omitting a constant tft — m cos 0 . 

7*34. We may now obtain a simple verification of the result of 
3*42, viz. that the image of a simple source m at a distance/ (>a) from 
the centre of a sphere of radius a is a source majf at the inverse point and a 
line sink of strength —m/a per unit length extending from the centre to 
the inverse point. It is only necessary to shew that the stream function p 
for this arrangement of sources and sink has a constant value on the 
sphere; and using 7*33 we can easily prove that on the sphere — m. 
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7*35. A comparison of the stream functions or the velocity potentials 
due to the motion of a sphere with those produced by a doublet in an infinite 
mass of liquid, shews that a sphere of 
radius a moving with velocity U pro¬ 
duces the same effect as a doublet of 
strength \XJa* at its centre. We can 
now deduce the streamlines for a sphere 
in the presence of a doublet . For if we 
take two doublets of strengths M and 
M' at points A f A' on the axis of x with their axes directed towards one 

another, we have __ . . „ , ir/ . . 

. M sin 2 6 , M sin 2 6 

W— --;-. 

T r r' 




7/ A 

A 


T* o p 


Hence on the stream line 0 = 0 
r» _ M 


r 


This represents a sphere with regard to which A, A' are inverse points. 
This sphere may be taken as a solid boundary, and thus we get the stream 
lines due to a doublet in the presence of a solid sphere. The image is another 
doublet at the inverse point, such that if O is the centre and a the radius of 
the sphere 

(Gf.3‘43.) 


M 

M' 


OA* 

: /t3 = 


a 8 

OA' 8 * 


7*4. Ellipsoidal Boundaries. Motion of Liquid inside a 
rotating ellipsoidal Shell. Let x 2 la 2 + y 2 lb 2 +z 2 jc 2 =l be the 
equation of the surface and <o x , co y , to z the components of the 
angular velocity, referred to axes fixed in space and coincident 
with the axes of the ellipsoid at the instant considered. 

The component linear velocities of a point ( x , y, z) of the shell 
are za) y — ya > e , xw z — zoj x , yaj x — xaj y ; and the direction cosines 
of the normal are proportional to xja 2 , y/b 2 , z\c 2 . Hence if <f> be 
the velocity potential of the liquid motion the boundary condi¬ 
tion is 

x d<f> y d<f> z d<f> 
a 2 dx b 2 dy c 2 dz 

=^ - yu z )+jfj (Xw z - zw x ) +^ (yw x - xaiy) ... ( 1 ), 

where x 2 /a i +y i lb 2 + z 2 Jc 2 —l . (2). 

To satisfy this assume 

<f> = Ayz+Bzx + Cxy, 

this clearly being a solution of Laplace’s eq uation. 
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The equation (1) then becomes 

Ay * (b +?) + ■ Bzx (;* ■ + i) +0 *»{h + b) 

+“".(3-^*) • 


from which we obtain the values of A, B, C and then* 


b*-c 2 


r 2 — a 2 


a 2 -6* 


~ 6*Tc 2 " c W "»** ~ a 2 Tb 2< * gXy 


.(3). 


Since this result depends only on the mutual ratios of a , 6, c and 
not on their absolute magnitudes, it follows that the motion is 
the same in all ellipsoids of the same shape rotating with the 
same angular velocity. 

To find the paths of the particles relative to the ellipsoid. Let 
(£, rj , £) denote the coordinates of a particle P referred to the axes 
of the ellipsoid, then the velocities of P referred to axes fixed in 
space are £ — r\u z + £a) y and similar expressions. 

Therefore 

. , dd> c 2 — a 2 r a 2 -b 2 

£ t](O t +£a) y - g x ~ c 2 + a 2° ) vt + a 2 + b 2 W zVy 


or 


where 


£ = a 2 (yrj - p£) 

i i = b 2 («.£-y £) • . 

t = c 2 (p£-* V ) 

„ = 2 ^x_ o_ 2<u v 2(U Z 

b 2 + c 2 ’ p c 2 + a 2 ’ 7 a 2 +b 2 ' 


(4), 


Multiply equations (4) by a/a 2 , /J/6 2 , y/c 2 , add and integrate and 


® a^/a 2 + j8^/6 2 + y5/c 2 = const.(5). 

Again multiply the same equations by £ja 2 , rj/b 2 , He 2 , add and 
integrate and we get 

^ 2 /a 2 + rj 2 /b 2 + £ 2 /c 2 = const.(6). 


The path of the particle therefore lies on the plane (5) and the 
ellipsoid (6) so that it is an ellipse. 

Again, if we assume that equations (4) have solutions of the 
form £=PeW ^Qe™, £=Re,W, 


♦ This result was published independently by Beltrami, Bjerknes and Maxwell 
in 1873. See Hicks, 'Report on Recent Progress in Hydrodynamics*, Brit. Am. Rep . 
1882, p. 56. 
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we get by substitution and the elimination of P, Q, R 


ipy, -y p 


= 0 , 


whence 



Hence every particle of the liquid describes an ellipse relative 
to the ellipsoid, like a particle moving under a law of force varying 
as the distance from a fixed point. And the periodic time for 
each particle is 2i r/p, where 


V 



We notice that for a sphere (a = b = c) 

p = io y 2 + co z 2 )* 9 

that is, the period of revolution of the liquid relative to the 
spherical shell is the same as the period of revolution of the 
shell; which means that the liquid is left at rest in space, the 
shell revolving alone*. 


7* 5. Motion of an Ellipsoid in an infinite Mass of Liquid. 

Before considering the problem it will be convenient to recall 
from the Theory of Attractions some solutions of Laplace’s 
equation and formulae connected with the ellipsoid. 

If x 2 /a 2 + y 2 \b 2 + z 2 /c 2 = 1 is the equation of the boundary of a 
solid homogeneous ellipsoid of unit density, its potential at an 
external point (x, y , z) is 

y _ ^1)0 r°° / x x2 _ s 2 \ _ du _ 

17(1 JA \ a 2 + u b 2 + u c 2 + u) (a 2 + v$ (b 2 + ufi (c 2 + ufi 


where A is the positive root of the equation 
x 2 y 2 z 2 
o* + \ + b*+\ + d*+\- 
We may write this F = 7r (8 — ocz 2 — fiy 1 — yz z ) 


where 

and 


s . rdu r du * 

JA A Ja (a 2 + w)A 

A = (a 2 + u)i (6 2 + u)$ (c 2 + «)i. 


( 1 ), 

( 2 ). 

(3) , 

(4) 


* The latter part of this article is based on a paper of Lord Kelvin’s, ‘ On the 
Motion of a Liquid within an Ellipsoidal Hollow’, Proc. R. Soc. Edin. xm, 1885, 
p. 370, or Math . and Phys. Papers, iv, p. 196. 
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The potential at an internal point is a similar expression with 
A put equal to zero, and, with a similar notation, may be denoted 

by V 0 =ir(S 0 — a 0 x i —p o y*—y 0 z 2 ) .(5), 

where 8 0 , a,,, /3 0 , y 0 denote what 8, *, j3, y become when we put 
A=0. 

s 

The components of attraction at an external point are X , F, Z, 


where 


Y sv 0 dvdx 

A = — = — 2ttolx + TT 7 -. 

OX OA OX 


But 9F/3A = 0 in virtue of equation (2), therefore 

X—~ 2tt<x.x, Y = — 27rj3 y, Z = — 2Tryz.(6), 


where it is to be remembered that a, j8, y are not constants but 
functions of A or x, y , z. 

We know that V is a solution of Laplace’s equation and there¬ 
fore also so are X , F, Z. 

Now consider an ellipsoid moving with velocity U in the 
direction of the x axis. The boundary condition is 

a 2 dx b 2 dy c 2 8z~ a 2 . v ’ 

over the ellipsoid, i.e. where A = 0. 

Let us try to satisfy this by the assumption 


We have 
but when A = 0, 


dx 


<f> = AX. 

0 A l Sa 0A\ 

• 2 "T + *rA&)' 

3a _ 1 

0A~ _ a 2 ’ 


and from (2), by differentiating with regard to x, 

2x dX l x 1 y 2 z 2 \ 

o 2 +A ~dx \(o*+A)* + (b 2 +Aj* + W+ A)7 = °’ 
dX _ 2 p 2 x 
dx a 2 + X* 

i • -i i 3A 2p 2 y dX 2p*z 
andsimilarly and 

Hence when A = 0, 

2 p* x *\ 
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Similarly 

and 


dy 

dj, 

dz 


— 2irA 


— 2irA 


( 

( 


2p 2 xy\ 

a 2 b 2 J’ 

2p 2 xz\ 

a 2 c 2 )' 


Therefore, substituting in (7) we get 

o„ j \<*0 x 2p 2 x ix 2 y 2 z 2 \)Ux 
2 A { a 2 a 2 \a 4+ i> 4+ c 4 /J — a 2 * 


or 

Hence 


A = 


U 


<t> = 


277 ( 00 - 2 ) 

UoiX 


2 —a 0 


( 8 ) 


gives the velocity potential of the liquid motion*. 

If the ellipsoid have a velocity of which C7, F, W are the com¬ 
ponents parallel to the axes, the velocity potential will be 

U*x Vpy Wyz 

* 2 — oCq 2 — 2 — y 0 * 


7*51. Ellipsoid rotating in an infinite Mass of Liquid. 

Let the ellipsoid turn about the axis of x with angular velocity 

The component velocities of any point of the ellipsoid are then 
0 , —Z(x> x , yoj XJ so that, with the notation of the last article, the 
boundary condition is 


: \c 2 b 2 ) 


•( 1 ), 


x d<f> y d<f> ^z d<f> __ 
a 2 dx b 2 dy c 2 dz ^ ZoJx \ 

where A=0. 

To find a solution of Laplace’s equation that will satisfy this 
condition, assume 


This makes 


<t> = C (yZ—zY). 


and taking 


<£ = -2irCyz(y-p) .(2), 


* This result was first given by Green in his paper ‘Researches on the vibra¬ 
tion of pendulums in fluid media Trans . B. Soc, Edin . 1833, or Math. Papers , 
p. 315. 
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and substituting in (1) we get 

+ 5 . (8) ' 

and reducing this as in 7*5, we get, when A=0, 

^ {( y ° ~ ^o) (ft* + ci) + 2 (ft* ” c*) } “ "* (c* “ 6») * 


Therefore 


*=- 


2+b btz^^-yo) 


•(4) 


is the required velocity potential*, where 


f3—y = abc (c 2 — b 2 ) J 


du 


A (a 2 + u)l(b 2 + u)i(c 2 + uft’ 


A being the positive root of 


x* y* z c 

_ j—~-1- = i 

! ' tO . \ * « - ' ** 


a 2 + A ' 6 2 + A ' c 2 + A 

If the ellipsoid have angular velocities cd x , u> y , w z about the 
axes of x, y, z, the velocity potential will be 


*=- 


“> x (P-y)y z _ <» y (y - «) zx _ 

^ + ^A^(Po~yo) 2 + < ^ : z^2(yo-*o) 2 + ^sc|a(*o-^o) 


6 2 —c 2 ' 


7*52. Spheroids. For a prolate spheroid 6 = c<o, we have 

du 


t=ab* f°°- 

J* (a*- 


(o* + m) 1 (6* + w)’ 
and putting a* 4- u = (a* — &*) v 1 , we get 


2ab* f°° _ dv 

' — (o* — 6*)t J v V® (w*— 1)* 


where a* + A=(a* — 6 2 ) v*. 

Therefore a= ^ (l log *+-j - ;).0). 

where e is the eccentricity of the generating ellipse. 

* This result is due to Clebsch, see CreUe, Lin, p. 2S7. 
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Also 


? = y = ab 2 j 


du 


* (o* + w)i(6 2 + u)* 

_ 2(1 -e*) f 00 dv 
~ e 8 Jv (v*-l ) 8 

.«■ 

In this case v= 1/e', where e' is the eccentricity of the generating ellipse 
of the confocal spheroid through the external point considered. 

For an oblate spheroid a = b > c, we have 

* * r ^ 

a = /3 = a*c -r; 

J* (a 2 + u) 2 (c 2 + u)* 

and putting c 2 + u = (a 2 — c 2 ) v 2 we get 

_ 2 o 2 c du 

a ~ p - ( ~a^ih 

where c 2 + A = (a 2 — c 2 ) y 2 . 

Therefore a = fS = - 1 ^ ^cot -1 v — .(3). 


Also 


du 


fao 

y = a 2 c I — 

J a (a 2 + w)(c 2 + u)* 

_ 2o 2 c f°° dv 
~(a 2 -c 2 )tJ v i 1 *”*)” 2 

- -) 

In this case */ is (1 — e' a )l/e', where e' has the same meaning as above. 
Hence for an oblate spheroid moving along the axis with velocity W, we 
have 


.(4). 


* 


_ Wyz 


2 - 


yo 


where y has the value given by (4), and y 0 is the value when A = 0, or when 
v = (l — e a )i/e. Hence 

*=- 

*’- <I 

WZ l l t-1 \ 

~ sin -1 e — e (1 — e 2 )* \v C ° / 


As a special case we may take c = 0 or e = 1, and we get for the case of a 
circular disc moving at right angles to its plane 

. 2Wz/l . . \ 

*=— t" cot T 

In this case a 2 v 2 = A and A is the positive root of 
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On the disc itself 2 = 0 and A = 0, so that v = 0, but £ has a definite value, 
for we may write 

z az /. x 2 + i/ 2 \i 


so that 


<f>= ± — (a i -x t -y t )i, 

IT 


taking the + or — sign on opposite sides of the disc. The normal velocity 
is ± W, hence for the kinetic energy of the liquid we have 


2W* (“, 2 ,,i 

= —' p Jo (a a) 


. 2'lT‘iBdw 


= Jpa 3 W 2 . 

We observe that, as is usual in such cases, the theory leads to infinite 
velocity of the liquid at the edge of the disc. 


7*53. Reverting to the case of an ellipsoid moving along one of its 
axes (7* 5), we have jj^ 


and the kinetic energy of the liquid is given by 


T=- ip jf^ n dS. 

But on the surface of the ellipsoid the normal velocity — IU, where 
(l y nty n ) are the direction cosines of the normal. Therefore 


and this integral is clearly the volume of the ellipsoid, so that 


T = i^Z-.f iP nabcU\ 

or there is an effective increase in the inertia of the ellipsoid due to the 
presence of the liquid equal to a 0 /(2 — a 0 ) of the mass of liquid displaced. 

We shall now shew how the foregoing problems of liquid motion with 
ellipsoidal boundaries may be treated by a transformation of coordinates. 


7* 6. Laplace’s Equation in Orthogonal Curvilinear Coordinates. 

A = const., /x = const., v = const. 

be three families of surfaces that cut one another orthogonally at all their 
points of intersection; A, /x, v denoting functions of rectangular coordinates 
x, y y 2 . 

Let OABCD be a small curvilinear parallelepiped bounded by such 
surfaces, the opposite faces BG f AD corre¬ 
sponding to A and A-f 8A, and so on; and 
the edges OA , OB, OC being of lengths 
* Ssj, Bs 9 . 

If the coordinates of 0 are x , y , z those of 
A are 

x + gsA, y + ffs A, *+J«A. 



R " 
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Hence the direction cosines of the normal to the surface A=const, are 

proportional to ^ f f*, and their values ore 

OA cA a A 


where 

Also 


(. dx , 8y , 8z\ 

v i ey Ai 0a’ Ai saJ’ 

V \8A/ + V0A/ + \0A/ ’ 

-•-(©MtO’+QV. 


so that Ssj = SXIh x and similarly = hfi/h 2 , 8 s a = &v/h z . 

Now if ^ is the velocity potential of a liquid motion the total flow of 
liquid outwards across the surface of the parallelepiped is by 4*52 (i) 
—V 2 ^ times the volume, and we get from the pair of faces BC t AD a contri- 

““ «-•<&»«*•* 

so that by adding similar terms we have 

7*7. Confocal Conicoids. The equation 
x 2 y 2 z 2 

a* + e + J + e + c*re~ 1=0 . (1) 


represents a family of confocal conicoids, of which three cutting ortho¬ 
gonally pass through each point of space. If A, p, v are the three roots of 
the equation regarded as a cubic m 6, and we assume that o>6>c, we 

know that N 

oo> A> — c 2 >fj.> — 6 2 >v»> — a 2 , 

and that A, /a, v correspond respectively to an ellipsoid, hyperboloid of one 
sheet, and hyperboloid of two sheets. 

Hence we have 

_? 2 + y^+ 22 (a- 0)oi-g)c-g) , 21 

a 2 +0^6 2 + 0 c 2 + 0 (a 2 + 0)(6 2 + 0)(c 2 + 0) . 1 ’’ 

an identity for all values of 9 . 

If we multiply by o 2 + 6 and then put 6= — a 2 , we get 


> 2 + 0 ) (b 2 -+• 6) (c 2 + 6) 



r 2 _ (“ 2 + A) (o*+ m) (o 2 + >-) 


(a 2 — 6 2 ) (a 2 — c 2 ) 

Similarly 

.. 2 _(6 2 + A)(0 2 + m )(6 2 +v) 
y (6 2 —c 2 ) (6 2 —a 2 ) 

and 

. t _(c 2 + A) (c 2 + m ) (c 2 + v) 

(c 2 — a 2 ) (c 2 — i> 2 ) 


By differentiating logarithmically we get 

x _ fty , y_ dz_. z 
d\~~ t a 2 + \' 2A“*6 2 + A’ 0A"~*c 2 + A 




f!_. y* , 

l + A) a "*’( 6 2 + A) ,+ (c , + 


—1 
• i +a)*/ 


therefore 


( 6 ). 
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Hence h t = 2 p t , similarly h % = 2p t , and k 3 = 2p 8 , ^here , p 8 , p 8 are the 
central perpendiculars on the tangent planes to the ellipsoid and hyper¬ 
boloids. 

Again by differentiating (2) with regard to 6 and then putting 0=A we 


get 

T 

1 

1 

1 

% 


(a* + A)*~(a* + A) (6 2 + A) (c 2 + A)’ 

therefore 

4 _ (A-mMA-W 1 

Aj* — (a*+A) (6 s + A) (c* + A)' 


Similarly 

4 _ </*-VH/.-A) 


W (a 2 + /i) [V l +p) (c* + fj.) 


and 

4 (v-A)(v- m ) 

(a 2 + v)(b 2 + v ) (c 2 + k)'J 



.( 6 ) 


In terms of these parameters A, p , v it follows that Laplace’s equation 
takes the form 

.(7). 

7*71. We can now find solutions of the preceding equation and give 
hydrodynamical interpretations to them. 

An obvious solution is 

/ = [°° _ du _ 

J * (a 2 + w)i(6 2 + w)^(c s +tt)i 

and by assuming the existence of solutions of the form 

^ = r x (A), 

and <£ = 2 /zx(A), 

it is easy to shew that there are solutions of the form 

du 


and 


<!>— x j 
$-yz J 


* (a 2 + u)$ (b 2 + u)k (c 2 + u)k 
du 


* (o 2 + ufi (b 2 + uft (c 2 + u)% 

The last two correspond to the translation and rotation of an ellipsoid 
and give the same results as were obtained in T 5, 7*51; tho boundary 
conditions in this notation being 

d<f) _ j., dx 

~ex~ u d\’ 


and 


dt{> ( dz dy\ 
'dA - '"* \ y dA.~ Z 8\)’ 


for the two cases. For the details of the work we refer the reader to Lamb’s 
Hydrodynamics , pp. 152-155 (6th ed.), from which this investigation is 
taken. 

7*8. Ellipsoid of varying form. As we saw in 7*71, or as 
is clear from the theory of attractions, 

dX 


*-°L 


A (a»+A)*(6 a +A)i(c*+A)* 


.( 1 ) 
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is a solution of Laplace’s equation. It clearly vanishes when 
A = oo and it is constant over confocal ellipsoids, it may therefore 
represent the velocity potential of a liquid motion due to an 
ellipsoid whose surface is changing form. For the velocity at any 
point being given by 


d<f, d<f) Ch t 

dn 1 aX (a 2 + A)* (6 2 + A)* (c 2 +A)* 


therefore, on any confocal ellipsoid, the velocity varies as the 
central perpendicular on the tangent plane. Hence the conditions 
are satisfied by supposing a boundary ellipsoid to vary so as to 
remain similar to itself keeping its axes fixed in direction. If 
the axes are changing at the rates a, b, c the general boundary 


condition 


0 f 0 / 0 / 0 / „ 

ot ox oy oz 


becomes in this case 
V 


"<> rC-f— --f 


x d<f> y d(f> z d<f) 


b 3 


+ ^ = 0 


a 2 dx b 2 dy c 2 dz 


.(3). 


But we have 


a b c 

- = . =- = K say, 
a b c Jy 


and on the surface A = 0, equation (2) becomes — , 

on aoc 

therefore, if we take Kabc = 2C , (3) and (2) are the same. 

Another expression for </> that will satisfy the general boundary 
condition (3) is obviously* 

b Q c 


^-^{a x2 + l y2 + C c z2 )- 


•(4), 


and it will satisfy Laplace’s equation if 


d b c _ 

- + J+- =0 

a b c 


(5). 


This then is the velocity potential due to an ellipsoid which 
changes form so that its volume remains constant, for condition 
(5) is merely the condition that abc = const. 


Tliis result is due to Bjerknes, Oott. Nachrichten , 1873, p. 829. 
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EXAMPLES 

1. A solid sphere moves through quiescent frictionless liquid whose 
boundaries are at a distance from it great compared with its radius. Prove 
that at each instant the motion in the liquid depends only on the position 
and velocity of the sphere at that instant. Prove that the liquid streams 
past the sides of the sphere with half the velocity of the sphere. 

(St John’s Coll. 1901.) 

2. An infinite ocean of an incompressible perfect liquid of density p is 
streaming past a fixed spherical obstacle of radius a . The velocity is uni¬ 
form and equal to U except in so far as it is disturbed by the sphere, and 
the pressure in the liquid at a great distance from the obstacle is II. Shew 
that the thrust on that half of the sphere on which the liquid impinges is 

Tra 2 {n - P U 2 /l 6}. (Trinity Coll. 1900.) 

3. A rigid sphere of radius a is moving in a straight line with velocity u 

and acceleration/through an infinite incompressible liquid, prove that the 
resultant fluid pressures over the two hemispheres into which the sphere is 
divided by a diametral plane perpendicular to its direction of motion are 
Una 2 ± \Mf — $\Mu z /a, where II is the pressure at a great distance, and M 
is the mass of the fluid displaced by the sphere. (M.T. H. 1910.) 

4. A solid sphere is moving through frictionless liquid: compare the 
velocities of slip of tho liquid past it at different parts of its surface. 

Prove that when the sphere is in motion with uniform velocity U, the 
pressure at the part of its surface whore the radius makes an angle 6 with 
the direction of motion is increased on account of the motion by the amount 
,\p t/ 2 (9cos 20-1), 

where p is the density of the liquid. (St John’s Coll. 1898.) 

5. Find the pressure at any point of a liquid, of infinite extent and at 

rest at a great distance, through which a sphere is moving under no 
external forces with constant velocity U, and shew that the mean pressure 
over the sphere is in defect of the pressure II at a great distance by 
ipU 2 , it being supposed that II is sufficiently large for the pressure 
everywhere to be positive, that is, that II > %pU 2 . (M.T. 1908.) 

6. An infinite homogeneous liquid is flowing steadily past a rigid 
boundary consisting partly of the horizontal plane y = 0, and partly of a 
hemispherical boss x 2 + y 2 + z 2 = a 2 , with irrotational motion which tends, 
at a great distance from the origin, to uniform velocity V parallel to the 
axis of z. Find the velocity potential and the surfaces of equal pressure. 

(St John’s Coll. 1905.) 

7. A stream of water of great depth is flowing with uniform velocity V 

over a plane level bottom. A hemisphere of weight w in water and of 
radius o, rests with its base on the bottom. Prove that the average 
pressure between the base of the hemisphere and the bottom is less than 
the fluid pressure at any point of the bottom at a great distance from the 
hemisphere, if F a > 32w/lljro 2 p. (M.T. 1894.) 
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8. Prove that at a point on a sphere moving through an infinite liquid 
the pressure is given by the formula 

(P ~Po)lp = i a f cos 0i +i v* (9 cos 2 0 - 5), 
where v is the velocity, / the acceleration of the sphere, and 0, are the 
angles between the radius and the directions of v,f respectively, and p 0 is 
the hydrostatic pressure. (St John’s Coll. 1909.) 

9. When a sphere of radius a moves in an infinite liquid shew that the 

pressure at any point exceeds what would be the pressure if the sphere 
were at rest by # 

where q is the velocity of the sphere and q f and /are the resolved parts of its 
velocity and acceleration in the diroction of r and the density of the liquid 
is unity. (Coll. Exam. 1894.) 

10. A sphere of radius a is in motion in fluid, which is at rest at infinity, 
the pressure there being II; determine the pressure at any point of the 
fluid, and shew that the pressure on the front hemisphere cut off by a plane 
perpendicular to the direction of motion is the resultant of pressures 
rra 2 (EL — pV 2 ) and \npa 2 f in the directions respectively opposite to those 
of the velocity V, and the acceleration/, of the centre of the sphere. 

(Coll. Exam. 1910.) 

11. Prove that for liquid contained between two instantaneously con¬ 
centric spheres, when the outer (radius a) is moving parallel to the axis of x 
with velocity u and the inner (radius b) is moving parallel to the axis of y 
with velocity v t the velocity potential is 

- ^ ( X + £) - btvy ( l + 2r*)} ’ 
and find the kinetic energy. (St John’s Coll. 1898.) 

12. Liquid of density p fills the space between a solid sphere of radius a 
and density p' and a fixed concentric spherical envelope of radius b; prove 
that the work done by an impulse which starts the solid sphere with 
velocity V is 

ina»V 2 (v + p). (Coll. Exam. 1896.) 

13. The space between two concentric spherical shells of radii a and b 
(a>b) is filled with an incompressible fluid of density p and the shells 
suddenly begin to move with velocities U, V in the same direction: prove 
that the resultant impulsive pressure on the inner shell is 

(3o»C7- (a 5 + 26*) F}. (Trinity Coll. 1896.) 

14. Incompressible fluid, of density p, is contained between two rigid 
concentric spherical surfaces, the outer one of mass M x and radius a, the 
inner one of mass M 2 and radius 6. A normal blow P is given to the outer 
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surface. Prove that the initial velocities of the two containing surfaces 
(XJ for the outer and V for the inner) are given by the equations 
f 2irpa* (2a* 4- 6 8 )1 2npa*b* 
t 1+ 3(a J — 6 4 ) f U ' 

U + W'W' + a') ] 2^pa»b» 

r* ,+ 3(o*—6*) 

(Trinity Coll. 1896.) 


15. A sphere of radius a is placed in an incompressible fluid extending 
to infinity. Each point of the sphere is moving normally outwards with 
velocity d, also the fluid at points very distant from the sphere is moving 
with velocity V in a given direction. Find the velocity potential at any 
point of the fluid. 

dilf 

Also prove that the resultant pressure on the sphere is the force \ -jg- V 


in the direction of the stream, where M is the mass of the fluid displaced by 
the sphere at the instant considered. (Trinity Coll. 1897.) 


16. A solid is bounded by the exterior portions of two equal spheres 
(of radius a) which cut one another orthogonally; and is surrounded by an 
infinite mass of liquid. If the solid is set in motion with velocity u in the 
direction of the line of centres, shew that the velocity potential of the 
resulting motion is / cos fl cos p C os 0 \ 

***(>- *—■&&> 

where r, r', R are the radii vectores of a point, measured respectively from 
the centres of the two spheres and from the point midway between them, 
and 0 , 0 ', 0 are the angles which these radii vectores make with the direc¬ 
tion of motion of the solid. (Coll. Exam. 1902.) 


17. A sphere of radius a is made to move in incompressible perfect fluid 
with non-uniform velocity u along the x axis. If the pressure at infinity is 
zero, prove that at a point x in advance of the centre 

P = (M.T. 1928.) 

18. Shew that when a sphero of radius a moves with uniform velocity 

U through a perfect, incompressible, infinite fluid, the acceleration of a 
particle of fluid at (r, 0 ) is /n 3 n *\ 

(M.T. 1917.) 


19. The motion of an incompressible fluid being symmetrical with 
respect to an axis, and the parts of the velocity resolved along and per¬ 
pendicularly to a radius vector drawn from a point fixed or moving on the 
axis in any direction making with the axis an angle 6 being U and W, prove 
that if art fit ft fit 

C 7 = — cos 6 + (1 -f 3 cos 20 ), W = ^ sin 0 + ^ sin 20, 

the equation of constancy of mass is satisfied, and Udr -f Wrdd is an exact 
differential, C and C f being cither constants or functions of the time. 

Shew also that if the fluid be unlimited in extent, and ( 7 ' = 0 , the as¬ 
sumed motion would be produced by a sphere moving in any manner with 
its centre on a fixed straight line. (Smith’s Prize, 1877.) 
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20. A doublet of strength M is placed at the point (0, a, 0) with its axis 
parallel to the axis of 2 , prove that at points close to the origin the velocity 
potential of the doublet is approximately 

Mz t ZMyz 

neglecting terms of the order r 8 /a 5 and higher powers. 

Deduce that if a small sphere of radius c is placed with its centre at the 
origin, the velocity potential is then increased by the terms 

+ (Univ. of London, 1911.) 

a, 3 r* a* r* 

21. Shew that the image of a radial doublet in a sphere is another radial 
doublet, and compare their magnitudes; shew also that the velocity at any 
point of the sphere is proportional to mr~*, where r is the distance from the 
doublet, and w the perpendicular on the diameter on which it lies. 

(Trinity Coll. 1906.) 

22. Discuss the motion for which Stokes’s stream function is given by 

ip = ^V {ah— 2 cos 0 — r a } sin* 6 , 

where r is the distance from a fixed point and Q is the angle this distance 
makes with a fixed direction. (Coll. Exam. 1900.) 

23. Find the Stokes stream function ip where fluid motion is due to a 

source of strength m (flux 47 rm) at a fixed point A , a sink -mat another 
fixed point B, a translation of the fluid of velocity U in the direction AB 
being superposed; explain how this solution can be used to deduce the 
motion of fluid past a certain solid of revolution. If U= 8w/9a 2 , where 
AB = 2a y prove that the solid is of axial length 4 a, of equatorial radius 
approximately l-6o, and has the same effect on the fluid motion at a great 
distance as a sphere of radius a( 9/2)£. (M.T. 1932.) 

24. If AB be a uniform line source, and A and B equal sinks of such 
strength that there is no total gain or loss of fluid, shew that the stream 
function at any point is 

where c is the length of A B, and r 1 , r 2 are the distances of the point con¬ 
sidered from A and B, (Univ. of London, 1916.) 

26. A solid of revolution is moving along its axis in an infinite liquid; 
shew that the kinetic energy of the liquid is 

-i 

where ip is the Stokes stream function of the motion, w the distance of a 
point from the axis and the integral is taken once round a meridian curve of 
the solid. Hence obtain the kinetic energy of infinite liquid due to the 
motion of a sphere through it with velocity F. (Coll. Exam. 1899.) 

26. An ellipsoidal cavity (semi-axes o, 6, c) in a solid initially at rest is 
filled with an incompressible frictionless fluid initially at rest. Prove that 
if the solid be moved with velocities u , v, w parallel to the axes of the 
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cavity, and be rotated with angular velocities p, g, r round the semi-axes, 
the angular momentum of the fluid round the semi-axis a at any instant is 

P- (Trinity Coll. 1902.) 

27. A.rigid ellipsoidal envelope, without mass, encloses a perfect in¬ 
compressible fluid of mass M. The equation of the ellipsoid is 

a? f / a *+ y*l&+^! c% —i=o. 

An impulsive couple in the plane of xy causes the envelope to rotate initially 
with angular velocity co. Find the initial velocity potential of the fluid, 
and prove that the moment of the couple is 

\M <o (a* - 6 a ) 2 /(a f + 6 2 ). (Trinity Coll. 1910.) 

28. Prove that, if two rigid surfaces of revolution, one of which sur¬ 
rounds the other, are moving along their common axis with velocities 
U 1 , U t and the space between them is filled with homogeneous liquid, the 
momentum of the liquid is M 2 U 2 — M x XJ x , where M x , M % are the masses 
of liquid which either surface would contain. 

29. Prove that the same result holds good for surfaces of any form pro¬ 
vided that the velocity potential is expressible in the form 

{/(*, y, z) + A}x. 

30. An ellipsoid surrounded by frictionless homogeneous liquid begins 
to move in any direction with velocity V. Shew that, if the outer boundary 
of the liquid is a fixed confocal ellipsoid, the momentum set up in the liquid 
is — MV, where M is the mass of liquid displaced by the ellipsoid. 

(M.T. 1924.) 


31. If the space between two confocal ellipsoids is filled with liquid, and 
the inner and outer ellipsoids are suddenly moved with velocities U, U' 
parallel to the axis of x, prove that the velocity potential of the initial 
motion is given by 

<f> = {(U - U') a- U (a 0 ' - 2/z) + U' (a. - 2)} xl{ a 0 ' - a 0 + 2 - 2 /*}, 
where the notation is that of 7* 5, a 0 ' is the value of a for the outer ellipsoid, 
and fi is the ratio of the volume of the inner to the outer ellipsoid. 


32. Shew that for a homogeneous solid ellipsoid of mass M rotating 
about the axis of x, in liquid at rest at infinity, the effective moment of 
inertia is (6»- C *)»(r.-A,) ) 

* l + 2cr ’ 2 (6 a — C l ) + (6 a + c*) (/}„ — y # )J 

where p 9 a are the densities of the liquid and solid and p 0 , y 0 have the 
meanings of 7*5. 


33. Shew that when a circular disc of radius a rotates about a diameter 
in liquid at rest at infinity the kinetic energy of the liquid is 

4 r» P 11 00 > 

co being the angular velocity of the disc and p the density of the liquid. 
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34. Prove that, when an oblate spheroid of eccentricity sin a moves 
parallel to its axis of figure with velocity V in infinite fluid, the kinetic 
energy of the fluid is tan a-a 

* a—sin a cos a* 

where M' denotes the mass of the displaced fluid. (M.T. n. 1910.) 


35. The ellipsoid x x ja % -f y l jb % + z % jc l = 1 is surrounded by an infinite 
mass of water, and rotates about the axis of x . Prove that the component 
velocities of any particle of the water, parallel to the axes, will respectively 
be proportional to 0 £_aM 

W T- r 6> cl > (i _?!__\ 2 f b Y 

;« + a* + <fr &* + <& c« + ^ \b*+t). 

, of « V I __ f 

V s * + 4>J J (o* + <P)i (6* + 0)* (c* + ’ 


M=2b k - r 

J< (o* + 0)i(6» + f)*(c» + ^)i 

#=-2c* r_^_ 

J « (a* + A)* 16*+ ii)i (c*+<i)i 


J « (a* + ^)*( 6 »+ 0 )*(c*+^)*’ 
and c is a positive quantity, given by the equation 


_*!_+_+_?!_= i 

o* + t + 6 * + e + c* + e '• 


Prove that, if the ellipsoid be a shell filled with water, the values of L , M, N 
with 0 instead of € for the inferior limit, will similarly determine the velocity 
of any internal particle of the water. Find the distributions of density, on 
the surface of the ellipsoid, respectively giving the potentials L, M, N . 

(Smith’s Prize, 1881.) 



CHAPTER VIII 


MOTION OF A SOLID THROUGH A LIQUID 

8*1. In the foregoing chapters we have considered some 
simple cases of the motion of a solid through a liquid, chiefly 
from the kinematical point of view. It is now our purpose to 
establish dynamical equations for the motion of a solid through 
an infinite mass of liquid, assuming that the motion of the liquid 
is due entirely to that of the solid, so that it is irrotational and 
acyclic. The motion of the liquid is therefore given by a single¬ 
valued velocity potential, and by reference to 4*61 we see that 
the problem is a definite one. 

8’11. The dynamical problem possesses features of special 
interest. It was first solved by Kelvin and Tait* by treating 
the solid and liquid as one system and using Lagrange’s equa¬ 
tions and the method of ignoration of coordinates. We shall 
approach the problem by a different method also due to Lord 
Kelvin. 

8'2. The Impulse. In the general problem which we have to 
consider, we shall suppose first that the liquid is finite in extent 
and limited by a fixed boundary or envelope, and we shall then 
proceed to the case of a solid moving in an infinite mass of liquid 
by supposing the boundary to increase in size until every part of 
it is at an infinite distance from the moving solid. We saw in 2‘71 
that any irrotational motion of a liquid may be produced in¬ 
stantaneously from rest by the application of a suitable impulsive 
pressure at every point of the boundary, and we shall define the 
impulse of the motion at any instant to be the impulsive wrench or 
system of impulses that, applied to the solid, would generate the 
motion from restf. We shall call this briefly ‘the impulse’. It is 
clear that the impulse is equal to the total momentum of the solid 
and liquid together with the impulsive pressure on the envelope 
that bounds the liquid. 

* Natural Philosophy , Art. 320. 

f See Lord Kelvin, ‘On Vortex Motion\ Trans. Jl. Soc. Edin. xxv, 1800, or Math, 
and Phys. Papers, iv, p. 15, 
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8*21. Example. It will be convenient to recall here the results ob¬ 
tained in a simple case in 7*2. A solid sphere of radius a moving with 
velocity V in liquid bounded, at the instant under consideration, by a 
concentric sphere of radius b. The impulse I necessary to produce the 
motion instantaneously was calculated and shewn to tend to a definite limit 
when b is increased to infinity. The impulsive pressure on the envelope 
was also seen to tend to a definite limit as 6 is increased to infinity; and 
the same was shewn to be true of the momentum. We shall see in the 
next article that the impulse necessary to produce the motion always 
tends to a definite limit, but except in special cases when the form of the 
envelope is prescribed the impulsive pressure on the envelope and the 
momentum are indeterminate. 

8*22. The Impulse tends to a definite limit, but the 
Momentum is generally indeterminate. We have seen in 4* 54 
and 4*61 that, whether the surrounding envelope be finite or 
infinite, if the velocity potential (or impulsive pressure) at each 
point of the surface of the solid is prescribed, there is only one 
form of irrotational motion possible. And since any irrotational 
motion could be produced instantaneously by the application to 
the solid of a suitable impulsive wrench, and one and only one 
form of motion can arise from a given impulsive wrench, it follows 
that, if the envelope be increased indefinitely so that every part of 
it becomes infinitely distant from the solid, the solid and liquid 
still having a definite motion, this motion must still be the result 
of a definite impulse. That is, as the envelope increases without 
limit the impulse tends to a definite limit. 

This is not generally true however of the impulsive pressure of 
the boundary. For the impulsive pressure at a point is measured 
by pt/), and since the envelope is fixed the tubes of flow must all 
start from and end on the surface of the moving solid, so that at a 
great distance r from the solid the velocity potential <f> must be of 
the same order r~ 2 as the velocity potential due to a doublet. But 
the element of area of the infinite envelope is of order r 2 , so the 
surface integral of the impulsive pressure on the envelope is in 
general finite but dependent on the shape of the envelope and 
therefore indeterminate. Similarly the momentum is in general 
indeterminate when the mass of liquid is infinite. 

8-23. Rate of change of Impulse=external Force. Con¬ 
sidering first the case of a finite mass of liquid and using axes 
fixed in space, let I 1 , 1 2 be the ^-components of the impulse that 
would generate the motion from rest and of the impulsive pressure 
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on the envelope at time t; M, X the ^-components of the whole 
momentum and the external force acting dn the solid; and 
(Z, m, n) the direction cosines of the outward normal to the 



d §,x-jj P us, 


where the integration is over the surface of the envelope. 
But M = I 1 -I 2 and + 

P ot 


where F (t) is an arbitrary function of the time. 
Therefore 


dr, dh 
dt 


But 


{^ r ^ + M ,dS - 

,=jjptldS and 


IdS; 


also F (t) is constant over the envelope and will give zero result 
when integrated, so that we get 



Now let the envelope increase until every part of it is at an 
infinite distance from the solid; then, as in the last article, </> being 
of order r -2 , q is of order r -3 on the surface of the envelope, so that 
JJ q 2 ldS tends to zero, and tends to a definite limit /, therefore 
for a solid in an infinite mass of liquid 


dl 
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As the motion, in general, would require an impulsive wrench 
to produce it instantaneously, and a linear impulse on the solid 
might result in an impulsive wrench on the envelope, we must also 
consider the rate of change of the moment of the impulse. 

With a similar notation let I /, J 2 ', M\ N denote moments 
about the x axis of the impulse, the impulsive pressure on the 
envelope, the momentum and the external forces on the solid. 


We have = N —JJ p (ny — mz) dS. 


But M’ = // — / 2 ', and I 2 r =JJ p<f> (ny — mz) dS, 


so that we get by similar steps 

=N + IpJJ? 2 {ny - mz) dS 

for the case of the finite envelope. When the envelope becomes 
infinite the surface integral vanishes as before and // tends to a 
definite limit so that , T , 


8*24. Kinematical Conditions. Before translating the 
foregoing principles into formal equations of motion, we shall 
establish some kinematical relations. It will be convenient to 
take rectangular axes fixed in the body, the origin having 
velocities u,v,wm the directions of the axes, and the axes having 
an angular velocity whose components about the axes arep, q, r. 

If (j> be the velocity potential we may write* 

•I>=u<l> 1 +v<f> 2 +w<f> 3 +px 1 + qx 2 +rxs .(1). 

where denotes the velocity potential when the only motion of 
the body is a translation along the x axis with unit velocity, and 
Xi denotes the velocity potential when the body rotates about the 
x axis with unit angular velocity, with similar meanings for 
<f> t ,<f> 8,and Xs , *8- 

If l, m, n denote the direction cosines of the normal at any 
point {x, y, z) on the surface of the body, we have 

— ^=l(u—y r + z q) + m(v—zp + xr)+n{%o— x q+yp) 


* Kirchhoff, Mechanik, p. 224. 


(2), 
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by equating the normal velocity of the liquid to that of the 
body. Whence by substituting the value of <f> from (1) and 
equating coefficients of u, v, w, p, q, r we get 


dn~’ 


dn 


= m, 


dn 


-=n, 


0Y. 

-^=ny-mz, - 


d ^ = lz-nz, 
dn ’ 


Jg-mx-ly 


—(S). 


W© may observe in passing that the values of <f> l9 Xi> ©tc. have 
been found in the case of an ellipsoid in 7*5 and 7*51, and that 
the problem of their determination is a definite one in the general 
case since they have to satisfy Laplace’s equation as well as (3) 
and their derivatives vanish at infinity, for by hypothesis the 
liquid is at rest there. 


8*3 Equations of Motion. Let f, y, £, A, /x, v be the com¬ 
ponents of impulse, and X, Y , Z, L, M , N of the external force 
system acting on the body at time t referred to axes fixed in the 
body moving as in 8’ 24. At time t + 8t the coordinates of the 
origin referred to the axes at time t are uht, v8t, w8t, and the 
direction cosines of the axes referred to their former positions are 
(l,r8t, -q8t), (-r8t, l,p8t), (qSt, - p8t , 1). Hence by resolving 
parallel to the new position of the x axis 

£ + 8£ = £ + yr 8t — t,q 8t + X 8t, 
and by taking moments about the same line 

A + 8A = A + fir 8t — vq8t + yw8t — £v8t + L8t, 
whence we get the six equations of motion 

i-yr + tq =X, X-pr + vq-yw + tv =L, 
y-Zp + €r= Y, fi — vp + Ar — £u+£w = M, 

t-£q + yp = z> v-*q + iip-gv + yu=N. 

As suggested by Lord Kelvin, these equations may conveni¬ 
ently be called the Eulerian equations of motion, since they refer 
to axes fixed in the moving body and correspond precisely to 
Euler’s equations for the rotation of a rigid body*. 


* McUh. and Phys. Papere, iy, p. 70 footnote. 
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8*31. The Kinetic Energy. The kinetic energy of the liquid, 
by 4*71, is given by 

T=~IP 

where the integration extends to the surface of the moving solid. 
From 8*24 (1) it follows that T is a homogeneous quadratic 
function of the velocity components u, v, w, p, q, r , so that we 
have 

2T — Au 2 + Bv 2 + Cw 2 4- 2A’vw 4- 2B , vm + 2 C'uv 
4- Pp 2 4- Qq 2 4- Br 2 4- 2P'qr 4- 2Q'rp -f 2 R f pq 
+ 2p (Fu + Gv + Hw) 4* 2q ( F'u 4- G'v -f H'w) 

+ 2r (F'u 4- O'v 4- H”w) ... (2), 

where the coefficients A, B, etc. by the help of 8*24 (3) can be 
expressed in the form 



A 

A' 


= ~ P 


P = - 


jj+^dS-pjjlhdS, 

p !j+*%i d8 =- p !j+ t l£ d8 by 452 (ii) 

p JJ* n<f> 2 dS = pjj m<l> 3 dS, 

P \j Xl ~dn dS=P jj Xl “ mz) dS 


etc. 


...(3). 


The kinetic energy of the solid is also a homogeneous quadratic 
function of the velocities, so that the whole kinetic energy of the 
solid and liquid is an expression of the form (2), wherein the 
coefficients are only represented in part by the expressions (3). 


8*32. Impulse in terms of Velocities. It is a well-known 
dynamical theorem that the work done by an impulse is the 
product of the impulse and the mean of the velocities of its 
point of application before and after it acts. Accordingly an 
extra impulse 8£ in the x direction would do work 8£(w4*£8w)> 
where u + hu is the velocity in the same direction after the 
impulse 8£ has taken place; and if 8£ be infinitely small we may 
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take u 8 f to represent the work done or the increase of kinetio 
energy. Hence when the ‘impulse’ receives' infinitesimal in¬ 
crements 8 £, 8rj, 8 £, 8 A, 8 p, 8 v there is an increase of kinetic 
energy 8 T given by 


But 


8T = u8£ + ®8ij+tc8{ +p8A + jS/t+rSv ......(1). 

dT. ST* dT^ 'dT- dT- dT . 
8T= d^ Su+ d^ 8v+ d^ Sw+ ^ Sp+ d^ 8q+ -^ 1 Sr - (!2) ’ 


and if the velocities are all altered in a given ratio it is clear that 
the impulses will be altered in the same ratio, so that if we write 


8 u/u = Svjv =... = hrjr = #c, 

we must also have 

Sf/f = 827/77 =... = Svjv = /c. 


Whence by equating the two expressions for 8T in ( 1 ) and ( 2 ) and 
substituting from the last equations we get 

u£ 4 - V7j 4- wf 4- p\ 4* qp + rv 


dT dT dT dT dT dT 

= “ 8 i + *’S + ”’S +^ '^ + 3 ^ +r ■F- 2T •■• (3, • 

since T is a homogeneous function of u } v, etc. 

By varying this last equation we get 

28T = (u8(; + f 8 u) + ... 4 - (r 8 v + v8r); 


and therefore by subtracting ( 1 ) 

ST = £8u 4 - rj 8v 4 - £ 8w + X8p + p8q 4 * v 8 r. 

Comparing the last result with ( 2 ), since the small variations 
are arbitrary, we get 

* , , 0 T dT dT dT dT dT 

tl, v- du > dv , dw , dp , dq , .(4). 

These results imply that the components of impulse are linear 
functions of the components of the velocity, hence the kinetic 
energy may also be expressed as a homogeneous quadratic 
function of the components of impulse; and when T is so expressed 
we get from ( 1 ) the reciprocal relations 

dT dT dT dT dT dT 

jp 8 -, gj, jj. 3 ~, ...(5)- 
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8*33. Equations of Motion. The equations of 8*3 now take 
the form* *7 




d 

dT 

dT 


dT 

+x. 



dt 

du 

~ r dv' 


dw 



d 

dT 

dT 


dT 




dt 

dv 


-r 

du 

+ Y, 



d 

dT 

dT 


d T 

+z, 



dt 

du> 

® du 

-p 

dv 

d 

dT 


dT 

dT 


dT 

dT _ 

dt 

dp 

-r 

dq 


-w 

dv 

1 

<5 

n 

+ 

t* 

d 

dT 


dT 

dT 


d T 

3 T „ 

dt 

dq ' 

=p 

dr 

-r-^- + u 
dp 

dw 


d 

dT 


dT 

dT 


d T 

dT TLT 

dt 

dr = 

=? 

dp 

~P~Z. -1 

r dq 

-V 

du 

—u-=-+N. 

dv 


In the case in which there are no extraneous forces we can 
obtain three integrals of these equations. Thus if we multiply 
them by u , v, w, p, q , r and add, we get 
ddT d dT 

“as + - +r a8F-°. m - 

dT dT 

But 2T==u ik + -'‘ +r i’ 

.. x. n dT ddT dTdu 

therefore .<*>- 

- , dT dT du dT dv 

U dt du di + dv dt+ . * 

and by subtracting (1) and (3) from (2) we get the equation of 

energy dT 

—-=0, or T = const. 
at 

Again, if we multiply the first three of the equations of motion 
by dTjdu, dTjdv, dTjdw and add and integrate, we get 


(dTV (dT\ 2 IdT \ 2 

(is) + (isr) + (s) 


or £ 2 + rf +£ 2 = const., 

which represents that the linear component of the impulse or the 

intensity of the impulsive wrench is constant. 


* Kelvin, ‘ Hydrokinetic solutions and observations *, Phil. Mag . xlti, p. 332, or 
Math . and Phi/a. Papers, iv, p. 09. Also Kirchhoff, Mechanik, p. 236. 
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And if we multiply the six equations by 

dT/dp, dT/dq, dT/dr, dT/du, dT/dv, 

, dTdT dT.dT dTdT 

we « et tesf'srgj+to ,*- 11 ”°“*- 


ST/dw, 


or £A + rjii + £ v == const., 

which represents that the couple component or the pitch of the 
impulsive wrench is also constant. 


8*34. Directions of Permanent Translation. When there 
are no external forces the equations of motion of 8*33 are 
satisfied by p = q = r=0, provided u, v, w have constant values 
SUCh that 0 /yr 0 j 7 


u:v:w = 


du * dv * dw 


.( 1 ). 


In this case I 7 is a homogeneous function of u , v, w only, of the 
form 2T = Au 2 +Bv 2 +Cw i + 2A'vw + 2B'wu + 2C'uv ...(2). 

If we regard u, v, w as current coordinates the equation 

2^ = const. 


represents an ellipsoid, and the equations (1) determine its 
principal axes. 

Consequently if the body be set moving without rotation in the 
direction of any one of the axes of this ellipsoid it will continue to 
move in the same direction without rotation*. 

The stability of the motions has been discussed by H. D. Ursell f. 


8*4. Hydrokinetic Symmetry. The expression for the 
kinetic energy in 8*31 contains 21 constants, but the number of 
terms is reduced in particular cases. Thus the coefficients A f , B', 
C’ can always be got rid of by rotating the axes. Also 

(1) If the body has three perpendicular planes of symmetry 
the energy must remain unaltered when the sign of any velocity 
component is reversed, so that 

2 T=An 2 + Bv 2 -f Cw 2 + Pp 2 + Qq 2 + Mr 2 . 

(2) If the body is in addition a surface of revolution about 
Ox , the expression for 2T must remain unaltered when we write 
v, q 9 —w, —r for w , r, v , q 9 respectively, for this is equivalent to 

* Kirchhoff, Mechanik , p. 236. 

t "Motion of a solid through an infinite liquid Proc. Comb . Phil. Soc . xxxvn, p. 150. 
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tuming the axes of yz through a right angle; hence J5=(7 and 
Q=B, so that 

2 T = An 2 + B(v 2 + w 2 ) -f- Pp 2 + Q(q 2 +r 2 ). 

The same expression holds when the solid is a right prism 
whose cross section is a regular polygon*. 

(3) When the body is similarly related to the three planes of 
symmetry as in the case of a sphere or cube we have 

2T=A (u 2 +v 2 + w 2 ) + P(p 2 +q 2 +r 2 ). 

(4) Another kind of symmetry is that represented by the 
expression 

2 T=A (u 2 +v 2 +w 2 ) + P(p 2 + q 2 +r 2 ) + 2L (up + vq+ivr), 

the form of which is unaltered by any changes in the directions of 
the axes, and any direction is one of permanent translation. 
Such a solid is said to be ‘helicoidally isotropic f. 

8*5 Applications. Sphere. Taking u, v, w as the components of 
velocity of the centre of the sphere 



2T = A (u % 4 - v 1 + w 2 ). 

where 


and 

. a z x a* cos 0 . - 

ti=2 2r» '“S 1117-11 * 

Hence 

A=M+pfJt 1 ldS 


= M + 7 Tpa*J" cos* 8 sin 8d6 




where M' is the mass of liquid displaced. 

Therefore 2 T = ( M + \M ') (u a + v 2 + w % ), 

and 17 , £=(M + %M ') ( u , v, w). 


The equations of motion, in this case, become 

(M + iM') (u, v , w) = (X, Y , Z), as in 7*13, 

where X , Y, Z are the components of external force on the sphere. 

If external forces act on the liquid as well, their effect on the sphere is 
expressed by adding to X,Y,Z the reversed effect that these forces would 
exert on the liquid displaced by the sphere. 

* Larmor, ‘ On Hydrokinetic Symmetry ’, Quart. Journal , xx, p. 261, or Kirchhoff, 
Mechanik , p. 243. 

t See Kelvin, ‘Hydrokinetic solutions and observations', Phil. Mag . xlti, p. 365, 
or Math, and Phya. Papers , rv, p. 72. 

For other special forms see Lamb's Hydrodynamics, Art. 126, or Larmor, loc. cit. 
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8*51. Solid of Revolution. Taking the axis of £he solid for axis of », 
wehave 2 T=Au*+B(v*+vj*) + Pp t +QW+t*) .(1). 

Assuming that there are no impressed forces, the equations of motion of 

8*33 become .. » » 

Au=Brv—Bqw .(2), 

Bv = Bpw—Aru .(3), 

Bw=Aqu — Bpv .(4), 

PP = 0 .(5), 

Qq=(Q-P)pr+(B-A)uw .(0), 

Qr=(P-Q)pq+(A-B)uv .(7). 


From (5) we see thatp is constant throughout the motion. We can also 


deduce as in 8*33 three integrals 

T =const.(8), 

+ = .( 9 ), 

and APup + BQ(vq+wr) — lQ .(10), 


where I, O are the constant components of the impulsive wrench at any 
instant. 

From (1), (2), (8), (9), (10) we can eliminate v , w, q , r. Thus 


B*(v* + u;») = I»-A*u a , 

Q(g 8 +r 8 ) =2T-Att*-B(«* + tt> a )-Pp a 

and BQ (vq + wr) = IG — APup, 

therefore 


AHl 1 = B*(rv — qw ) a 


= B* {(v* + w*) (g 8 + r 8 ) - (vq + w) 1 } 


a polynomial of the fourth degree in Au so that Au is an elliptic function of 
the time. 

Again, if we put v/w =tan we have 
(v 8 +to 2 ) *jt = wv—vw 

=p(v t +tiP) — Au(qv+rw)/B, from (3) and (4). 


Therefore 


; Au IG—APup 
^~ P ~Q' I*-A* M* • 


Thus, having expressed u in terms of the time, the last relation gives v/w 
and (9) gives v*+ w* t then p being constant (8) and (10) determine q and r, 
so that all the velocity components are determined. 

The evaluation in terms of elliptic functions was first performed by 
Kirchhoff, and the problem has been discussed at length by Greenhill* and 
others. 


* American Journal of Mathematics, 1898, 1906. 
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8*52. Solid of Revolution—Quadrantal Pendulum. The case 
considered in 8*51 is much simplified if the axis of the solid moves in a 
fixed plane. Taking this as the plane xy we have w=p = q — Q, and the 
equations of 8*51 become 

Au = Brv, Bv= —Aru, Qr = (A — B)uv, 



the three integrals reducing to two 

Au 2 + Bv 2 + Qr 2 = const., 
and Ahi 2 + B 2 v 2 = I a , 

the third being an identity, as the ‘ impulse ’ at any instant consists of a 
single impulsive force /. 

Letx, y be the coordinates of the centre of gravity o of the solid referred 
to axes fixed in the given plane whereof the x axis coincides with the line 
of the impulse I and makes an angle 0 with ox. 

Then r — 6, Au —I coa 6, Bv = — 2 sin 0, 

so that the first two equations of motion are satisfied identically, expressing 
the fact that the impulse is fixed in magnitude and direction. The third 


equation gives A — R 

Q6+~~PooaesmB=:0 .( 1 ), 

.. A — B 

or, if we write 20 = ^, $ + ^j^q~ I 2 sin <f> = 0.(2), 


shewing that the motion corresponds to that of a simple pendulum, the 
body moving according to the same law through a quadrant on each side 
of its mean position, as the common pendulum with reference to a half 
circle on each side. A body moving in such a manner is called a Qiuufrantal 
Pendulum *. This motion is acquired by a solid of revolution in an infinite 
mass of liquid when it is given a rotation about an axis perpendicular to its 
axis of figure, or simply projected without rotation. 

The body, as it moves, may make complete revolutions or it may oscillate 
about a mean position. 

(i) In the case of complete revolutions we may write the first integral 
of (1) <? 2 = < o 2 ( 1 — k 2 sin 2 6 ), 

where oj is the value of 6 in the position 0=0 and 

a > 2 k 2 = (A-B)I*/ABQ .(3). 

* Kelvin and Tait, Natural Philosophy , § 322. 
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Hence cjt= -—-t 

= ft -r~~- r> where £=sin0. 

-/ 0 (1 — £*)* (1 — # c *£*)* 

Therefore sin 0 = £ = sn cot.(4), 

where #c, as given by (3), is the modulus of the elliptic function. 

(ii) In the case of oscillations through an angle 2a about the position 
0 = 0, we may write the first integral of (1) 

\ sin* a/ 

where sin 2 a=• Ja .(5)* 

Therefore cot = /**- ?jp g ^ —r, or if sin0=£sina, 

J 0 (sin 2 a — sin 2 0)* 

= sina _d£_ 

JO — sin 2 a. D 4 ’ 

so that sin 0 = £ sin a = sin a sn (cot cosec a) .(6), 

where sin a, as given by (5), is the modulus of the elliptic function. 

To find the path of the centre of gravity we have 

. a • Q r /COS 2 0 , sin a 0\ 

x = u cos 0—v sm 0=1 (J—b -- \ 9 

and y = u sin 0 + v cos 6 = 1 ^ ^ sin 0 cos 0. 

Hence in case (i) 

i=I {i+(i-3) 8in2 4 

= 1 {1 + (4 “ 1) 8n * “*} ’ from 

_ r fl , /I 1 \ 1 — dn a <at\ 

U + U a) ) 

= ^j + dn 1 at, from (3). 

Therefore x=(L+9jpj t -Q^E(at,,<), 

where E is the elliptic integral of the second kind. 

Similarly y = 1 ^ sn cot cn ojt, from (4), 

7 (A-B)dngjt 
AB t ok* 


therefore 
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In case (ii), in like manner, putting v for cot cosee a, 
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“G 


4 AB 


sin* a sn* 


•) 


A I sin* a x ' 

Therefore *=(^ + J^)^< 0,400800 ■*“«)■ 

Similarly y = — sinasnvdnr, 

therefore y = I sin* acnv 

Qa> . . . . 

=-j- cn (a^coseo a, sm a). 

In either case we see that the velocity of the centre of gravity consists of 
a constant part in a fixed direction together with periodic parts along and 
perpendicular to this direction. 

There is an intermediate case in which 

ABQcv 2 =(A-B) I *, 
corresponding to k= 1, or a = 7r/2; then we have 

0 =oi cos 0, 
a >t = log tan (Jrr + J0). 


so that 
Also 


■A _ I . T -®) n i n S 

*-A + 1 ~AB- Bm 6 

= 4- + tanh* oif, 

4 I 


and therefore x = ^ + t ~~ ~Y Uiit 


Also 


so that 


}= — I sin 0cos 0 

AB 

— — tanh o)« sech 

,0a 


y = ~r- sech wt. 

In case (i) the curve described by the centre of gravity does not cross the 
line of the impulse, but in case (ii) the curve is a sinuous one crossing the 
line of the impulse at regular intervals, the points of crossing marking the 
extreme positions of the axis of the solid in its swing about its mean position. 


8*53. Cylinder. In the two-dimensional motion of an infinitely long 
cylinder in an infinite mass of liquid, the expression for the kinetic energy 
included between two planes perpendicular to the length of the cylinder 
at unit distance apart is 2 T=Au* + Bv* + Qr\ 

with the same notation as in the last article. The motion of the cylinder is 
therefore given by the results of the preceding article. The curves described 
by the centre of the cylinder are to be found in Lamb's Hydrodynamics , 
1932, p. 176. 
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8*54. Stability. Let us consider the stability of a solid of revolution 
moving uniformly along its axis of figure. In the equations of 8*51 we may 
put u=Uq+u' and regard u\ v t w, p,q 9 raa small, then we get 
Au'=0, Bv=—Aru 0 , Bib^Aqu^, 

P$ = 0, Qq=(B-A)u 0 w 9 Qt=(A — B)u 0 v. 

Hence BQ+ A(A ~ B) u t h>=Q, 

with similar equations for w, q and r. 

Therefore the motion is not stable unless A>B. 

For an ellipsoid we have 

A=M + pJjfoldS 


=M+ P ff^ldS,(f-6) 

JjxldS=§irabc, 


so that 


similarly 


A = M+ fyrpabc y 
B = M+ frrpabc g 


Hence we have A > B, provided a 0 > p 0 , where a 0 , p 0 are as defined in7*5. 

And a 0 > p 0 requires that a<b; thus it follows that when an oblate 
spheroid moves uniformly along its axis the motion is stable, but for a 
prolate spheroid the motion is unstable. This accords with the observed 
tendency of a body to turn its flat side or its length across the direction of 
its motion. 


8 * 55. Stability Increased by Rotation. Now let us suppose that the 
solid of revolution is moving with velocity u 0 along its axis and angular 
velocity p 0 about its axis. When a slight disturbance takes place we may 
put u = u 0 + u',p =p 0 -f p' and regard u\ v, w, p\ q,raa small. The equations 
of motion of 8*51 become 

Au'=0, Bv = Bp 0 iv—Au 0 r , Bu)=Au 0 q—Bp 0 v f 

Pp'=0, Qq = (Q-P)p 0 r + (B-A)u 0 w , =(P-Q)p 0 g+(A —B)w 0 v. 

These give u' = const., p' = const., and if we assume that 
v=A 1 e < ^, w-q = \*e i9 \ 
we get Bi<r\ x - Bp 0 A, + Auq A 4 = 0, 

B%o Aj — A.Uq Aj “I - Bp 0 Aj — 0, 

Qio\ z + (P- Q) p 0 A 4 + (A - B) A, = 0, 

A* - (P - Q)p 0 A s - (A - B) u 0 X x = 0. 

The elimination of X x , A,, A,, A 4 gives a biquadratic for a, which resolves 
into two quadratics 

BQ<t 2 ± B(P —2Q)p 0 o > —{B(P— Q)Pq 2 +A (A —B)u 0 *}s=0, 

and the condition for real roots, which must be satisfied for small oscilla¬ 
tions, is that . 

(P - 2+ 4<J (P - Q)pf + 4 J (A - B) 
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helical PATH 

should be positive, or that P*p Q * + 4 g (A — B) Qu^ 2 

should be positive. 

This condition is always satisfied if A > B ; and when B> A the condition 
can be satisfied by making p Q large enough. That is, an elongated projectile 
can be made to move in the direction of its axis by giving it a sufficiently 
great angular velocity. This explains the necessity for the rifling of guns. 
But Ursell has shewn that for some bodies a steady translation can be 
made unstable by rotation, loc . cit. p. 195. 

8*56. Steady motion of Solid of Revolution in a Helical Path. 
As in 8*51 when there are no external forces we have 


Au = B (rv — qw), Bv = Bpw — Aru, Bw = Aqu — Bpv, 

Pp — 0, Qq=z(Q-P)pr + (B-A)uw, Qr = (P-Q)pq + (A-B)uv. 

If we make the hypothesis that rv — qw — 0 the equations are satisfied by 
u = const., and v 2 + w 2 = const., 
and we have also p ~ const., and q 2 -f r 2 = const. 

Let F t G be the impulsive force and couple that constitute the impulsive 
wrench at any instant; since there are no forces the axis OZ of this wrench 
is fixed in space. Let O' be the centre of gravity of the body, O'O perpendi¬ 
cular to OZ and F, O' the force and couple components of the impulse 
referred to O' as origin. Then q, £ are the components of F and A, /z, v 
those of O', where { ^ {=Au> Bv< Bw> 

and A, /z, v=Pp, Qq, Qr. 

Since rv = qw, the direction of the motion of O' given by (u, v, w) is 
coplanar with F and G', i.e. in a plane perpendicular 
to 00'. Therefore 00' is of constant length. * 

Again, if U denote the velocity of O', so that 
U 2 = u 2 -f v 2 + w 2 , 

the angle <j> between U and F is given by 
Au 2 + B(v 2 + w 2 ) 


cos 6 = 


UF 


- = const. 


Therefore O' describes a helix round the axis OZ 
of the impulse, the velocity parallel to OZ being 
U cos <)>, 

and the plane ZOO ' turning round OZ with angular velocity 



U sin ^/0 O'. 

The axis of the solid of revolution", its direction cosines being (1, 0, 0), 
and the instantaneous axis of rotation (p, q, r) are also clearly coplanar wiUi 
F , G' and make constant angles with OZ . Hence the motion is a steady 
motion. 

8*57. Steady motion of Isotropic Helicoid under no forces. In 

this case 

2T = A(u 2 + v 2 + w 2 ) + P(p 2 + q 2 + r 2 ) + 2L(up + vq + wr) 

= AU 2 + PQ, 2 + 2LCIU cos 0, 

where U, Q are the resultant linear and angular velocities and 8 the angle 
between the direction of U and the axis of ft. 
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Representing the impulsive wrench as in the last article, we have for the 
components of F and (?', 

J=A (u, v,w) + L (p, q, r), 

A, fi, v=P(p, q , r) + L(u, v 9 w). 

Therefore F is the resultant of vectors A U and Lft, and G' is the resultant 
of vectors Pft and LU. 

Hence as in the last article the directions of the vectors U and ft must lie 
in the plane of F, G', i.e. in the plane through O' perpendicular to 00'. As 
before 00' is of constant length, and therefore O' and the angle O'O'F are 
constant and therefore U and ft are constant and make constant angles 
with F. 

As in 8*56 O' describes a helix. 

Also U is the resultant of 

PF ^ LG' 

AP-L 2 811(1 AP-L ■’ 

and if the angle FO'G' = a, Q' cos a = G, and G' sin a = F. 00'. 

Hence the velocity of O' parallel to OZ is 

rT 0 PF LG' cos a PF-LG 

UcoB P=AP=L'-AP^Li = AP-L*’ 
where 0 is the angle between U and OZ; and the angular velocity about 

0218 U sin jS_ LQ' sin a _ LF 

00' ~ 00'(AP-L*)~ AP-L*' 

Hence the pitch of the helix is (LG — PF)/LF. 

AO' LF 

Since ft is the resultant of j[pZS ' zj anc * “ _ jj, ^ completely 

determined when the impulse and the distance of the centre of gravity from 
the impulse are known, and thus the motion is completely determined in 
terms of these data*. 

8*6. Two Spheres. Though the general discussion of the 
motion of two or more solids through a liquid may be regarded as 
beyond the scope of this book, there are some special cases which 
are capable of treatment by fairly simple methods so far as 
approximate results are concerned. The first of these is the motion 
of two spheres, moving (1) in their line of centres, (2) in parallel 
directions at right angles to their line of centres. 

8*61. Two spheres moving in their line of centres. 

Let A, B be the centres, a, b the radii, c the distance AB and XJ t U' the 
velocities of A along AB and of B along BA. Let (r, 0), (r' 9 $') be polar 
coordinates of a point P measured as in the figure. 

* For a method of constructing an isotropic helicoid see Kelvin, ‘Hydrokinetic 
solutions and observations’, Phil. Mag. xlii, or Math, and Phys. Papers , iv, p. 73. 

For other cases of motion of an isotropic helicoid see Miss Fawoett, ‘Note on the 
motion of solids in a liquid’, Quart. Journal, xxvi, p. 231. 
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The velocity potential will be of the form 

U4>+U'4>' 9 

and the kinetic energy of the liquid will be given by 



To find the values of <f>, <f>' we might use the method of successive images, 
each sphere when alone in the liquid producing the same effect as a doublet; 
but it is simpler to proceed as follows. 

The boundary conditions to be satisfied are 

= — cos 0 over A, and ^ = 0 over B; 
dr dr' 

~~ = 0 over A y and ^ = — cos O' over B. 
dr dr' 

If the sphere A were alone in the liquid, moving with unit velocity, we 
should have a velocity potential 

^i = i^2 cos ^ 

which would make d<j>Jdr = — cos 6 over A. 

it cos# rcoaO c — r'coaO' 

Now —- = —-i— =- 

*•* r* {c* — 2r'c cos 6'+r'*}i 

= c*( 1+ T ooetf,+ -)' 

Hence, near B, we have 

op 

giving a normal velocity over B = — ^ cos O'. 

This normal velocity might be cancelled by the addition of a velocity 
potential # , o»6* cos 6’ 

and, as above, the value of this near A is 

a *b* 

giving a normal velocity over A= —cos 0. 
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This normal velocity might be caaoelled by the addition of a velocity 

potential ,o*6»oosfl . 

-~r > aod so on. 


To this order of approximation, i.e. neglecting o # 6*/c 9 , we have 




and, on A, 

^ —const. + Jo ^1 + 3 -Jrj cos $ . 

. (3). 

while, on B, 

a 8 

const. + § ^jboosfl'. 

.(4). 

Hence 

~pJq ^^2wo 8 sinfidfi 



= 7 rpa*^l + 3^~j-^ J* cos*0si nddO 



= f"P a *(l + 3^r)- 


Similarly 

M = 2n P ~? and N = frpb*(l + 3 a **’*\ .. 

.(«)• 


If we put U=U' and a =6, the motion is symmetrical about the plane 
bisecting AB at right angles, which may be taken as a fixed boundary. 
Hence for the motion of a sphere at right angles to a fixed plane boundary 
at distance h—ic, the kinetic energy of the liquid being half that just 
obtained is given by / * \ 

2T=* wp a*i7«(l + iJ,+ ...).(6). 

If m, m' are the masses of the spheres, for the whole kinetic energy in the 
general case we have 

2T = (L+m) U % + 2MZJU'+(N + m') U ,% .(7). 

If we now assume that Lagrange’s equations* may be applied to the 
whole system and let x, x' denote the distances OA, OB, where O is an 
origin on the line of centres, we have 

2T=(L + m)&~2Mxi' + (N+m')x'* .(8), 

and x' — x=c, so that 


and ^{-Mx+(N+m')x'}-i(^x*-2 d -~xx'+^x'^=X^ 

where X , X ' are the forces acting on the spheres in the x direction. 

To a first approximation, assuming that a and b are small compared to 
c, and retaining only the most important terms, we have 


dL 

dc 


0 , 


dM a a 8 6 8 

_ = _ 6wp _ r . 



.( 10 ). 


* For the justification of this assumption reference may be made to Lamb’s 
Hydrodynamics , chap, vx and Kelvin and Tait’s Natural Philosophy , §§ 319, 320. 
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(a) If the spheres both move with constant velocity the force necessary 
to maintain the motion of A is 


<U fir fir fir fir p r* 


dc 


dc 


dc 


dc 


.(li). 


This force is directed towards B and depends only on the velocity of B , 
so that two spheres projected towards one another would appear to repel 
one another. 


({$) If the spheres perform small oscillations about fixed positions, we 

may put . 

a? = A cos pt, 


x' = c + A' cos (pt + c). 

The mean value of X is then the mean value of 


which 


O ft/f 

-- 0 C XX'p 2 sin pt sin (pt + c), 

a Sh3 

= 3 7Tp —j- AA'p 2 cos c. 


•( 12 ). 


The force is therefore repulsive if the difference of phase e is less than a 
quarter period, and attractive if more than a quarter period. 

(y) Let U=U' and a = b so that the motion is symmetrical about the 
plane bisecting AB at right angles, then this plane may be taken as a 
fixed boundary, and we conclude from (a) that a sphere moving at right 
angles to a fixed plane boundary is repelled from the boundary. 


8* 62. Two spheres moving in parallel directions at right angles to the line 
joining them . 

Let F, V' denote the velocities, and with tho same notation, but 
measuring 6 , 6 ' as in the figure, the velocity potential is 


where 


F^+F'f, 

^ = — cos 6 over A , and 
dr 

d+' A A d<f>' 

= 0 over A , and = 


^ — 0 over B; 
— cos 6 ' over B. 


As before, a velocity potential 


& = £ r s coa6 

would make dj> x ldr= — cos d over A . 

And, near B, we have 

= » rcos0 = J^r'cos 0', 

r° c° 

a 8 

giving a normal velocity over B= ~ i c8 cos 9'. 

This normal velocity might be cancelled by the addition of a velocity 

potential 4 

. , a 8 o 8 Q , 

ic»r'* cos8; 





207 


8-62 


TWO SPHBBXS 


and the value of this near A is 

fo^i^rcoad, 

a*6* 

giving a normal velocity over A = — £ -^g- cos 0. 

This normal velocity might be cancelled by the addition of a velocity 

potential -* 6 * 0 * . . 

= i - jg- cos 6 , and so on. 

To this order of approximation, i.e. neglecting oW/c®, we have 
^ + fo 

and, on A, ^ = l + }^jcos 0 .(13), 



Hence if the kinetic energy of the liquid be given by 


2T=Z/F a -f 2M' VV' 4- N'V' 2 . (15), 

we have L '=—dSj 

= 7 rpo* ^1 + f J Q COB * & s ^ n Qdd 

= *r,o»(l+ •.(1«). 

similarly M' = -pff+ 8 ^dS t =np < ~, 

^=-pffr d ^=^(i+i^l 

If we put V —V' and a — b the motion will be symmetrical about the 
plane bisecting A B at right angles, so that the kinetic energy of the liquid 
due to the motion of a sphere parallel to a fixed plane boundary at 
distance A=c/ 2 , being half the kinetic energy in the last case, is given by 

*r=***7*(i+Ag+...) 


,(17). 
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Reverting to the case of the two spheres, for the whole kinetic energy we 

may write 2T=(L'+m)V'+2M'VV'+(N'+m')V' .(18), 

and taking an origin O on the line of centres so that if OA = x and OB = x\ 
x'—x = c, L', M\ N' are functions of c or a?' —a?, and retaining only the 
moat important terms, 


dL' . dM' 0 a 8 6* 

-& =0 ' -sr 

Hence the equation of motion 

d(dT\_dT_ 
dt\6x) dx~ 

xJ-grr 

--..2V 


3A" 

dc 


=o 


.(19). 


gives 


.( 20 ) 


as the force in direction AB necessary to maintain the motion of A. It 
follows that two spheres moving in the same direction in parallel lines 
attract one another. 

8*63. Sphere moving in a Liquid with a plane boundary. This 
case which, as we saw in 8*62, can be deduced from the case of two 
spheres, is also capable of simple independent treatment. 

Let the x and y axes be parallel and perpendicular to the wall. Then 

2T = Pz* + Qy* ..(1), 

where P, Q are functions of y only, and the term xy cannot appear 
because changing the sign of x cannot affect the kinetic energy. 

The equations of motion are 






•( 2 ), 


where X , Y are the forces in the directions of x and y. 

If there are no external forces and the sphere is moving at right angles 
to the wall, x=0 and, since the kinetic energy is constant, therefore 

Qy* = const.(3). 

But from (17) of 8*62 and (6) of 8*61 


F=m + jjrpo* (1 + ft 
Q = m+ $„ p a,*(l+$ < ^ 


•(4), 


so that P and Q both decrease as y increases, therefore y increases as y 
increases or the sphere has an acceleration from the wall. 

Again, if the sphere moves parallel to the wall, so that y = 0, there must 
be a constraining force $p 


.(5) 


_ t* 

1 ff y 4 Z . 

acting away from the wall, so that the sphere is attracted towards the wall. 
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This problem was discussed by Stokes*, who obtained results (6) of 8*61 
and (17) of 8*62 by a somewhat similar method. Some results were given 
by Kelvin and Taitf, and for further information on the subject of the 
motion of two spheres reference may be made to papers by W. M. HicksJ, 
R. A. HermanJ, and A. B. Basset||. 

EXAMPLES 

1. A homogeneous liquid is contained between two concentric spherical 
rigid envelopes of given masses; these bounding surfaces cure set in motion, 
the one with velocity U , and the other with velocity V, in perpendicular 
directions; find the impulses which must be applied to the envelopes to 
produce the motion, and determine the motion of the fluid at any point. 

(Coll. Exam. 1893.) 

2. The space between two coaxial cylindrical shells of radii a, bis filled 

with incompressible liquid of density p. The outer shell, of radius o, is 
suddenly made to move with velocity U: shew that the impulsive force per 
unit length necessary to be applied to the inner cylinder to hold it at rest is 
2irpa 2 b 2 U /(a® — 6 2 ). (Trinity Coll. 1901.) 

3. A uniform sphere is surrounded by a uniform incompressible fluid of 
the same density, initially at rest and extending through all space. The 
sphere is set in motion by tt blow P along a diameter. Prove that its 
resulting velocity is J P/M, where M is its mass. (Trinity Coll. 1909.) 

4. An incompressible perfect fluid of mass m is contained between two 

rigid concentric spherical envelopes, the outer of radius b and mass M , the 
inner of radius a and of no mass. The system is started from rest by an 
impulse normal to the outer envelope. Prove that the initial momentum is 
shared between the envelope and the fluid in the ratio of M (2a s + 6 8 ) to 
mb 3 . (Trinity Coll. 1904.) 

5. A sphere of radius a is made to describe a circle uniformly in an infinite 
fluid at rest at infinity; find the pressure at any point of the sphere, and shew 
that the resultant pressure on it is a force (2tt/ 3) paPcw 2 towards the centre 
of the circle, where a is the radius of the sphere, c the radius of the circle 
described by its centre, w the angular velocity. (Trinity Coll. 1907.) 

6. A solid body is moved in any manner in an unlimited liquid, find the 
motion set up and shew that if the body be moved with unit velocity along 
Ox, the momentum set up parallel to Oy is equal to that set up parallel to 
Ox by moving the body with unit velocity along Oy . Also if the body bo 
turned round Ox with unit angular velocity the momentum generated 
parallel to Oy is equal to the angular momentum generated around Ox by 
moving the body with unit velocity parallel to Oy . 

* ‘ On some cases of fluid motion', Trans. Camb . Phil. Soc . vrn, or Math . and Phys . 
Papers, i, pp. 47-49. 

t Natural Philosophy, §§ 320, 321. 

X * Motion of Two Spheres in a Fluid*, Phil. Trans. 1880, p. 455. 

§ ‘On the motion of Two Spheres in Fluid and Allied Problems*, Quart . Journal, 
xxii, p. 204. 

|| ‘On the Motion of Two Spheres in a Liquid*, Proc . L.M.S. xviii, p. 369. 
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7. A pendulum with an elliptical cylindrical cavity filled with liquid, 
the generating lines of the cylinder being parallel to the axis of suspension, 
performs finite oscillations under gravity. If l be the length of the equi¬ 
valent pendulum, and V the length of the equivalent pendulum when the 
liquid is solidified, find l and l\ and prove that 

7/ 7 _ m 1 

M + ma 2 + b*' h* 

where M is the mass of the pendulum, m of the liquid, h the distance of the 
centre of gravity of the whole mass from the axis of suspension, and a, b the 
semi-axes of the elliptic cylinder. (M.T. 1878.) 

8. A pendulum, of mass M , with an ellipsoidal cavity (semi-axes o, 6, c) 
filled with liquid of mass m, oscillates about a horizontal axis parallel to the 
c-axis of the ellipsoid; prove that the length of the equivalent simple 

pendulum is ^ + m {d % + (a 2 -6 2 ) 2 /5 (a 2 + 6 2 )}]/(M+ m) l, 

where K is the radius of gyration of M about the axis of suspension, d the 
distance of the centre of the ellipsoid and l the distance of the centre of 
gravity of the whole mass from the same axis. (Coll. Exam. 1898.) 

9. In the midst of an infinite mass of homogeneous incompressible 
liquid at rest is a spherical surface of radiuwa, which is suddenly strained 
into an equal spheroid of small ellipticity. Find the kinetic energy con¬ 
tained between the given surface and an imaginary concentric spherical 
surface of radius c; and shew that if the imaginary surface were a real 
boundary surface which could not be deformed, the kinetic energy in this 
case would be to that in the former case in the ratio 

c B (3a 6 -f 2c 5 ): 2 (c 6 — a 6 ) 2 . (M.T. 1878.) 

10. Find the ratio of the kinetic energy of the infinite li qui d surrounding 
an oblate spheroid, moving with a given velocity in its equatorial plane, to 
the kinetic energy of the spheroid; and denoting this by P, prove that if the 
spheroid swing as the bob of a pendulum under gravity, the distance be¬ 
tween the axis of suspension and the axis of the spheroid being c, the length 
of the simple equivalent pendulum is 

(1 -f P)c + ?a 2 /c 
1 -*/p ' 

where a is the equatorial radius, p the density of the spheroid and a that of 
the liquid. (M.T. 1879.) 

11. A sphere of radius a immersed in an infinite mass of liquid with a 

plane boundary is set in motion with velocity V towards the boundary. 
Shew that, if the boundary is at a distance c such that (a/c) 8 is negligible, 
the impulsive thrust on the boundary is 2 7 rpa z V, Also find the momentum 
set up in the liquid. (M.T. 1925.) 

12. A small sphere of radius a is moving with uniform velocity U in 
liquid of density p at rest at an infinite distance, in a direction at right 
angles to an infinite plane boundary. Shew that, when it is at a distance 0 
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from the boundary, the pressure at a point on the boundary at distance £ 
from the centre of the sphere is 



where II is the pressure at an infinite distance, and higher powers of a than 
a* are neglected. (M.T. 1920.) 

13. Shew that for a rigid body moving under no external forces in 
infinite fluid at rest at infinity there are: 

(i) three directions of permanent translation; 

(ii) three permanent screw motions such that the corresponding 
impulsive wrench reduces to a couple. 

Shew further that in general the impulsive wrenches needed to start the 
motions in (i) do not reduce to single forces, but that if the body has a plane 
of symmetry the motions (i) can be started by single impulsive forces and 
the screw motions (ii) consist of pure rotations. (M.T. 1925.) 

14. An elliptic cylindrical shell, the mass of which may be neglected, is 
filled with water, and placed on a horizontal plane very nearly in the 
position of unstable equilibrium with its axis horizontal, and is then let go. 
When it passes through the position of stable equilibrium, find the 
angular velocity of the cyfinder (i) when the horizontal plane is perfectly 
smooth, (ii) when it is perfectly rough; and prove that in these two cases 
the squares of the angular velocities are in the ratio 

( 0 2 _ 52)2 + 452 (a 2 + 52) . (o 2 _ 6 2) 2 ; 

2a and 26 being the axes of the cross section of the cylinder. 

(M.T. 1886.) 

15. A solid ellipsoid of uniform density is set rotating in an infinite 

liquid about one of its axes by a given impulsive couple; find its angular 
velocity. (M.T. 1882.) 

16. A cylinder is moving in an infinite fluid, and the motion is defined by 
u, v, w; shew how to reduce the kinetic energy to its simplest form. 

If 2T = Au* + 2Huv+ Bv 2 + Koi 2 and there are no forces, prove the 
equation 

KS+ J* {(4 — B)sindcos6+H (cos 2 6 - sin ! e)}/(AB - H*) = 0, 
where J is the resultant momentum (linear). (St John’s Coll. 1895.) 

17. An infinite elliptic cylinder of density a is moving through incom¬ 
pressible fluid of density p that extends to infinity and is at rest there. 
Shew that if a, b be the semi-axes and c 2 = a 2 — 6 2 , 

2T=n ( pb 2 + oab) U* + tt( pa 2 + aab) V 2 + ir [pc 4 /8 + ao6(a 2 + 6 2 )/4]co 2 , 

and that at any time ® ~ ~ ^ 2 ~p[ 0 + UV = 0, 

where U> V are the velocities of the centre along the axes and 6 the angle 
turned through by the transverse axis. (Trinity Coll. 1894.) 
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18. A prolate spheroid is moving through fluid with velocity u in the 
direction of its axis; shew that the motion is unstable, but that it will be 
stable if the spheroid is at the same time spinning about its axis with 

an angular velocity greater than (Q — P)| , where P and Q are the 

effective inertias of the spheroid along the axis of revolution and a perpen¬ 
dicular axis respectively, and A, B are the effective moments of inertia 
about those axes. (M.T. 1892.) 


19. A solid ellipsoid of density a is placed inside a fixed concentric, con- 
focal and similarly situated ellipsoidal shell and the space between them is 
filled with fluid of density p. Supposing that the whole matter attracts 
according to the Newtonian Law, and that a is greater than p, shew that 
when the solid ellipsoid is slightly displaced parallel to its greatest axis, 
the time of a small oscillation is given by 


47 T 2 trp (<T — p) A. 

~T 2 <r+p pabc 9 

~2 ~abc (2—A')— a'b'c' (2 — A) 

where a, b, c and a', b\ c' are the semi-axes of the outer and inner ellipsoids 

^ A=r _ ® 6cdA 

JO (a 1 - 


(a* + A)t(6 a + A)i(c» + A)*’ 
with a similar expression for A'. 


(M.T. 1881.) 


20. If a thin ellipsoidal shell without mass be filled with water, and set 
in motion about its centre as a fixed point, prove that its subsequent motion 
will be determined by three equations of the form 

(6 2 — c 2 ) 2 dw t ( b 2 — c 2 ) (6 2 c 2 4- c 2 a 2 4- a 2 6 2 — 3a 4 ) _ T 

~S*+*~ dT + (c> + a«)(a» + 6*) ~ 


21. If A and B be the forces required to act for unit of time in order to 
generate unit velocity perpendicular and parallel respectively to the axis 
of an ellipsoid of revolution in an infinite mass of homogeneous frictionless 
liquid, and if Q be the couple required to act for unit of time in order to 
generate unit angular velocity about an equatorial axis, prove that the 
kinetic energy T of the ellipsoid and liquid is 

£ (Aw a 4- At? 2 4- Bw 2 4- Oio-f 4* Oa) t 2 4- C(o z 2 ), 
with Euler’s notation, C being the polar moment of inertia of the ellipsoid. 

Express T in terms of Lagrange’s coordinates x f y, z, B , </>, i/t; and prove 
that if the axis of z be parallel to the impressed impulse F, then 

-F^-^JemecoBBcoBt/t, y= 8 “0 cos 0 sin ^» 

z = F ^ 4- > ^4-oos 0^=o> 3 , + 

Gtf*+<?sin*0^*+ Gw t ' + F* = 2 T, 

where a> 8 , E, T are constants; the last three equations being the same for a 
solid of revolution with a bar of soft iron in its axis, moving about its centre 
in a uniform magnetic field. (M.T. 1877.) 
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22. A rigid body immersed in a homogeneous incompressible liquid at 
rest extending to infinity is set in motion by an impulsive couple: prove 
that its subsequent motion relative to a certain point O fixed in it is the 
same as if a certain ellipsoid, fixed in it with its centre at O, rolled on a 
fixed plane; and express geometrically the variable velocity of translation 
necessary to complete the representation of the actual motion. (Lamb.) 

23. The presence of an infinite liquid increases the apparent inertia of a 
moving sphere by half the mass of the liquid displaced. Shew that this in¬ 
crease is raised in the ratio 1 + 3a 8 /8£ 8 :1 nearly, if the liquid is bounded by 
an infinite plane perpendicular to the direction of motion, and at a great 
distance £ from the centre of the sphere, whose radius is o. 

(Trinity Coll. 1895.) 

24. Two infinite parallel circular cylinders in an infinite fluid are pro¬ 

jected (i) in opposite directions along a line at right angles to their axes, 
(ii) in the same direction perpendicular to this line. Prove that they 
experience in the two cases respectively a mutual repulsion and a mutual 
attraction. (Trinity Coll. 1894.) 

25. A sphere of mews M, displacing a mass M' of fluid, is projected with 
velocity V normally to an infinite rigid plane with which it is in contact; 
shew that its limiting velocity is 

F [ 1 + 2TOtf'f *T- < Trini * CoU - 1898 > 

26. Find the complete system of images which will represent the 

motion of a sphero perpendicular to an infinite bounding plane; and shew 
that, if the density of the sphere be the same as that of the fluid, the ratio 
of the velocity of the sphere at impact to its velocity at an infinite distance 
from the plane is / ® l \ i 

l:(r n3 ). (M.T. 1889.) 

27. Find the nature of the interaction between two spheres moving in a 
liquid of infinite extent (i) when the spheres each make small vibrations 
along the line of centres, (ii) when one vibrates and the other is at rest. 
[Take the kinetic energy of the system to be 

i(Lu*-2Muv+Nv*), 

where L — m + \TTpa z ^1 -f , 3f = 277p^~-, 

N=m'+frpb*(l + ~l ,t y, 

m , m' are the masses, a, b the radii, and u, v the velocities of the spheres, 
c the distance between their centres, and only the lowest powers of o/c and 
b/c are retained.] 

Mention some experimental evidence of the results obtained. 

(M.T. 1911.) 
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28. (a) Investigate the condition of stability of the motion of an 
elongated solid of revolution with a plane of symmetry at right angles to its 
axis of figure moving parallel to its axis of figure and rotating about that 
axis. 

(b) Prove that, when this condition is satisfied, there are possible two 
states of steady motion in which the velocities of translation and rotation 
are constant and the directions of translation and rotation are in a plane 
through the axis of figure and make constant angles with that axis while 
the plane in question rotates uniformly around the axis. 

(c) Prove that the two modes of simple harmonic oscillation about the 
state of steady motion described in (a) are really steady motions of the 
types described in (6), the angles made with the axis of figure by the 
directions of translation and rotation being small. 

(M.T. 1904.) 



CHAPTER IX 


VORTEX MOTION 

9*1. So far we have confined our attention almost entirely to 
cases involving irrotational motion only. But we saw (4* 1) that 
the most general displacement of a fluid involves rotation of 
which the component angular velocities at a point (x, y, z) are 



where u, v, w are the components of linear velocity at the point. 
We also saw (2*51, 2*6 and 4’24) that if at any instant the 
motion of a fluid mass is irrotational under the action of conserva¬ 
tive forces it remains irrotational for all time. In this chapter we 
shall consider the theory of rotational or vortex motion. The 
theory is due to Helmholtz whose epoch-making paper was 
published in 1858*. It was afterwards developed by Kelvinf, 
Kirchhoff and other writers. 

9*11. It is important to realize at the outset that some 
portions of a fluid mass may possess rotation while others are 
moving irrotationally. 

Lines drawn in the fluid so as at every point to coincide with 
the instantaneous axis of rotation of the corresponding fluid 
element are called vortex lines (Wirbellinien). 

Portions of the fluid bounded by vortex lines drawn through 
every point of an infinitely small closed curve are called vortex 
filaments ( Wirbelfaden ), or simply vortices, and the boundary 
of a vortex filament is called a vortex tube. 

9*12. The theory will shew that elements of fluid which at 
any time belong to one vortex line, however they may be trans¬ 
lated, remain on the same vortex line, or that the vortex lines 
move with the fluid. Also that the product of the section and 
angular velocity of a vortex filament is constant throughout its 

* Crellc's Journal, lv, k Ueber Integrate der hydrodynamischen Glcichungcii 
welche den Wirbelbewegungcn entsprcchen’. A translation by Tait was published 
in Phil. Mag. xxxm, Fourth Series, p. 485. 

t ‘Vortex Motion*, Trans. H. Soc. Edin. xxv, 1809, p. 217, or Math, and Phys . 
Papers , IV, p. 13. 
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whole length and constant for all time. Hence vortex filaments 
must either form closed curves or have their ends on the bounding 
surface of the fluid. A vortex in perfect fluid is therefore per¬ 
manent and indestructible; and the enunciation of these properties 
by Helmholtz suggested to Lord Kelvin the idea that vortex rings 
are the only true atoms, inasmuch as the generation or destruc¬ 
tion of vortex motion in a perfect fluid can only be an act of 
creative power*, a theory long since abandoned. 


9*2. Kelvin’s Proofs. Toprovetheproperties justenunciated: 

(1) The product of the cross section and angular velocity at any 
point cm a vortex filament is constant all along the vortex filament and 
for all time . 

By Stokes’s Theorem (4-2) the circulation round any closed 
curve is equal to /»* 

2 I (lg + mr) + n£)dS, 


where $, rj, £ are the components of spin, and Z, m, n are direction 
cosines of the normal to an element dS of a surface bounded by 
the curve. If the curve be a reducible circuit drawn 
on the surface of a vortex tube the circulation will 
be zero, because at every point of such a surface 

Z£ + mT7+n£ = 0. 

Let the circuit be A BCDEFGHA as in the figure, 
where FGHA and EDCB are two cross sections of 
thevortex tube. Then since the circulation round ABODE FGHA 
is zero and the contributions of AB, EF are equal and opposite, 
it follows that 



flow round FGHA=& ow round EDCB , 
or, ultimately, 

circulation round A GHA = circulation round BDCB. 


But, as in 4*2, if a) denote the angular velocity and a the cross 
section of the vortex tube supposed small, the circulation round 
this section is 2wa. Hence this product is constant for all sections, 
and we shall take it as a measure of the strength of the vortex. 

Again, from 4*23, when the forces have a single-valued 
potential and the density is a function of the pressure the circu¬ 
lation in any closed circuit moving with the fluid is constant for 

* ‘On Vortex Atoms’, Phil. Mag. xxxiv, 1807, p. 15, or Math, and Phya. Papers , 
iv, p. 1. 



9*21 


PERMANENCE OF VORTICES 


217 


all time. And if we apply this to any circuit embracing the vortex 
it follows that the strength of the vortex is constant for all time. 

It is clear also that the circulation in any circuit is the sum of 
the strengths of the vortices that it embraces. 


(2) The vortex lines move with the fluid. 


It is clear from the formula 



(l£ + mrj + n£)dS 


for circu¬ 


lation in a closed circuit, that if the circulation is zero in every 
circuit that can be drawn on a certain surface no vortex lines can 
cut the surface, and any that meet the surface must lie wholly 
upon it, for we must have + mrj -f n£ = 0 at every point of the 
surface. Consider a surface S composed of vortex lines at time t. 
The circulation in any circuit C on this surface is zero. At time 
t + ht the particles that formed the surface S now lie on another 
surface S', and the circuit C moving with the particles now lies 
on S' and the circulation in it is still zero and this being true for all 
such circuits on S', the surface S' must be composed of vortex 
lines. Hence any surface composed of vortex lines, as it moves 
with the fluid, continues to be composed of vortex lines. The 
intersection of two such surfaces must always be a vortex line and 
so we arrive at the theorem that vortex lines move with the fluid. 

The foregoing proofs are due to Lord Kelvin. The proof given 
by Helmholtz is less satisfactory but we reproduce it here on 
account of its historical interest. 


9*21. Helmholtz’s Proof. Let co denote the resultant spin 
at any point on a vortex line and €a> a small element of length of 
the vortex line. The projections of this element on the axes are 

&r, Sz = e^, ef .(1). 

The rate at which Sx increases as the fluid moves is the differ¬ 
ence in the values of u at the ends of that element. Therefore 


Dhx^du^ du 
~Di~dx + dy 


* l+du du y du\ 

8s ' + £- & -‘(*£ + ’V { iS-) 


■ <g, from 2-6 (1); 


or 


Dt 


(hx — ef) = 0 


.( 2 ). 


Helmholtz infers from (2)* that relations (1) continue to be 

♦ Dr Goldstein points out that this inference is equivalent to the assumption* 
that if /' ( r) = 0 when/(x)=0, then if f{.r) vanishes for some value r Q of a: it is 
identically zero; which is false. 
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true as time advances; or, as the particles composing a vortex 
line move, their join is still the instantaneous axis of rotation, 
which means that ‘each vortex line remains composed of the 
same elements of fluid, and swims forward with them in the 
fluid*. 

Now, regarding the element of length of a vortex line as the 
join of two definite particles or elements of fluid, we have seen that 

7), £ vary as the projections of this element of length on the 
coordinate axes, hence the resultant angular velocity in a defined 
element varies as the distance between this and its neighbour 
along the axis of rotation. 

Now, regarding the fluid as incompressible, consider a short 
length of a vortex filament. Its volume is constant as it moves 
in the fluid because it is always composed of the same elements 
of fluid, but the angular velocity varies directly as its length, 
therefore the product of the angular velocity and the cross section 
in a portion of vortex filament containing the same element of 
fluid, remains constant during the motion of that element. 

Again from the expression for £, rj, £ in terms of u, v, w we get 

dx + dy + dz 

But jj(lZ+ mrj + nOdS=jjj(^+^+ d ^dxdydz 

= 0; 

where the surface integral extends to any portion of the fluid 
bounded by a surface S. Applying this to the surface of a portion 
of a vortex filament cut off by cross sections of area a, o', the 
integral over the curved surface is zero and the result reduces to 

wo = w'o', 

where w, w are the angular velocities. 

That is, the product wo is constant throughout the whole 
length of any one vortex filament. 

9-22. Third Proof from Cauchy’s Equations . A third proof follows 
very simply from Cauchy’s equations of 2*51, viz. 

-p-p 0 to + Po db + Po dc> etC - 

For, the initial equations of a vortex line are 
da db dc A 
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and x, y, z being the coordinates at any time of the particle originally at 

®i 


, 8x , 

dx =8a da+ db db+ dc dc 


_ A ( t 8x dx 
~ poV 0 Ba +Vt 8b + 


a© 


_Af 


, from ^bove; 


therefore 


dx _dy _dz 

rvtV 

that is, the moving element whose projections on the axes have become dx 9 
dy , dz is still part of a vortex line; or the vortex lines move with the fluid. 

Again, if ds be the length of the element and oj the angular velocity and 
ds 0f coq their initial values 

ds dx A , ds 0 da A 

— = , =...= , and —° = t- . 

C p Co Po 

But if a, a 0 denote the cross sections of the filament, the mass of the 
element being constant, pada _ ^ f 

therefore o >cr = o> 0 a 0 , or the strength of the vortex filament is constant with 
regard to the time. That it is constant along the filament can then be 
proved as before. 


9*3. Rectilinear Vortices. Before going further into the 
general theory of vortex motion we shall consider the case of 
rectilinear vortices in homogeneous liquid, which is capable of 
simple independent treatment. 

Suppose a number of straight parallel vortex filaments either 

in an indefinitely extended mass of liquid, or in a mass bounded 

by two planes perpendicular to the filaments. 

Taking the axis of z parallel to the filaments, we have 

du „ dv 

^=0, and g- = 0, 

so that £=0, ij = 0, and = 

The equation of the lines of motion is 


vdx—udy = 0, 

and it follows from the equation of continuity that vdx — 
a perfect differential d\fj\ hence, as before, 

3</r 


IS 


u = —, 


dy 9 


v = 


dx 9 


and 


dx 2 (y 2 


and the lines of motion are given by i/> = const. 


( 1 ), 
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Except along the vortex filaments the motion is irrotational and 
£ is zero; and the form of the equation for iff shews that ift may be 
regarded as the potential at any point of an infinite medium, the 
density of which is zero, except along the vortex filaments, which 
may be regarded as straight gravitating rods of density — £/2w. 

Hence the x , y differential coefficients of iff are the components 
of the attractions of these rods parallel to the axes*. 

Supposing that only a single vortex filament is in existence at 
the point (a, b) and that dadb is its areal section, we get for the 
velocity components at a point ( x , y) at distance r from (a, 6) 


dtfi _ 

l 

1 

tT'V 

1 

o* 

Idadb y—b 

dy~ 

r \ 2 it ) r 

7T ' r* ’ 

difi 

2dadb ( — £\ x—a 

£dadb x—a 

dx~ 

1 

s 

II 

ir ' r* ' 


Prom this it follows that the resultant velocity q is perpendi¬ 
cular to r, and that ^dadb 

9 = ~~r~ > 

7TT 

or, if if is the strength of the vortex, 


the direction of q being in the sense of the rotation £. And for a 
single vortex 

0 = 2 7J : log r .( 2 )- 

We might also obtain (2) from the simpler consideration that 
outside a single vortex, iff being a function of r only, we have 
from (!) 9Y 13 _ 

3r* + r 3r ~°’ 

so that 0=<71ogr; 

and the motion outside the vortex being irrotational there is a 
velocity potential ^ - CO. 

But the strength #c of the vortex is the circulation or decrease in 
<f> in making one turn round the vortex, so that 

2ttC = K 


and ifj = — log r. 

27r 

* The attraction of an infinitely long thin rod at distance r from itself is 2m/r 
perpendicular to the rod, m being the mass of unit length. 
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The irrotationaJ motion outside the vortex is therefore given by 

IK . 

W= 2n l0gZ; 

and if there be any number of vortex filaments of strength k s at 
c a (=a„+ib t ),s=l, 2, 3,then the motion outside the filaments 
is given by ilf 

W = S-'lo g (2-C,), 

and the velocity components may be written down as the sums 
of the components due to the separate vortices in the forms 

„ = 2 *• x ~ a > 


8 2 it r t 


8 2tt r 2 


or deduced from u — iv= ——2 ——. 

dz 8 27 tz—c 8 


9*31. In the case of any number of filaments, if u 8 , v 8 denote 
the velocity components of the filament of strength k 8 , the 
expressions £ (k 8 u 8 ) and 2 (k 8 v 8 ) 

will both vanish, for they consist of pairs of terms of the forms 


__ *2 X 1~ X 2 
x 2i r 


and 



^2-^1 

r 2 


Hence regarding k as a mass, the centre of gravity of the 
vortex filaments remains stationary during their motions about 
one another. 

A single rectilinear vortex in an unlimited mass of liquid there¬ 
fore remains stationary; and when such a vortex is in the presence 
of other vortices it has no tendency to move of itself but its 
motion through the liquid is entirely due to the velocities caused 
by the other vortices. 


9*32. Consider the case of two vortex filaments of strengths k 19 
k % and of small section at distance a apart. Each will produce a motion of 
the other perpendicular to the line joining them. If they meet the plane 
xy in A t B, the point 0 that divides AB in the ratio * s : k x will remain at 
rest and, the velocities of A and B being K t /2na and K X /2ira respectively, 
the line AB will revolve with angular velocity (k x + ic a )/2ira*, the vortices 
describing circles round 0. 

If the strengths of the vortioes are equal but of opposite sign, say k and 
— ic, 0 is at infinity and the vortioes move in parallel directions with the 
same velocity *c/2ira. 
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If r t9 r % are the distances of a point P from A , B and 6 X , 6 % their inclina- 
tions to BA, the velocities are */2 ttTj , */2rrr a at right angles to A. F, BP. 
So the velocity along the tangent 
to the qircle APB is 

2^ l 8infl «-2^- sin ^ =0 - 

Hence the stream line through 
P cuts the circle APB ortho¬ 
gonally; that is the stream lines 
are the coaxial circles having A, 

B as limiting points. 

This is also evident from the 
fact that 

dt = log - 1 . 
r 2 tt 6 r a 

Such a pair of vortices may be 
called a vortex pair. 

The reader will notice an analogy between a vortex filament and an 
electric current. The straight current of strength i produces a magnetic 
field in which the force at distance r is 2i/r at right angles to r and to the 
current. And two equal and opposite parallel currents produce a magnetic 
field in which the lines of force are coaxial circles corresponding to the 
stream lines in the case just considered. 

To return to the case of the vortices, it is clear that there is no flow 
across a plane bisecting AB at right angles so that this might be made a 
rigid boundary; and consequently a single rectilinear vortex parallel to a 
plane boundary and at distance c from it will move parallel to the 
boundary with uniform velocity */47rc. 

The image of such a vortex with regard to a parallel plane is therefore 
an equal vortex symmetrically placed, the rotation of the two being in 
opposite senses. 

The velocity half way between the vortices being due to both of them 
is k/ttc, so the vortex moves parallel to the plane with one quarter of the 
velocity of the liquid at the boundary. 


9*33. As a further example we may obtain the motion of a vortex 
pair moving directly towards or from a parallel plane boundary or of a 
single vortex in a comer between planes meeting at right angles. The 
figure shews the necessary arrangement of images, and for the velocity of 
the vortex at A (x, y) due to the other three, we have components 


and 


K K AB K X 2 

U ~UAB~2nAB''AB' : 4n 

~~ K K A A' _ k y 2 
V ~ 2rrAA ' + 2nAB '' AB'~ ~4Vx(x* + y*y 


For the path of the vortex A, we have 


x = u and y~v, 
dx__ dy 

X* y* 9 


so that 
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whence by integration 
or in polar coordinates 


i + i-i 

a*’ 

rain 20=2a; 

I* 


W 


P 


~5T 


1 r 






which represents a Cotes spiral with asymptotes parallel to the axes. 

Also since xy-yx — — k/4w, 

the vortices describe the Cotes spiral in the same way as a particle 
under a central force, which can easily be seen to be a repulsion directed 
from the origin and varying as the inverse cube of the distance. 

9*34. A rectilinear vortex within a circular cylinder of liquid will re¬ 
main at rest if it lies along the axis, but not in any parallel position. It 
follows from 9* 32 that the image is an equal and opposite vortex so situated 
that the vortices cut a cross section of the cylinder in inverse points. 

Thus if C be the centre and A, B a pair of inverse points, we have seen 
that the stream lines due to equal and opposite vortices through A and B 
are coaxial circles having A, B as 
limiting points, so the cylinder in 
question will satisfy the condition 
for stream lines. 

The velocities of the vortices are 
both equal to k/2itAB so they will 
not remain on the same radial 
plane through <7, and the motions 
of the liquid inside and outside the cylinder only correspond at the instant 
under consideration. But so far as the motion inside the cylinder goes the 
vortex A describes a circle round C with uniform velocity k/2itAB or 
k. CA/2n(c x — CA 2 ), c being the radius of the cylinder. 

In the problem of the vortex B in liquid outside the cylinder, we notice 
that the foregoing solution with the image vortex at A implies a circula¬ 
tion k round the cylinder duo to the vortex A ; but we want a solution in 
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which the only circulation is due to the vortex B, and we can get this by 
superposing the motion due to another vortex — #c at C. This will make the 
vortex B describe a circle round the cylinder with velocity (counter- 

clockwise) « k _ kc« 

2irAB 2irCB ~ 2irCB ( CB 2 - c 2 )' 

To get the solution of the corresponding problem when there is an 
arbitrary circulation k round the cylinder, we have only to superpose a 
vortex of strength k at C, adding k/ 2 nC B to the velocity of the vortex B*. 


9*35. For any number of parallel rectilinear vortices in an 
unlimited mass of liquid, we have a stream function 

^=S^ lo gr, or s £l°g{(*-Zi) 2 + ^-^i) 2 }> 


where k x is the strength of the vortex at (x l9 y x ). 

The motion of any one vortex depends not on itself but on the 
others, for it would remain at rest if no others were present. 
Hence to get the motion of a particular vortex, say k 1 , we subtract 
from i/j the term that corresponds to this vortex, then if (x, y) be 
the result, and we find a function x { x i , Vi) such that 





these are the components of the velocity of the vortex, and 
X ( x i> V 1 ) ma y ^ regarded as a stream function giving the motion 
of the vortex. 


For example, if there be a vortex of strength k at (a^, y x ) and the axis of 
& be a boundary of the liquid, there is an image — k at [x x , — y x ), and 

^=4* log {(* - *1 )* + (y - 2/i) 2 } - log {(* - Xi) 2 + (y+y,) 2 }. 

Hence, in this case, 

<l>' (*, y)= lpg {(x-zi) 2 +(y+ yi) 2 }. 

Therefore ~a, X = T^' an< l 1 X ~ 

8y l iiryi Sxi 

so that the stream function for the motion of the vortex is 


or the path of the vortex is given by 

y x = constant, 

as we know from the discussion of 9*32* 

* See F. A. Tarleton, ‘On a problem in vortex motion*, Proc . R.I.A, Third Series, 
n, p. 617. 
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9*36. Use of Conformal Transformation. The method of 
6*1-6*21 is also applicable when parallel rectilinear vortices 
exist in the liquid; and regarding the problem as one of two- 
dimensional motion, as in 6 # 12, if a vortex Ft of strength 
k exists in one liquid at a point whose coordinates are (£ lf 
there will be a vortex P of equal strength at the corresponding 
point (x x , y x ) of the other liquid; for the strength is —$d<f> taken 
round a small curve surrounding the vortex; and <f> having the 
same value at corresponding points in the two liquids, the 
integral must have the same value when taken round corre¬ 
sponding curves. These vortices however do not necessarily 
continue to move so as to occupy corresponding points; but we 
may deduce the motion of one when we know that of the other. 
Thus, if rj) denote the stream function of the first motion, 
the path of the vortex II will be given by a stream function 
x(£i> Vi) deduced, as in 9*35, by omitting from if/ the term 

-log {(f-W’+fo-ih)*}, 

If 

or the real part of - log (t — ^), 

Ztt 

where t = f + irj. 

Similarly in the transformed motion there will be a stream 
function x ( x i , Vi) for the motion of the vortex P obtained from 
if/ in the same way by the omission of the term 


4:7T 


log {(* — x i) 2 +(y— 2 / 1 ) 2 } > 


or the real part of 


27 T 


log (2- Zi). 


Hence it follows that = x + x"> where x" is such that 
f* = the real part of T5 * log <1_ | 

Now = and we assume that t — t x is expansible in 
powers of z — z x , so that 

+ .> 

therefore we require 

U.e m.1 part of £[£log ((|) i +1 <« -.J (g) i +.}}, 


H 


15 
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ik F. / dH\ Ndt\ 
2it |_* \dz a )J yds/i 


+ positive powers 


that is, the real port of ^ , 


which is 


k d . dt 
4tt a^ 0g dz x ‘ 


of (a-z^; 


Hence 


x'(*i»yi)-x(fi.9i) + ^log 


9* 37. Examples. (i) To find the path of a rectilinear vortex in the angle 
between two planes to which it is parallel. 

Let 7r/n be the angle between the planes. 

The transformation suitable to this case is 


(+iv=c (^±Lyy or <= C Q B .(in 


or, in polar coordinates, p = c (r/c) n , a> = nO. 

This transforms the f axis (oj = 0, <u = 7r) into the straight lines 0 = 0, 
6— n/n. 

The stream function due to a vortex II at , vj X ) in liquid bounded by 
the f axis is, as in 9*35, 

0 - JL w + . (2 ). 

* 4 w 10g (f-f 1 )» + (, + , 1 )». W * 

Therefore the stream function due to a vortex P at (x x , y x ) or (rj, $ x ) in 
liquid bounded by 0 = 0, 6 = njn is 

,_ k * r 2n -fr 1 2n -2r”r 1 ”cosn(0~0 1 ) 

^ 4rr r 2n + r l 2n — 2r"r 1 n cos n(6+6 x )' 


| dtjdz | = dpjdr = n (rjc) n ~ l ; 


so that for the path of P 


where, as in 9*35, 


x' (*i . J/x) = xlfi . Vi) + >°g r i"~ I . 

X(fi. 1 )l)= 


Therefore ( x i»2/i) — ~ ^ log ^* 1 " sin n0 x + ^ log ri"- 1 

= — ^ log r x sin nB x , 
neglecting constant terms. 

Hence the path of P is r x sin nd x = const., 
which is a Cotes spiral. 

* This theorem was enunciated by Konth—"Some Applications of Conjugate 
Functions’, Proc . L.M.S. xn, 1881, p. 83. 






EOW OP VORTICES 


227 


9-4 


This agrees with 9*33 for the case n = 2. The same problem might be 
solved directly by a series of images provided n is an integer, but this 
restriction is not necessary in the method used above*. 

(ii) There is a rectilinear vortex in liquid filling the space between two 
parallel planes. To find the paths of the particles. 

The relation ’ f + irj = e v <*+*»>, 


or f =z e px cos py, ^ r) = e px smpy, 

transforms the f axis rj = 0 into the lines y = 0 , y = n/p. 

Taking a vortex of strength k at a suitable point (£ t , r/ t ) with the f axis 
as boundary, we get a corresponding vortex at (x x , y x ) between the parallel 
planes y = 0,y=7r/p. 

As before the stream function of the original motion is 


*~4 w 10g (*-&)*+(ij + ih)*’ 


and we get an expression for the stream function between the parallel 
planes by substituting for £, 77 in terms of x , y. Thus if the distance between 
the planes be c and the vortex be midway between them we have p = 7 r/c, 
and y l = c/2 y and if we take the y axis through the vortex we also have 
x 1 = 0 , and therefore = 0 and rf x = 1 . 

Hence we get 

e 2rrxfe cq8 2 ^ yj c j. (gira/c gj n ^yj c _ \ )« _ 
g8irx/c cos * ^ yj c + ( e »*/c g^ nyjf. + 1 )2 “ COI1S * 


which reduces to cosh irx/c = A sin 1 ry/c and this represents the paths of the 
particlesf. 


9*4. An infinite Row of parallel rectilinear Vortices of 
the same Strength * at a distance a apart. Considering 2n + 1 
vortices, taking the origin at the middle one and the axis of x 
through the centres of their sections 

-5-6-<$-5-S-S-5-5- 


we have from 9 # 3 w= -~logz(z 2 — a 2 ) .(z 2 —n%& 2 ), 

JjTT 

%K - 7 TZ / Z 2 \ {, Z 2 \ 

+ . (1) - 


or w = 

When n-xao for an infinite row, this becomes 


IK . .7 TZ 

w = -~ log sin—. 
2tt 6 a 


.( 2 ). 


Then, for the velocity components 
. dw U 

U -IV= — -- - = - — cot — = — - - . 

dz 2a a 2a . it . . v . 77 , . ’ 

sin - (x 4* %y ) sin - (x — %y) 
a a 


* Green hill, Quart. Journal , xv, p. 15, ‘ Plane Vortex motion', 
t Por other examples of this method and the extension of the method by inversion, 
see Routh, Proc. L.M.S. xu, p. 81. ** 
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__ k sinh 2rryja _ k sin 2 nx/a 

~ 2a cosh 2 iryja — cos 27rx/a 9 2 a cosh 2iry/a — cos 27rx/a 

.(3). 

By considering the effect produced by pairs of vortices at equal 
distances from a given vortex, it follows that the vortices remain 
at rest. 

9*41. A double Line of Vortices. Consider two such lines of vortices 
at a distance b apart, symmetrically placed with regard to the plane mid¬ 
way between them and such that the rotation in th( two rows is in opposite 



It follows from 9*4 that neither row has any effect in producing velocity 
in itself; and by considering the effect on a chosen vortex of equidistant 
vortices in the other row we see that the resultant velocity is along the 
rows. Its magnitude is obtained from 9*4 (3) by putting x = na, y= —b, 
or by summing the effects of all the vortices thus 

TT- S * _A 

2 jr 6* + n*o 2 

k- fl . 26 . 26 1 


2n \6 


* + 6* + 2 a o a + ‘ 


k ,, Trb 
: COth — . 

2a a 


9*42. A K&rm&n Street. This is a double line of vortices similar to the 
last save that each vortex is opposite to the point midway between two 
vortices of the opposite row. 

♦n 





As in 9*41 it is evident that the system moves along the rows and that 
the velocity, from 9*4 (3) by putting x = (n + J) a, y = — 6, or by summing 
thus, is . K b 

U= J. 2n 6 8 + (n + i) T a* 

_* f 46 46 46* 1 

~n l46* + a* + 46*+3*o* + 46* + 5*o* +- "J 

K , , 7r6 

= tanh —. 

2a a 
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This arrangement is called after Th. von K&rm&n who first discussed the 
stability of such arrangements and pointed out that a double trail of 
vortices of this kind is often formed when a body like a flat plate moves 
broadside through a fluid. This arrangement is under certain conditions 
stable, whereas the single row of 9*4 and the double row of 9*41 are 
unstable. A discussion of the stability with references to papers by von 
KArm&n, Kelvin and Rosenhead may be found in Lamb’s Hydrodynamics*. 


9*5, Rectilinear Vortex with circular section. We shall consider 
now some cases of vortices with finite cross section. Let the section be a 
circle of radius a, and suppose the spin to be uniform and equal to ( 
throughout the whole section, the vortex being rectilinear. 

The equations for the stream function are 


and 


dH dH . . 

dx* + dy* = mside the vortex, 

\ t + f t = 0. outside the vortex. 
dx 2 dy 1 


These are equivalent to 

0 ,+ rS =2i,whenr<a . (1) ’ 

and + whenr>a .(2). 

dr 2 r dr ' 1 


The complete integral of (2) is 

^r= Clogr-f D, 

and a particular integral of (1) is 

therefore, when r < a, </» = A log r + B + i .(3), 

and, when r>a, ^r=(71ogr-fZ) .(4). 


Since ^ is not to be infinite when r = 0 we must have A = 0. And if the 
motion is continuous at the surface we have </r and the tangential velocity 
d+ldr continuous so that B + ifo , = C loga + D, 

and £a = C/a. 

Hence neglecting an additive constant we have, when r < a. 


0=-K(a 1 -r«) .(5), 

and, when r > a, «/»= {a* logr/o .(0). 


The velocity is wholly transversal both inside and outside the vortex, 
its values being £r and Jo*/r. 

Outside the vortex the motion is irrotational and the velocity potential 
can be found by taking «,=» Jo* log z/a, 

for this gives the correct value for if*. Hence we have 

a many-valued function as we should expect, the motion being cyclic. If 
k denote the circulation or the strength of the vortex, k = 27 rti , £, so that 

*=-11 “ d *=£„ l ° e r ’ 

as for a thin filament. 

* $ 150, 1932. 
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To find the pressure. Outside the vortex we have 




dt 




or, since the motion is steady, and q = £a a /r or tc/2nr 9 

nr\ TT 

when r > a, 

P P 


87r a r 2 * 


where II is the value of p when r is infinite. 

Inside the vortex we have the case of a liquid rotating uniformly with 
angular velocity £, so that 

— = f 2 rdr, 

P 

or £ = 1 ^*+?, 

P P 


where P is the pressure at the centre of the vortex. Since the values of p 
are equal when r=a, therefore 


Hence when r < a 


P = n~fcV/47r 2 o 2 . 
p __ II k 2 K*r a 
p p 4rr a a 2 87r 2 a 4> 


shewing that if II< K 2 />/47r a a 2 , there will be a value of r<a for which p 
becomes negative, implying that a cylindrical hollow must exist inside 
the vortex. 

It is possible to have cyclic irrotational motion surrounding a hollow 
cylindrical space. The necessary condition is p = 0 when r = a; that is 


II = K 2 pl%TT 2 CL 2 . 


The oscillations of vortices of the forms just considered were discussed 
by Lord Kelvin*. 


9*51. Rankine’s Combined Vortex consists of a circular vortex 
with axis vertical in a mass of liquid moving irrotationally under the 
action of gravity. The kinematical equations are as in the case just con¬ 
sidered, and if a is the radius the \z 



The free surface has a depression 
or dimple over the top of the vortex 

as shewn in the figure. The equations of the free surface, obtained by 
making p constant, are 



2 “8 *7*0*0 (° r s ) + C ’ 

when r> a . 

.(i), 

and 

*=s:w rt - at)+c ’ 

when r<a . 

.(2), 


the constants being arranged to preserve continuity when r = a. 


* 'Vibrations of a columnar Vortex’, Phil. Mag. x, 1880, p. 155, or Math, and 
Phys. Papers, iv, p. 152. 
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Taking the origin in the general level of the free surface, in (1) we can 
put 2 = 0 when r = oo, so that 

Then in (2) by putting r =0 we get the depth of the central depression given 
ky — 2 = K 2 l47T 2 a*g. 


9* 52. Elliptic Section . To shew that a rectilinear vortex whose cross 
section is an ellipse and whose spin is constant can maintain its form 
rotating as if it were a solid cylinder in an infinite liquid*. 

We have seen in 5*35, that if a rigid elliptic cylinder of semi-axes a, b 
rotates with uniform angular velocity <o in an infinite mass of liquid the 
stream function for cyclic irrotational motion with circulation k is 

ifj = (o 4* b) 2 cos 2tj -I- k£J2tt . (1). 

In this case k =27r£o6, where £ is the constant spin. 


Inside the vortex we have = 2£ .(2), 

with a boundary condition that the velocity of the liquid normal to the 
boundary is equal to that of the boundary, that is 


ux vy_ 
a 2+ 6 2 ~ 


x y 
-a y- t +<oX Bt 


(3). 


Assume that 0 = £ ( Ax 2 + By 2 ) .(4), 

then from (2) and (3) we have 

A + B=l, and Aa 2 - Bb 2 = (a 2 -6 2 )/2£ .(5). 


The further condition of continuity of the tangential velocity at the 
boundary makes the values of obtained from (1) and (4) the same. 

Putting x = c cosh f cos tj, y = c sinh £ sin rj in (4), this gives at the 
boundary 

— £a> (a + 6) 2 e _2 f cos 2r) + £a6 

= £c 2 cosh £ sinh £ {A + B + ( A — B) cos 2r;} 

for all values of rj from 0 to 2 tt. 

Equating coefficients of cos 2 ij we get 

— (a -f b) 2 e" 2 * = £c 2 (A — B) cosh £ sinh £, 
but on the boundary a = c cosh £, b = c sinh £, and a — b — ce~f, therefore 


A — 



a 2 -ft 2 
ab 


From (5) and (6) we find 

^4a =Bb — abl(a + 6), 


and 


2o6 _ 


( 6 ). 


This gives the velocity of rotation of the cylinder as a whole in terms of the 
spin and eccentricity of the section. • 


* Kirchhoff, Mechanik , p. 261; see also Love, ‘On the Stability of certain Vortex 
Motions \ Proc. L.M 8 xvv 1893. 
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To find the paths of the particles. If x, y are coordinates of a particle of 
the vortex referred to the axes of the cross section 

x-cjy-u- -^= -2££t/ = -yoj(a + b)/b f 

and y + a>x=v = ^J J = 2{Ax = xco(a + b)/a. 

ox 

Therefore x— — coy a lb and y — tuxbja, 

which lead on integration to 

x= La cos (a>t + c), y— jL&sin(o>$ + e), 

so that the paths of the particles of the vortex relative to the boundary are 
similar ellipses, and the period of the relative motion is the same as that of 
the rotation of the cylinder. 


9*6. Uniqueness Theorem. If an infinite mass of liquid 
filling all space be at rest at infinity we conclude from 4*6 that 
the liquid must either be at rest everywhere, or that, if in motion, 
its motion cannot be irrotational at every point. 

We shall now prove that in such a liquid at rest at infinity the 
motion is determinate when we know the values of the com¬ 
ponents of spin f, 7), £ at all points. For if possible let there be two 
sets of values u 1 ,v 1 , w 1 and u 2 , v 2 , w 2 of the velocity components 
each satisfying the equation of continuity and the equations 

dw du 3^ du __ 

dy~dz~ di~dx~ 7)9 dx~dy~ ^ 


at all points of space and vanishing at infinity. 

Then the differences u' — u x — u 2 , v f = v x — v 2 , w' — w x — w 2 also 
satisfy the equation of continuity and 


dw' 

dy 


W 

dz 


= 0, etc. 


at all points of space and vanish at infinity. That is, u' 9 v\ w* are 
velocity components of irrotational motion of a liquid filling all 
space and vanish at infinity. Hence we must have u' = v' = w' = 0 
everywhere, and therefore there is only one motion satisfying the 
prescribed conditions. 

A similar argument would prove that the motion of a liquid 
contained in a limited simply-connected region is determinate 
when the motion of the boundary and the components of spin are 
known. For a multiply-connected region a knowledge of the 
circulations in the several independent circuits must be included 
in the given conditions. 
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9*61. In general there may be several contributory causes 
that go to produce motion at a point in a fluid; for example, the 
presence of sources and sinks or the motions of boundaries or 
immersed solids or the presence of one or more vortices in a fluid 
result in a general motion of the fluid. The velocities due to the 
several causes may be superposed and it is our purpose now to 
find expressions for the components of velocity u, v, w at any point 
in a liquid due to given vortices, i.e. in terms of given components 
of spin f, rj, £. 


9*62. To find if, v y w from The liquid being in¬ 

compressible the flow across any two surfaces having the same 
curve for boundary will be the same, and therefore depends only 
on the form of the boundary. If we assume that this flow can be 
represented by a line integral round the boundary, we get an 
equation „ * 

Ulu + mv + nw) dS = (Fdx+ Ody + Hdz), 

where F } 0, H are components of a certain vector. 

But from 4*2 

^(Fdx + Gdy + Hdz) 

J (dF dH\ (dG dF\\j 0 


hence we must have 


_SH_SO _<>F_dH 
U dy 02 ’ V ~ 02 0 a: ’ 


dG dF 
W ~ dx dy 


^ .( 1 ). 


’ dy 02 ’ " 02 dx ’ ~ 0 r dy . 

or as it may be expressed more briefly 

u , v , w = curl (F> G , H). 

It is clear that the values of u, v, w given by ( 1 ) satisfy the equa¬ 
tion of continuity; and substituting in the values for 77 , £ we get 

.“>• 

and similar expressions for 2tj, 2 £. 

Hence the assumptions of equations ( 1 ) will be justified if we 
can find F, G, H so as to satisfy the four equations 
dF dG dH n 

0^ + 0^ + 02 =O . (3) ’ 


V*F=- 2 £, V*G = 


V»H=- 2 £ 
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The last equations can be satisfied by assuming F, O, H to be 
potential functions due to distributions of gravitating matter of 
volume densities £/2»r, ij/2w, £/2w respectively. We then have 


. 

for the values of F, 0 , H at the point (x, y , z ), where 


(5) 


r 2 H*“*T+(^T+(z-z') 2 > 


and f', t/', £' are components of spin of the element dx' dy' dz' at 
(x\ y\ z'), and the range of integration may be taken as extending 
throughout the whole liquid, though the integrand is zero at all 
points at which there is no spin. 

To complete the solution we must shew that the expressions (5) 
satisfy (3). 


S- Hjjt’iii 

dx' dy' dz' 


^dx'dy'dz'- 

and integrating by parts 


dF 1 CCW.a 1 f 

dx~ 2nj\ r + 2n\ 

]\\fx' dx ' dy ' dz ' 

Therefore 


9 F 9(3 m 1 ffl.. 

s + ^ + &- -sJJ + ”"> + " £ >" 




dx' dy' dz 1 


dx' dy’ 


dz', 


where (Z, m , n) are direction cosines of the normal to the element 
dS of the boundary of the liquid. 

Now the vortex filaments are all either closed or end on the 
surface 8 of the liquid, and in the latter case we can always con¬ 
tinue these filaments either on the surface 8 or outside it until 
they return into themselves so that a greater space exists bounded 
by a surface S', in which exist only re-entrant vortex filaments. 
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Without loss of generality we may suppose the boundary to be of 
this kind, and then at every point on it either £ = 77 = £ = 0 , or else 

Zf+ ra77 + n£ = 0, 

so that the surface integral in the last equation vanishes. And 

since di drj 8C 

dx+ dy + dz 

vanishes identically at all points of the liquid, as can be seen by 
substituting for £, 77 , £ in terms of u, v, w, therefore the volume 
integral vanishes also. Hence 

a F dO dH 
dx + dy + dz 

We have therefore shewn that (3) is the necessary and sufficient 
condition that the expressions (5) for F, G, H in terms of the spin 
shall give a consistent set of values for the velocity components 
when substituted in ( 1 ). But it must be observed that these 
expressions only constitute a particular solution of the equations, 
and that without invalidating the solution we might add to F , G, 
H respectively three functions of the form dx/dx, dx/ty* dxfi z 
provided V 2 x = 0. 

It must not be assumed however that there is a possible 
motion corresponding to any arbitrary distribution of spin com¬ 
ponents, for unless the components of velocity u, v, w and the 
pressure p are continuous they do not in general represent a 
possible state of the liquid. We shall refer later to one possible 
state of discontinuity under the head of vortex sheets. 


9*63. Each element of rotating Liquid produces a 
Velocity in every other element of the Liquid Mass. In (1) 
of 9*62 let us substitute from (5) so much of the values of 
F, G y H as are contributed by the element dx'dy'dz ' and call the 
resulting components of velocity at ( x , y, z) 8 u, 8v, 8w. We have 




dx'dy'dz' 

r 3 


dx'dy'dz'\ 


- r {(z-x'W-(y-y OO —% — 


(i)- 


Hence (x — x') 8u (y — y') 8v + (z — z') 8w = 0, 
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so that the resultant of 8u, 8v, 8w is at rjght angles to r. Also 
£'8u + r)'8v + £'8w = 0; 

and this resultant is therefore also at right angles to the axis of 
spin at (x ' 9 yz'). 

Lastly 8q = {(8u) 2 + (8v) 2 + (8w) 2 }$ = to' sin v ... (2), 

where to is the resultant of i/, £' and v is the angle between r 
and the axis of spin at (x' 9 y' 9 z f ). 

Hence each rotating element A of liquid implies in each other 
element B of the same liquid mass a velocity whose direction is 
perpendicular to the plane through B and the axis of rotation of 
A , its magnitude being given by the result (2). If the element at A 
be a length 8 s' of a vortex filament of strength k we have 

w'dx'dy'dz' = 2 * 8 $', 
so that we may write the result 

0 k shiv8$' 


9*64. The reader familiar with the theory of electromagnetism will 
again recognise the analogy to which reference was made in 9*32. The 
vortices correspond to electric currents and the liquid velocities to 
magnetic force due to the currents. The relations between 77 , £ and u, v, w 
are analogous to 

(electric current) = curl (magnetic force); 

the result of 9*63 corresponds to the force on a magnetic pole due to an 
element of an electric current, and in 9* 62 the vector (F, G,H ) corresponds 
to the vector potential of magnetic induction. 


9 # 65. If the fluid be not incompressible we may write the 
equation of continuity 

du dv dw 1 Dp 
dx + dy + dz p Dt* 


But if v be the volume of a small element of fluid its mass pv is 


invariable, so that 


n _D(pv)_ Dp Dv 
°~ Dt ~ Dt +p Dt > 


therefore 


du dv dw 1 Dv . 


where 0 denotes the Expansion ’ or rate of increase of volume at 
(*, y, z). 
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The expansion will cause extra terms in the expressions for the 
velocities; the expansion of an element dx' dy' dz' being equivalent 

to a simple source of strength — dx' dy* dz* at (x*, y*, z*). 

4:7 T 

This gives rise to a velocity potential whose value at (x, y, z) is 

i^^^jdz'dy'dz', by 3*3, 

and the complete expressions for the velocity are 

dH dO 
U dx + dy dz 9 

_d$ dF_dH 
V ~~ dy + dz dx 9 
d_G_dF 
W dz + dx dy* 

9 # 66. Velocity Potential due to a Vortex in incompres¬ 
sible fluid. Considering a single re-entrant vortex filament of 
strength k , we may write the expressions ( 1 ) of 9*63 

8w== -i^{(y-y , ) dzf -( z - z ') d v , }> etc - 


by putting 7 /, £' = to* (dx'/ds*, dy'jdsdz*Ida*), 

and <d* dx* dy* dz* = fads*. 

Henc »—sIlK;)*'-»(?)*'}• 

where the integration is taken round the filament. 

By Stokes’s Theorem this line integral is equal to a surface in¬ 
tegral over any surface bounded by the filament. Thus if we write 


u 


u = ^j(Xdx' + Ydy' + Zdz'), 

k rrf./dz ay\ /dx a z\ /dr ax\) J£I/ 

~4wJJ \ (v dz') + m \dz' dx) + n \dx' dy’)\ dS ‘ 


we also have 


But 


. dz dr 1 a* a 2 \ 1 a* 1 

ere ore g^' g z ' \5y' 2 dz" 1 ) r cx’ 2 r ’ 


dx dz d 2 n\ 


dr dx a* 
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and similar expressions for v and w. 

The velocity potential from which u,v,w are derived is therefore 




cosOdS ' 


( 1 ), 


where 0 is the angle between the normal (/, m, n) to the element 
dS' and the line r joining ( x , y, z) and ( x ', y\ z'). 

This result may clearly be written 


<£ = /cQ/4tt .(2), 

where £2 is the solid angle subtended at the point ( x , y , z) by a 
surface having the vortex filament for edge. 

This potential function is clearly a cyclic quantity increasing 
by the cyclic constant k every time the path of a moving point 
completes a circuit linked with the 
vortex, for in these circumstances the 
solid angle increases by 47?. It re¬ 
sembles the magnetic potential due to 
an electric current in a closed circuit 
or to a magnetic shell. 

For a single rectilinear vortex we may take 
12 = 2(77-0) 

and <f> = k (tt — 0)/27t, 

making the velocity — d<f>/rd0 = as before. 



9*67. From 3*31 and 9*66 (1) we see that the velocity potential is 
what would be produced by a distribution of doublets over the surface S' 
of strength #c/4 tt per unit area with their axes all normal to the surface and 
directed to the same side of the surface. This can easily be understood from 
the fact that the stream lines all thread the vortex cutting across any 
surface bounded by it, and the motion might conceivably bo produced by 
a giving out of liquid normally on one side of such a surface and the 
absorption of it at the same rate on the other side, combined with a suitable 
flow parallel to the surface in order to give the stream lines their actual 
directions at each point of the surface. 
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9*7. Vortex Sheets. Suppose that a surface exists in a r 
fluid over which the normal component of velocity is continuous 
but the tangential component has different values on opposite 
sides of the surface. 

Consider a small circuit consisting of two lines of length ds 
drawn on opposite sides of the surface and having their extremities 
joined by two infinitely shorter lines dn normal to the surface. 
Let the lines (fa be in the direction of the relative velocity, which is 
clearly tangential to the surface and of magnitude 
{(u — u') 2 + (v — v') 2 + (w — w ') 2 }i, 

if u , v, w and u\ v\ w' denote the components on opposite sides of 
the surface. 

If q , q ' denote the components of velocity in direction ds on 
opposite sides of the surface the circulation in the small circuit is 
(q-q')ds. But q — q' is clearly the relative velocity, so that the 
circulation is also 

{(u — u') 2 + (v — v') 2 + (w — w ') 2 }* (fa. 

This may be regarded as due to a stratum of vortices whose 
axes are at right angles to the direction of the relative velocity. 
If o> be the spin at the point considered, the circulation is 
2a)dsdn, so that 

2u)dn = {(u — u') 2 + (v — v') 2 + (w — w ') 2 }^, 
and the components of spin £, 77 , £ are given by 
£ (u — u') + rj (v - v') + £ (w - w') = 0 
and + mrj + ti£ = 0 , 

where l , m, n are direction cosines of the normal to the surface. 

Here dn is infinitely small and 77 , £ are infinitely great but 
such that the products tjdn, 77 dn> Idn are finite. 

Thus the surface of discontinuity may be regarded as a surface 
covered with vortex filaments, the spin at any point being given 
by the foregoing expressions and the discontinuity in the 
tangential velocity may be regarded as due to this vortex sheet. 

9*71. Uniform plane Sheet. Consider the case of uniform flow 
parallel to the axis of y with velocity v where z > 0 and v' where z<0. The 
axes of the vortices are then parallel to Ox y and if k is the strength of the 
vortex sheet per unit breadth parallel to Oy\ positive when the sense is 
that of circulation from Oy towards Oz, then k = v' —v. 

The strip of the vortex sheet of breadth dy at a distance y from Ox will 
produce at the point (0, 0, z ) a velocity tcdyfinr, where r=(y* + z a )i is the 



240 


PRODUCTION OF VORTICITY 


9-71- 


distance of the point from the strip; and by taking strips equidistant from 
the point it is easy to see that the resultant velocity at the point due to the 
vortex sheet is parallel to yO provided z > 0, and of magnitude 


K 

2 7T 



zdy 
z* + y 2 




While for z < 0 there is an equal velocity parallel to Oy. 

If now we regard this vortex sheet as superposed upon a uniform flow 
with velocity J (v + v') parallel to Oy through all space, we see that the 
result is two uniform streams with velocities v , v' respectively on either 
side of the plane xy. 

Looking back now to the case of the infinite row of parallel vortices of 
9*4, we see that if in (3) we make y = ± oo we get + £*/a, v = 0 and a 
comparison shews that at a great distance the infinite row of parallel 
vortices is equivalent to a plane vortex sheet of strength k/o per unit 
breadth. 


9*72. Production of Vorticity. We saw in Chapters V and 
VI that when a solid moves through a fluid the ‘lifting force’, in 
the two-dimensional case, depends on the existence of a circula¬ 
tion about the solid. Experience shews that such forces and 
circulations actually exist, and the question arises how does such 
circulation come into being and to what extent is the Kelvin 
Helmholtz theory of the permanence of vortices in accordance 
with observed facts. In the first place it must be observed that 
permanence of irrotational motion established in 2*51 and 4*24 
refers not to regions of space but to portions of matter, and that 
the correct inference to be drawn in relation to motion started 
from rest in perfect fluid is not that vorticity cannot arise but 
that it can only occur in sheets, i.e. in the surface of separation 
of definite masses of fluid*. Then it must be remembered that 
actual observations are made with real fluids in which there is 
viscosity, and, as we shall see later, viscosity plays an important 
part in the production of circulation or vorticity. We have had 
occasion to consider several cases of fluid motion involving sur¬ 
faces of discontinuity of tangential velocity, beginning with 3*72 
where it was explained how such a surface comes to be unstable. 
We have now seen that such a surface is a vortex sheet, and 
that the production of such a sheet in perfect fluid is not in¬ 
consistent with the theory. When a stream is obstructed by a 
body like a flat plate across the stream or a bluff body like a 
circular cylinder the surfaces of discontinuity or vortex sheets 
behind the body commonly roll up on themselves and produce 
* For this observation 1 am indebted to Dr Goldstein. 
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a Karman street of more or less concentrated vortices. When 
an aerofoil meets a stream and divides it (in the two-dimensional 
case) the two portions of the stream which pass above and 
below the body meet again behind it; vorticity is produced by 
viscosity in a thin layer of the fluid surrounding the body and 
is shed off behind the body; this vorticity collects into a single 
vortex and moves away from the aerofoil leaving behind it a 
state of steady flow. The region of space which includes the body 
is cyclic and, when the vortex is cast off behind the body, a 
circulation is set up round the body equal and opposite to that 
of the vortex, so that the total circulation in a circuit which 
embraces the body and the vortex remains zero*. 


9- 73. Extension of the Theorem of Kutta and Joukowski. 

It should be remarked that the proof of the theorem of Kutta 
and Joukowski (5*7) involves the hypothesis that there are 
no singularities such as vortices in the fluid surrounding the 
body. We shall shew how the formula for thrust must be 
modified when sources and vortices are present. 

Referring to 5*61 and 5-7, suppose that in the finite part of the 
plane round the cylinder C' there is also an arbitrary distribu¬ 
tion of sources and vortices, giving rise to an additional motion 
represented by 


w=- £m f log (z-a r ) + £ log (z- c 8 ), ’ = ^ 


.(i); 


let the velocity of the steady stream at infinity have components 
— U, — V, and as before let k denote the circulation about the 
cylinder. These additional terms in w give rise to singularities in 

the integrand in j dz lying between the contours C" and C . 


Hence we cannot proceed from 5- 61 (4) to 5* 61 (5); but we can use 
the second theorem in 5’ 6 in the form 


| / dtv\^ 

= 2 m | sum of residues of I ^ | at poles between C" and C 

.( 2 ). 

* For further information see Ewald, Poschl and Prandtl, The Physics of Solids 
and Fluids , 1930, p. 326, and von Karman and Levi-Civita, Vortrdge...Hydro - u. 
Aerodynannk , 1924, papers by Prandtl, Trefftz and Wieselsberger. 
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Tlie whole motion about the fixed cylinder C f may be represented 
by 


IK . 




w=(U-iV)z+ -^log 2 + w? 0 ~Sm r log( 2 -a r ) + S 2 ^ 1 og(z-cJ 

".(3), 


so that 


dw TT . T7 Ik dw Q ^ m r _ i*„ 

-u + iv= = =U-iV+~- — ? -+2- * . 

dz 27 tz dz z — a r 2n (z — c 8 ) 


where w 0 must be such that 


the 


poles of | 


dw 0 

dz 


.(4), 


dw\ 2 

dz) 


* 0 as | z | -> oo. It is clear that 


which lie between C" and an infinite circle C 


— 2m r 


are at the sources and sinks, and that the residue at a r is 

sum of all terms on the right of (4) 
except that which contains a r ) z ->at 

= 2 m r (u r — iv r ) f where u r , v r are the components of velocity at 
a r omitting the source m r in the calculation. 


Similarly at the vortex at c s the residue is 


IK* 


(u 8 -iv 8 ), 


where u 8 , v 8 are defined in the same way. Then from 5 # 61 (4) and 
from (2) above 


X-tT 


= \ip J dz + np {sum of residues} 

*=iv> dz + Trp 12Sm r (u r - iv T ) - 2 *** (w 8 - iv s ) 


IK 


— 2Em, 


.(5)- 

Substituting from {4) in the last integral and integrating round an 
infinite circle on which | dw 0 jdz | is zero, we get 

»/«(£ 

so that 

X —iY = —ipK(U — iV) + 27rpLm r (u r — iv r + V — iV) 

-ipLK 8 (u a -iv 8 +U -iV) .(6)*. 

It is obvious that 5' 7 is a particular case of this theorem. 


V + zH 

7 T 


* This generalization is due to M. Lagally, Milnchener Her. 1921, quoted in 
Handbuch der Physik, vh, p. 88, J. Springer, 1927. 
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9*8. Kinetic Energy of a system of Vortices. The kinetic 
energy of a fluid is T, where 


2 T = p JJJ (ii 2 + v 2 + w 2 ) dxdydz t 
which by 9*65 becomes 

+ W’^ — 

Integrating this by parts we get 


d<f> + dF dH 


_dH\ 
dy Sz dx) 

~ d *y) \ dxdydz - 


d<f> dO dt r 
dz + dx 


dS 4- p JJJ $\ 2 <f>dxdydz 

+ p jj{l (Hv — Gw) 4- m (Fw — Hu) + n (Gu — Fv)}dS 
wjj (Fg + Grj 4- //£) dxdydz , 


where the surface integrals extend to the whole boundary of 
the liquid and the triple integrals are taken throughout the 
volume. 

If we suppose that the liquid extends to infinity and is at rest 
there and that the vortices are all within a finite distance of the 
origin, then as in 4*6 the first integral vanishes, the second is zero 
because ¥ 2 <f> = 0, and the third is zero because at points on the 
infinitely distant boundary F, G, H are ultimately of order l/B 2 , 
and u , v , w of order l/B 3 . Therefore 



(F£ 4- Gy + I1Q dxdydz. 


Substituting the values of F , G , H from 9*62 we get 

'-mu*-*?* dxdydzdx'dy'dz', 

where each volume integral extends through the whole space 
occupied by the vortices. 

Another form, in which we integrate by filaments, may be 
obtained thus. If ds, ds' arc elements of length of two filaments, 
a, o' their cross sections*, o > w the corresponding angular velocities 
and € the angle between ds and ds', the elements of volume are 

lft-2 
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ads and ads', and the integrand is too/cos e/r, so if we write 
2(oo = k and 2 to'o' = «•', we get 

where the integration is along the filaments and the summation 
includes each pair of filaments once. This formula corresponds to 
that obtained by F. Neumann for the energy of electric currents. 


9‘81. Kinetic Energy Constant. We can also shew that the 
kinetic energy is constant when no extraneous forces act. 

The equations of motion are 


D 1 (dp dp 0p\ 


Dt 

Multiplying these by u, v, w and adding we get 

^§t (u2+v2+w2)= ~{ u l p x +v t +wd ij- 


If now we multiply by dxdydz and integrate over any region 
weget DT fff/ dv dv dv x 

\ dxdydz 


-w/jt 

= f f (lu + mv + nw)pdS, 


dp dp dp\ 

u / + v ir + w -£\ 

ox oy dzj 


integrated over the boundary of the region. 

Let the boundary extend to infinity, and enclose all the vortices, 
then since „ za 

therefore at a great distance R from the vortices p will be finite 
9*66 and lu + mv + nw of order 1 /R z while dS is of order R 2 . 
Hence the expression for DTjDt vanishes and we have 

T = constant. 


9*82. Circular Vortex Rings. We have already seen (9*67) that a 
vortex ring produces the same effect as a sheet of doublets bounded by the 
ring, so that at points whose distance from a ciicular vortex is great com¬ 
pared with the radius, we might as a first approximation replace the vortex 
ring by a doublet perpendicular to its plane. For more detailed treatment 
we proceed as follows. 

When the vortex lines are circles in planes parallel to the yz plane with 
centres on the axis of x, we may use Stokes's stream function and write, in 
the notation of 7*3, \ \ gj, 

to dm to dx 
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then by 4*25 the spin ai at the point ( x , w) is given by 

. m . 

dx dm m \dx 2 + dm 2 m dm) 

Let us consider the case of a single circular vortex filament. We may 
transform the expressions for F, 0, H, namely 

h,Iff ;**:<**'<**'> etc - 

by taking a as the cross section and ds the length of an element of the 
filament, and putting rj', £' = lcj, mw, nto, where c o is the spin and 
(l, m, n) are the direction cosines of the vortex line, so that 
('dx'dy'dz' = l oj ads = falds = dx\ 
k denoting the strength of the vortex. 



Hence F,G,H=^[^, JL f&. ± (*£. 

4rr J r 4rrjr 4rr J r 

Now let the filament have its centre on the x axis and be parallel to the 
plane yz. 

Let (x' t y', z') be any point Q on the filament, where 
y' = to' cos 0', z' = to' sin 6'. 

Let P be the point ( x , y 9 z), where 

y = m cos 0, z = w sin 0, 

then r 2 —(x — x') 2 + rn 8 -f m' 2 — 2mm' cos (6—6'). 

We get 

^=0, 0=-*™' f 2n8in0 'de', h=¥' P" c — do', 

4n J q r 4ir Jo r 

as the values at P. 

Hence the vector whose components are F , G, H lies in a plane parallel 
to yz and its component in the direction m is 

n /> i it * a KW ' f 2ir sin(6-6') A 

C7cos0+H sm0= . - / —--'d0 =0, 

4ir J o r 


so that the vector is perpendicular to m as well as to x. If we denote its 
value by A , we have 

a it n n • a KTU ' f 27r °08(6-6'). a , 

A = H cos 0 — 6?sm 0 = -r - /- - - -d6. 

4ir Jo r 


o' f27TcoS 
rr JO 
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Remembering that the line integral of this vector round any curve 
represents the flow across a surface bounded by the curve, by t aking a 
circle of radius m with centre on Ox , we get 

2nwA = flow through the circle = — 2m/f (7*3), 
the flow being from left to right in the figure. 

Therefore 

[ 27T _ cos(0-flW _ ? 

4^ Jo {(a? — x') 2 -f m 2 4- ra' 2 — 2mm' cos(0 — 0')}i 

and since the range of integration is round a circle we may clearly write 
€ for 0' — 0, so that 


Kmm' f cos c de 

JO {(x—x') 2 + m 2 + m'*— 2tnt37'cosc}^ 


Putting 




_ 4tntu / _ 

+ tu') s 


and € — 7T — 2(p the result reduces to 




where if, are the complete elliptic integrals of the first and second order 
with modulus fc. 


9'83. It is clear from 9’63 that at a point P in the plane of the ring 
the velocity due to each element of the ring is perpendicular to the plane, 
hence there can be no radial velocity at any point in the plane of the ring. 
The radius of the ring is therefore constant, for it could not vary without 
causing radial velocity in the particles close to it. 

To find the motion of the ring, we observe that near the ring x = x', and 
m=m' nearly, so that k—1 nearly, and 0 becomes infinitely great. The 
determination of the velocity depends on the form of the section of the 
ring; an exact expression for the case of a circular section was given by 
Lord Kelvin*, but we can obtain approximate results for the velocity in 
the neighbourhood of the ring as follows. 

If k' denote the complementary modulus 

(a?-x') 2 + (tn + m') 2 * 

then k ' tends to zero as the point ( x , m) approaches the ring. 

For small values of k', i.e. when k is nearly unity, 

K = log 4 Ik' and E = 1, approximately f. 

Hence _l<E!E-^logi 

is the principal part of p when k ' is small. 

* Phil . Mag. ixxm, Fourth Series, 1867, p. 511; see also Lamb’s Hydrodynamics. 

\ 163. 

t Cayley’s Elliptic Functions , p. 54. 
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And taking this value for *p we have 
1 Btb k * 


1 dtp k (va'X *, 4 k (m'\* d . ., 

lo 8p-^Uj 5S l0 « fc - 

d I , , ___ try — ro '_ cr + tp' _ # 

dm “ (a: — x') % + (tp — to') 8 (a; — a: / ) a 4 •(^p-f-tp / ) a, 


and, if wo take the value for a point on the ring for which tp=tp' and 
x = x’ 4- € say, where € is small, being commensurable with the linear dimen¬ 
sions of the soction of the ring, we get 


b/ — I. 

* ~~ 2m'* 

, d . mf 2 tp' 

ad dv, l ° gk =-S + 4^- 

Hence the principal part of the velocity parallel to the axis is 

k , 8 m' 

u = -- 7 log —. 

4ttZO 6 € 


For a ring of small section this implies a large velocity and we conclude 
that a thin circular ring will move along its axis with a large approximately 
constant velocity. 

The direction of the velocity is to the side to which the fluid flows through 
the ring. 

For a complete investigation reference may be made to Lamb’s 
Hydrodynamics ( loc . tit.). 


9*84. We shall conclude with some observations on the motion of two 
circular vortex rings moving on the same axis, taken from Helmholtz’s 
paper on vortex motion. “ Wo can now see generally how two ring-formed 
vortex-filaments having the same axis would mutually affect each other, 
since each, in addition to its proper motion, has that of its elements of 
fluid as produced by the other. If they have the same direction of rotation 
they travel in the same direction; the foremost widens and travels more 
slowly, the pursuer shrinks and travels faster, till finally if their velocities 
are not too different, it overtakes the first and penetrates it. Then the samo 
game goes on in the opposite order, so that the rings pass through each 
other alternately. 

“If they havo equal radii and equal and opposite angular velocities, 
they will approach each other and widen one another; so that finally, 
when they are very near each other, their velocity of approach becomes 
smaller and smaller, and their rate of widening faster and faster. If they 
aro perfectly symmetrical, the velocity of fluid elements midway between 
them parallel to the axis is zero. Hero then we might imagine a rigid plane 
to be insertod, which would not disturb the motion, and so obtain the caso 
of a vortex ring which encounters a fixed plane. 

“In addition it may be noticed that it is easy in nature to study these 
motions of circular vortex rings, by drawing rapidly for a short space along 
the surface of a fluid a half-immersed circular disk, or the nearly semi¬ 
circular point of a spoon, and quickly withdrawing it. There remain in the 
fluid half vortex rings whose axis is in the free surface. The free surface 
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forms a bounding plane of the fluid through the axis, and thus there is no 
essential change in the motion. These vortex rings travel on, widen when 
they come to a wall, and are widened or contracted by other vortex rings, 
exactly as we have deduced from theory*.” 


9*9. Steady Motion. When the external forces have a 
potential £2 the general equations of motion are of the form 

dC2 1 dp 
dx p dx’ 

and similar equations. 

m dp 


du du du du 

w + ”s + '’5 + "’t 2 - 


And if we put 




+ lq 2 +Cl, 


the foregoing equations may be written 


du 

di 


(dv du\ 

- V Xte-Ty) 


/du dw\ 
\dz dx / 


or 


+ W[ dz 

_ _0Q_1 dp_ 
dx p dx 

~-2vt + 2 ^= — 


/ 3' 

b 


du dv 

~“ + l> 3- +W 

dx dx 


dw\ 

di)’ 

( 1 ), 


and similar equations. 

When the motion is steady we have 


therefore 


du ^ dv dw ^ 

dt ~ 0, dt~ 0, 0T = O; 


<hc 

dx 

Hence 


d X 


= 2(v£-wrj) i £ = 2(w£-u£ > ) ) £ = 2 (urj-v£). 


d X. 


and 


dy 

d x =n 

dx ^ dy dz ’ 

4*+»^+<4*=o. 

dx dy dz 


Therefore x = const, represents a surface the normal to which 
at any point is at right angles to both the vortex line and the 
stream line through the point. That is, there exists in the liquid 
a family of surfaces x = const, each covered by a network of vortex 
lines and stream lines. 

In the special case in which the motion is irrotational, however, 
X is constant throughout the whole liquid. 


* Sec also a paper by Love, ‘On the motion of paired vortices’, Proc . L.M.S. 
1894, p. 185. 
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If for an instant we take the axis of x normal to the surface 
X = const., we must have u = 0, £ = 0, and if tv is an element of 
the normal to the surface 

^ = ^==2(vC-iorj) = 2qa) sin 0 .(2), 


where 0 is the angle between the direction of the velocity q and 
the axis of spin a>, i.e. the angle between the stream line and the 
vortex line. 

Hence we have as the conditions for steady motion that it 
must be possible to draw a family of surfaces in the liquid each 
covered by a network of stream lines and vortex lines and such 
that at every point of a surface qw sin 0 dv is constant, where dv is 
the normal distance between the surface and the next consecutive 
surface of the family*. 

In two-dimensional liquid motion it is obvious that q dv is con¬ 
stant along a stream line, therefore the condition for steady 
motion is that the spin £ shall be constant along a stream line. 
This will be the case if we put 2£ =/ (i/j), where if/ is the stream 
function and /an arbitrary constant. 


But 


~ dv du d 2 i/j d 2 tf/ 

dx dy dx 2 dy 2 ’ 


therefore for two-dimensional steady motion we have to satisfy 

* . <3) - 


This is clearly satisfied whenever the stream lines are concentric circles 
with the origin as centre. Another case is where the stream lines are a 
system of similar and similarly situated ellipses or hyperbolas; thus 
0 = i ( ax 2 + 2 bxy + cy 2 ) 

makes V 2 0=a+c, so that equation (3) is satisfied, and the spin £ = £ (a + c) 
is uniform. 

In like manner a system of equal parabolas having the same axis may be 
seen to satisfy the conditions for stream lines in steady motion. 


9-91. Steady Motion symmetrical in Planes through an 
Axis. If the motion is symmetrical about the x axis and m 
denotes distance from the axis, we clearly have q . 27 tw dn constant 
along a stream line, for this represents the flow between two 

* Lamb, ‘On the conditions for Steady Motion of a Fluid’, Proc . L.M.S. ix, p. 91, 
or Hydrodynamics, § 165. 

f Stokes, ‘On the Steady Motion of Incompressible Fluids’, Trans. Camb. Phil. 
Soc. vn, p. 439, or Math, and Phys . Papers, i, p. 1. 





250 


STEADY MOTION 


9-91 


consecutive stream surfaces of revolution. But we must also have 
qwdn constant over such a surface from 9*9 (2), because from 
symmetry the vortex rings must have their centres on the x axis 
and their planes perpendicular to it, so that they cut the stream 
lines at right angles. Therefore oj/w must be constant along a 
stream line. This is satisfied by making 2co = mf («/»), where / is 
an arbitrary function of Stokes’s stream function if/. Hence from 


9*82 (1) we have 


3+3-s . 


as the necessary condition. 

An example in which this condition is satisfied is Hill’s 
‘Spherical Vortex**. 


EXAMPLES 


1. Assuming that, in an infinite unbounded mass of incompressible 

fluid, the circulation in any closed circuit is independent of the time, shew 
that the angular velocity of any element of the fluid moving rotationally 
varies as the length of the element measured in the direction of the axis of 
rotation. (M.T. 1880.) 

2. If u — ^—— , v = , and iv = 0 , investigate the nature of the 

x* + y 29 x 2 + y a ’ ® 

motion of the liquid. 


3. When an infinite liquid contains two parallel equal and opposite 
rectilinear vortices at a distance 26, prove that the stream lines relative to 
the vorticos are given by the equation 


io g ?ff +-(y - y , + y = 

l °^x z + (y + b) t + b 


C, 


the origin being the middle point of the join, which is taken for axis of y . 


4. In the last example, if the vortices are of the same strength, and the 
spin is in the same sense in both, shew that the relative stream lines are 
given by fog + 54 _ 26 2 r 2 cos 20 ) — r 2 /26 2 = constant, 

0 being measured from the join of the vortices, the origin being its middle 
point. 

Shew also that the surfaces of cquiprcssure at any instant are given by 

r 4 + 6 4 — 26 2 r 2 cos 20 = A (r 2 cos 20 + a 2 ). 

(Coll. Exam. 1913.) 

6 . An infinitely long line vortex of strength m, parallel to the axis of z 9 is 
situated in infinite liquid bounded by a rigid wall in the plane y = 0 . Prove 

* ‘On a Spherical Vortex’, Phil. Trans . A, 1894, or see Lamb’s Hydrodynamics, 
S 165. 
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that, if there be no field of force, the surfaces of equal pressure are 
given by 

{(x - a)* + (y - 6 )*} {(x - a)* + (y + 6 ) 2 } = 0{y 2 +&*-(*- a)*} , 
where (a, 6) are the coordinates of the vortex, and C is a parametric 
constant. (Univ. of London, 1909.) 

6 . If n rectilinear vortices of tho same strength #e are symmetrically 
arranged as generators of a circular cylinder of radius a in an infinite liquid, 
prove that the vortices will move round the cylinder uniformly in time 
8 71*0*1(11 — 1 ) k, and find the velocity at any point of the liquid. 

7. When a pair of equal and opposite rectilinear vortices are situated in 
a long circular cylinder at equal distances from its axis, shew that the path 
of each vortex is given by the equation 

(r 2 sin 2 0 — b 2 ) (r 2 — o 2 ) 2 = 4a 2 6*r 2 sin 2 6 , 

6 being measured from the line through the centre perpendicular to the join 
of the vortices. (Greenhill.) 

8 . Obtain the distribution of the velocity round a straight vertical 

vortex core in liquid: and find the form of the dimple where the core meets 
the free surface. (St John’s Coll. 1897.) 

/ 

9. Find the motion of a straight vortex filament in an infinite region 

bounded by an infinite plane wall to which the filament is parallel, and 
prove that the pressure defect at any point of the wall due to the filament 
is proportional to cos 2 0 cos 20 , where 0 is the inclination of the plane through 
the filament and the point to the plane through the filamont perpendicular 
to the wall. (M.T. 1912.) 

10. If a rectilinear vortex moves parallel to two rigid planes which 
intersect at right angles, prove that on the line of intersection of the planes 
the excess of pressure due to the vortex varies inversely as the square of 
the distance of the vortex from the line of intersection. 

(Univ. of London, 1915.) 

11 . If (r l9 0 X ), (r a , 0 2 )... be polar coordinates at time t of a system of 
rectilinear vortices of strength k x , k 2 , ...» prove that 

2kt 2 = const, and Ekt 2 0 = ^ • (Kirclihoff.) 


12. The space enclosed between the planes a? = 0, x — a, y = 0 on the 
positive side of y = 0 is filled with uniform incompressible liquid. A recti¬ 
linear vortex parallel to the axis of z has coordinates (x\ y'). Determine 
the velocity at any point of the liquid and shew that the path of the vortex 
is given by 

* -•«» -- - (M.T. 1899.) 


cot 2 — + coth 2 — = constant. 
a a 


13. An elliptic cylinder is filled with liquid which has molecular rotation 
ct> at every point, and whose particles move in planes perpendicular to the 
axis; prove that the stream lines are similar ellipses described in periodic 


+ & 2 


.. n a 

time —. -—?- 
cu do 


(M.T. 1876.) 



EXAMPLES 


252 

V 14. An infinite row of equidistant rectilinear vortices are at a distance 
a apart. The vortices are of the same numerical strength k but they are 
alternately of opposite signs. Find the complex function that determines 
the velocity potential and stream function. Shew that the vortices remain 
at rest and draw the stream lines. Shew also that, if a be the radius of a 
vortex, the amount of flow between any vortex and the next is 

(*/ir) log cot (ira/ 2 o). (M.T. 1925.) 


15. In an incompressible fluid the vorticity at every point is constant in 

magnitude and direction; shew that the components of velocity u, v, w are 
solutions of Laplace's equation. (Trinity Coll. 1906.) 

16. Prove that, in the steady motion of an incompressible liquid, under 
the action of conservative forces, we have 

du du,r du -n 
( 8x +7 l^, + ^dz =0 ’ 
and two more similar equations in v, w. 

Hence shew that if u, v, w are linear functions of x, y, z , then 

fw + 7jt>+£w = 0, 

and that there are two and only two possible cases: 

(i) an irrotational motion with a velocity potential which is any solid 
harmonic of degree two in x , y, z, 

(ii) a rotational motion which may, by choice of axes, be reduced to 
the form u — ax+ (h— £) y, v = (h+ £) x — ay, w — 0. 

Find the lines of flow in case (ii); and shew that the motion is periodic if 

£*> (a 9 + h*). (St John’s Coll. 1902.) 


17. Prove that the kinetic energy of a vortex system of finite dimen¬ 
sions in an infinite liquid at rest at infinity can be expressed in the form 

2 pjj j{u(yS~zri) + v (z£ - z£) + (zjj - y()} dxdydz. 


18. Prove that a thin cylindrical vortex of strength a, running parallel 
to a plane boundary at distance a will travel with velocity ajlira: and shew 
that a stream of fluid will flow past between the travelling vortex and the 

boundary of total amount ^ jlog ~ P er unit length along the 

vortex, when c is the (small) radius of the cross section of tho vortex. 

(M.T. 1916.) 

v/ 

19. If, with the usual notation, udx + vdy + wdz = d$ + Ad* where 6 , A, x 
are functions of x , y, z and t, prove that the vortex lines at any time are the 
lines of intersection of the surfaces A = const, and * = const. 

(Coll. Exam. 1912.) 


20 . Prove that the necessary and sufficient condition that the vortex 
lines may be at right angles to the stream lines is 

fd6 d6 dd>\ 
u ' v ' w =»W ~*y' *z)' 
where p and ^ are functions of x , y, z, U 
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21. Prove that in regions remote from a single thin vortex ring the 
stream lines approximate to the curves r cosec 2 0 = const., where r denotes 
the distance of a point P from the centre 0 of the ring, and 6 the angle 
which the line OP makes with the axis of the ring. (M.T. n. 1910.) 

22. Find the motion of the liquid around a closed vortex filament, 
shewing its equivalence to a double sheet of sources and sinks: deduce 
that the image of a circular filament moving in infinite liquid surrounding 
a rigid sphere is another filament; compare the circulations. Describe the 
behaviour of the filament as it approaches the sphere. (M.T. 1911.) 

23. Shew that if the velocity is stationary at a point on a stream line in 
the steady motion of a liquid, the stream line is a geodesic on a member of 
the family of surfaces that contains the stream lines and vortex lines. 

(Greenhill.) 


24. A straight cylindrical vortex column of uniform vorticity £ is sur¬ 
rounded by an infinite quantity of fluid moving irrotationally which is at 
rest at infinity, prove that the difference between the kinetic energy in¬ 
cluded between two planes at right angles to the axis of the cylinder and 
separated by unit distance whun the cross section of the cylinder is an 
ellipse and when it is a circle of equal area A is 


£{*4* log 

7 T 


a + 6 

2VoS’ 


where p is the density of the fluid and a and b the semi-axes of the ellipse. 

(M.T. 1887.) 


25. If the velocities at a point in a liquid in motion under a system of 
external forces having a potential be expressed by 


— 


dy 


dy 9 
D 


d(f> 


prove that the result of operating with ^ on the identity 
p ox p dy pdz * 

where f, r /, £ are the rotations, gives, after a reduction, 

a . a . „a \ dx 


(« 


+ (D-Ui-Univ.I.ll., 


W= -<l> t +G x -F v , 


26. If 

u— — <f> x + H y — G tf v= — <f> v + F z — H 
where <f> x = d<f>jdx , etc., 

prove that jjj{u 2 + v 2 + w 2 ) dxdydz taken through any portion of space 

within which <£, F, G, H and all their differential coefficients are finite and 
continuous, equals 




'n* + FJ + QS + H i 2 - J 2 ) dxdydz. 


taken through the same space, together with jj\dS taken over the 

boundary, where ^i 2 = ^a, 2 *f + with similar values for F lt O lt H lt 

J = F m + O v + H % , and x is to be found. (Dublin Univ. 1911.) 
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27. A liquid extending to infinity moves under the influence of a finite 

system of vortices: find the force and couple resultants of the system of 
impulses which would produce the motion. (Dublin Univ. 1907.) 

28. Shew that every irrotational motion, whether cyclic or acyclic, of a 

liquid occupying a given region, can be produced by a proper distribution 
of vortex sheets on the boundaries, and shew how to determine this 
distribution. (Dublin Univ. 1907.) 

29. A liquid, extending to infinity, moves under the influence of a 
sphere composed of circular vortex rings whose planes are perpendicular 
to the axis of x, whose centres lie on this axis, and in which the molecular 
angular velocity in each ring is proportional to its radius. 

If the components u , v, w of the velocity of the liquid are expressed by 
the equations H m d(J 

u= ~8x + 8y-te’ et °-' 

find F, G, H at a point outside the sphere. (Dublin Univ. 1907.) 

30. Shew that the motion of the liquid outside a certain surface sur¬ 
rounding a circular vortex ring the radius of whose core is small compared 
with the radius of its aperture, is the same as that due to the motion of this 
surface through the liquid with the velocity of translation of the ring. 

Find the equation to this surface and the length of the axis of the ring 
ntercepted by it. (M.T. 1892.) 

31. A cylindrical vortex sheet in infinite liquid is such that the vortex 

lines are generators of the cylinder and the vortici ty at any point is 2 U sin 6, 
where 0 is the angle measured from a fixed plane through the axis of the 
cylinder. Prove that the vortex sheet moves through the liquid with 
velocity U parallel to the fixed plane. (M.T. 1924.) 

32. When the motion of an infinite liquid is due to a single circular 
vortex ring, in which the spin at any point is proportional to the distance 
from the straight axis, and the section is taken to be a circle of radius small 
compared with the radius of the aperture, obtain an expression for the 
velocity at any point of the fluid parallel to the straight axis. 

Prove that the fluid carried forward with the ring is or is not ring-shaped 
according as the ratio of the radius of the section to the radius of the 
aperture is less or greater than a certain fraction, and find an approxima¬ 
tion to this fraction. (M.T. 1897.) 


33. A uniform incompressible perfect liquid extends to infinity and is at 
rest there. Within it is a spherical vortex sheet of radius a with its vortex 
lines arranged in parallel circles, on the axis of which is a fixed point C at a 
distance c (< a) from the centre; the strength of the sheet at any point P is 
m sin <f>, where <j> is the angle between CP and the axis of the circles. Shew 
that the velocity at a point on the axis at a distance r (> a) from the centre 
is 


1 ) / a 2 _ c 2 \ ac n ~ 2 
2 2 n—1 \ 2 n —3 2n+ l) r n+1 * 


(M.T. 1900.) 



CHAPTER X 


WAVES 

10* 1 . The dynamics of wave motion is of great importance 
in physical investigations, as wave motion constitutes one of the 
principal modes of transmission of energy. The energy received 
from the sun is transmitted by waves in the ether, the energy of 
sound by air waves, the practical applications of electric waves are 
now spread the world over and the theory of waves occupies an 
important place in the field of research into the constitution of 
matter. In the present chapter we shall only consider water 
waves, which, though most familiar, are not the easiest to discuss 
mathematically. 

10*11. The oscillatory nature of Wave Motion. By a 

wave we mean the continuous transference of a particular state or 
form from one part of a medium to another. This does not imply 
the transference of the medium itself from one place to another 
but merely the propagation through it of a particular form, state 
or condition. Thus in water waves, the fact that small bodies 
floating on the water are not borne onwards by the waves is an 
indication that the elevated masses of water are not moving 
forward bodily, and that it is only the unevenness of the surface 
that is moving from place to place. As the waves pass a floating 
body it appears to be carried forwards a small distance on the 
crest of a wave and backwards when in the trough of the wave so 
that on the whole each wave leaves the position of the body very 
little altered. 

The following explanation of how water waves can be main¬ 
tained by small oscillatory movements of each particle of water is 
due to Airy*. 

Let ABCDEFQ represent the outline at one instant and abcdefg an 
instant later; we want to shew that the displacement of the contour of the 
surface can be produced by a small oscillatory movement of each particle 
of water. 

Draw vertical lines to the bottom of the water and suppose the particles 
in each vertical line to be moving in the direction of the arrows in the 


♦ Article ‘Waves and Tides’, Ency . Metrop . 1845. 
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figure ; that is, all particles below the crest of the wave are moving forwards, 
all below the hollows are moving backwards, and all below the midway 
points A, C, E, Q are for the moment stationary. And suppose the 
velocities of the horizontal motion of the particles in the vertical lines 
intermediate to those drawn in the figure are intermediate to the velocities 
of the particles in the lines drawn in the figure. This supposition will account 
for the motion of the wave or shape. For, take points B 0 , B x near to 
B; C 0 , C x near to C , etc.: draw lines from them to the bottom and con¬ 
sider the horizontal motion of the particles in those lines. B 0 and B x are 
both between the principal point of backward motion B and points of 
rest A, C , therefore the particles below B 0 and those below B x will be 
moving backwards and with nearly the same speed, so that the inter¬ 
mediate surface at B will not be sensibly elevated or depressed inasmuch 
as the vertical boundaries B 0 B 0 ' and B 1 B 1 ' of the included column of 
water will after a short time be at the same distance apart as at present. 
But the particles in the line C 0 C 0 ' are betw een a point of rest C and a point 



of backward motion B and therefore are moving backwards, those in the 
line C x C x are between a point of rest and a point of forward motion D and 
therefore are moving forwards; consequently the vertical boundaries 
C 0 C 0 \ C 1 C X of the included column are separating and therefore the 
surface at C will drop and after a short time will be found depressed to c. 
In like manner it will be found that the particles in D 0 D Q ' and D X D X are 
moving forwards with nearly the same velocity so that in the intermediate 
part at D there is no sensible alteration of level. But in E 0 E 0 ' the particles 
are moving forwards and in E x E x backwards resulting in a raising of the 
level from E to e. Pursuing this reasoning it will be evident that the 
continuous horizontal motion of the wave or shape forwards is entirely 
accounted for by the rising of some portions of the surface and the falling 
of others and that these risings and fallings may be considered as the 
effect of small horizontal motions of the water, some forwards and others 
backwards. And as in the progress of the w aves, the same particles are 
alternately in the crest and in the hollow of the wave, every particle will 
be alternately moving forwards and backwards and alternately upwards 
and downwards, that is the particles are oscillating while the waves 
advance continually in the same direction. 


10*12 HARMONIC PROGRESSIVE WAVE 267 

10*12. Mathematical representation pf Wave Motion. 

Graphically the equation 

y =/ (x — ct) .(i) 


represents a wave motion, in which a curve of the form y=f (x) 
moves in the positive direction of the x axis with velocity c. For 
if in (1) we increase t by t! and x by ct' we leave the ordinate y 
unaltered. 



A simple, harmonic progressive wave is represented by a curve 
of sines moving with definite velocity in the direction of its length. 

Thus the equation y = a sin (mx — nt + e) .(2) 

represents a wave moving in the positive direction of the x axis 
with velocity n/m, called the velocity of propagation, c say. 
The distance between two consecutive crests of the curve is 27r/m; 
this is called the wave length and denoted by A. The period 
of the wave is 27 r/n or A/c, for the wave at time t = 2n/n presents 
the same appearance relative to the origin as at time t = 0 , each 
crest in this interval moving forward a distance A, i.e. to the 
position occupied at the beginning of the interval by the next 
consecutive crest. 

The maximum value of y, viz. a , is called the amplitude. 

Equation (2) may also be written 



. 27T 

y = a sin (x — ct + e ) . 

.(3), 

or 

. lx t A 

y = asin27rl^ -he 1 . 

.(4), 


where in the latter case r denotes the period A/c. 

The reciprocal of the period is called the frequency; it denotes 
the number of oscillations per second. 


Phase. In equation (2) e represents the phase of the wave 
at the instant from which t is measured. If we compare the 
equations y = a sin ( mx — nt ), 

and y = a sin (mx — nt + e), 

we see that both represent wave motions having the same ampli¬ 
tude, wave length and period, but that they differ in phase. As 
regards position the one is a distance e/m in advance of the other, 


RH 


17 
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or as regards time the one has a start of e/n from the other. 
Strictly speaking the difference of phase is a number €, representing 
radians, but in such a case as we are considering it is not unusual 
to speak of the phase in terms of either distance or time; thus, if 
€ = 7t/2, one wave is one-quarter of a wave length in front of the 
other; or, in terms of time, one is one-quarter of a period ahead 
of the other, and we may say that the phases differ by a quarter 
of a wave length or by a quarter of a period. 

10*13. Standing or Stationary Waves. If two simple 
harmonic progressive waves of the same amplitude, wave length 
and period travel in opposite directions the resulting disturbance 
of the medium is represented by the equation 

y = a sin (rax — nt) + a sin (mx + nt) 

— 2a sin rax cos nt. 

Such a wave is called a standing or stationary wave. At any 
instant the equation represents a sine curve but the amplitude 
2a cos nt varies continuously. The points of intersection of the 
curve with the x axis are fixed points called nodes. 

In the same way a progressive wave system can be regarded 
as the combination of two systems of standing waves of the same 
amplitude, wave length and period, the crests and troughs of one 
system coinciding with the nodes of the other and their phases 
differing by a quarter period. 

For if y x = a sin mx cos nt be one of the standing waves the other 
must be y 2 — a cos mx sin nt, and by combining the two we get 
y = yi ±y z = a sin (mx ± nt) representing a progressive wave. 

10* 14. We propose to consider waves in incompressible liquid 
under the action of gravity. Such waves in water are generally 
produced by disturbing forces such as wind pressure, by the 
relative motion of a body such as a ship on the water, or by such 
causes as irregularities in the bed of a stream, so that, neglecting 
viscosity, the motion is irrotational. Roughly speaking the cases 
that we shall consider fall into two classes: (1) Long waves in 
shallow water , where the depth of the water is small compared to 
the wave length and the disturbance affects the motion of the 
whole of the liquid; (2) Surface waves , where the wave length may 
be small compared to the depth so that the effects of the dis¬ 
turbance cease to be appreciable below a certain depth. 
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10*2. Long Waves; Let us consider the case of waves travel¬ 
ling along a straight canal of uniform section. Take the axis of x 
in the direction of the length of the canal and y vertically upwards 
and let rj be the elevation of the free surface above the equilibrium 
level at the point whose abscissa is x at time t. If the wave length 
be large in comparison with the mean depth, theVertical accelera¬ 
tion can be neglected in comparison with the horizontal, so that as 
far as vertical forces are concerned we may regard the liquid as in 
equilibrium and take for the pressure at any point the statical 
pressure due to the depth below the free surface. 

Therefore the pressure p at a point ( x , y) is given by 


p-p 0 =vp(yo+v-y) .(i). 

where y 0 is the ordinate of the undisturbed free surface and p 0 is 
the pressure above the liquid supposed constant. Hence we get 


dp 

dx 



( 2 ), 


and as this is independent of y, and the horizontal acceleration of 
an element depends on the difference of pressure at its ends, i.e. 

rQ dx, it follows that the horizontal acceleration of all points in 

the same vertical cross section of the canal is the same, and 
consequently that points that are once in a vertical plane are 
always in a vertical plane. 

Considering a small horizontal cylinder PP' of liquid of length 

017 

dx ' the difference of pressure at its ends is gp dx\ And if a: be 

the abscissa of the vertical plane of particles through P in its 
equilibrium position and £ the horizontal displacement of this 


plane of particles, 


z' = x -f f 


.( 3 ) 


and the horizontal acceleration is 0 2 £/0 1 2 . 

If k be the cross section of the cylinder PP\ the mass is tcpdx' 
and the equation of motion is 


- , 0 2 £ 07 ? j t 

P Kdx w = - gpK Tx' dx ’ 


or 




dt 2 


dx' 


(4). 


17-2 
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If now we suppose the motion to be small and neglect the 
squares of small quantities, we get from (3) and (4) 


W_ 

dt 2 ~ 9 dx 


.(5). 


W© have now to form the equation of continuity. Let A be 
the area of the cross section of the canal, and b the breadth at 
the surface. In the position of equilibrium the volume of liquid 
between the planes x and x + dx is Adx. At time t the distance 

between the bounding planes of this liquid is dx+-~ dx, and the 

area of the cross section of the liquid is A +bi)\ therefore 

(A + brj) ^d* + ^dx^=Adx. 

Neglecting the product of the small quantities this becomes 

.( 6 ), 




and we therefore obtain from (5) 

a *£_gA&i 

dt 2 b dx 2 

To integrate this equation we write 

gA/b=c*, 

and x—ct=x 1 , x+ct = x 2 , 

a 


•(7). 


so that 


dt 


= —c 


a a , a 

+ c-i- , and _ = 


0*1 0* 2 


a a 

+ ■■ 


dx 0 *! 0*2 


reducing equation (7) to the form 

a 2 f 

r 

the solution of which is 


= 0 , 


0 * 10*2 

£=/ (*l) + -F(*2). 


where/, F are arbitrary functions. 
Hence the solution of (7) is 


£=/ (x-ct) + F(x + ct) 


.( 8 ), 


representing two waves travelling in opposite directions with 
velocity c = (gAjbft. 
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If the canal be of rectangular section and depth h the wave 
velocity is (ghft ; i.e. a velocity due to half the depth of the liquid. 

The displacement being given by (8), the elevation r] is given by 

that is, rj * — ^/' (x — ct) — ^ F'(x + ct). 

We should expect the expression for rj to contain two arbitrary 
functions because the elimination of £ between (5) and (6) shews 
that r) satisfies the same equation (7) as £. 

The particle velocity £ is given by 

£= — cf ' (x— ct) + cF' ( x + ct ). 

The meaning of the solution that we have obtained is not that the 
hypothesis of the existence of a ‘long wave’ involves a compli¬ 
cated motion represented by arbitrary functions, but that all 
possible motions subject to the limitations we have imposed are 
included in the general solution (8); and the forms of the functions 
/, F to suit any special case must be determined from given initial 
conditions. A discussion of the adaptation of the solution to 
special cases will be given in a later chapter. At present we will 
confine our attention to the determination of the motion of the 
individual particles. 

10*21. Assuming the canal to be of rectangular section it is 
clear that the particles move in planes parallel to the length of 
the canal. A vertical column bounded by two such planes and 
two others at right angles to them remains a vertical column on 
a rectangular base, but the area of this base changes during the 
motion and the height of any particle in the column changes in 
such a way that the volume of the part of the column below the 
particle is unaltered; hence the vertical displacement of any 
particle is proportional to its height above the base. Therefore 
when the motion of a particle at the surface is known the motion 
of any particles in the same vertical line is found by diminishing 
the vertical displacement in a given ratio without altering the 
horizontal displacement. 

To trace the motion of a surface particle when a progressive 
wave passes over it in either direction, we may take 

(=f(x-ct). 
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Then from 10*2 (6), putting A = bh, we have 

= ~ hf ' = 

« . 


( 1 ). 


The particle is at rest until the wave reaches it, then it moves 
forward as well as upward with a velocity proportional to the 
elevation of the wave above the equilibrium level; when the crest 
of the wave reaches the particle the upward motion ceases but 
the horizontal velocity is a maximum, rj then decreases and f 
increases less rapidly and as the wave leaves the particle rj = 0 
so that the particle is at the same height from the bottom as 


before; but £ = ^ jrjcdt = ~ J brjcdt and when the wave has passed 


the particle this expression represents the total volume of the 
elevated water divided by the sectional area of the canal. Hence 
the particle is finally deposited in front of its initial position by 
this distance. 

If the wave consists of a single depression instead of an eleva¬ 
tion, everything is the same as before except that the particle 
moves backwards instead of forwards. 


10*22. To recapitulate—the results of the foregoing Articles 
have been obtained on the hypothesis that the motions are so 
small that squares and products of £ and rj can be neglected, and 
that the vertical acceleration can be neglected in comparison with 
the horizontal. We may observe that if we consider the passage 
of a wave consisting of a single elevation of length A and maximum 
elevation rj the time taken to pass a particular particle is A/c, 
where c is the velocity, so that the vertical velocity will be of order 
7jcfX 9 and the vertical acceleration of order 77 c 2 /A 2 . But from 10* 21 
( 1 ) the maximum horizontal velocity is C 77 /A, and taking c 2 = gh, we 
get that the ratio of the maximum vertical and horizontal velocities 
is of order A/A, and the vertical acceleration being of order grjh/ A 2 
can be neglected if A/A is a small quantity. This shews that waves 
of the type described are propagated only when A/A is small, and 
justifies the application to them of the term ‘long waves’. 

The foregoing discussion is based on an article by Stokes*. 

* ‘On Waves’, (Jamb, and Dub . Math . Journal , iv, p. 219, or Math, and Phys. 
Papers, n, p. 222. 
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10*23. Long Waves—general equation. Reverting to 
10 -2, if we form the equation of motion for the liquid which in 
equilibrium occupies the space between two cross sections at a 
distance dx, x and x + dx being the abscissae in the undisturbed 



bounding planes, the mass is pA dx and the equation of motion 


where as before 


P Adx^= -^dx{A+br)); 

dp drj 
'dx~ 9p dx' 


so that the equation of motion is 

^l-- q h(\ + b n\ (i) 

a < 2 g dx\ l+ a) . ( 

The equation of continuity is 


(A + brj) \ dx -f dx j = A dx, 

5-g (-r.^ 


or 


and the elimination of rj between ( 1 ) and ( 2 ) gives 
dt 2 9 b dx*\ * dx) . 


(3)*. 


Our former equation is an approximation to this in which the 
squares of small quantities are neglected. Airy’s discussion of this 
equation shews that waves cannot be propagated to infinity 
without change of form. 


10*24. Long Waves—another method. In any case in 
which waves are propagated in one direction only without change 
of form, the problem of finding the velocity of propagation can be 
simplified by imposing on the whole mass of liquid a velocity equal 
and opposite to the velocity of propagation of the waves, the wave 
form having the same relative velocity as before becomes fixed in 
space, and the problem becomes one of steady motion. 

In the case of long waves, neglecting the vertical velocity, let c 
denote the velocity of propagation, and u the small additional 
velocity due to the wave motion at points where the elevation is rj. 


Airy, ‘Tides and Waves’, Encyc. Metrop . 1843. 
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The equation of continuity is 

(A + brj)(c+u)-Ac .(1), 

where A is the area of the cross section and b the breadth at the 
surface. 

If 8p denote the excess of pressure due to the wave motion we 


have 


therefore 


— + grj + i(c + u) z =$c* 
p 

A 2 


•(2), 


8p = i P c 2 11 - - 
= {^ : 


(A+br,)* 
(2Ab + b\) 


~9PV 


gtpv 


.(3). 


(4 + fo?) 2 

If rj be small compared to Ajb, this reduces to 
8p = {c 2 b/A-g}pr), 

and if c 2 = gA jb the surface pressure is constant to a first approxi¬ 
mation, so that a free surface is possible. This value of c gives the 
velocity of propagation of a long wave in still water, or the 
velocity of the stream for a stationary long wave. 

Assuming that c 2 — gA\b and substituting in (3) we get 

3 gpbrj 2 


Sp= — 


2 A 


as the second approximation, shewing that the pressure is defec¬ 
tive at all parts of the wave at which 77 is not zero. Hence, unless 
rj 2 can be neglected , it is impossible to satisfy the condition of a free 
surface for a stationary long wave; that is, it is impossible for a long 
wave whose height is not small compared to the depth of the water to 
be propagated in still water without change of type . 

From (3) we see that 8 p will vanish if 


and since 


2 2g(A+brj) 2 

2 Ab + bh, ’ 

2ff(A + bij) 2 gA (3^4 + 267?) 
2Ab+b\) b m 2A + brj ’ 


it follows that if i) is positive everywhere the conditions for the 
propagation of the wave are more nearly satisfied by taking a 
value of c greater than ( gA/b ft, and if 17 is negative everywhere a 
value less than (gA/bfi. Hence an elevation in the surface travels 
rather faster than a depression 1 ". 


* Lord Rayleigh, *0n Waves’, Phil Mag. i, 1876, p. 267 or Sci. Papers, I, p. 261. 
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10*25. Energy of a Long Wave. For a wave in a canal of 
rectangular section the potential energy is due to the elevation or 
depression of the water above the mean level, and for a unit 
breadth of the wave the potential energy is therefore 



rj 2 dx 9 


where rj is the elevation at x and the integration is over the whole 
length of the wave. 


The kinetic energy is 



for the same range of integration. 

For a wave travelling in one direction, we have, as in 10*21 (1), 



and since c 2 = gh, therefore the above expressions are equal and 
at any instant the energy of the wave is half potential and half 
kinetic. 


10*26. Examples of the artifice of Steady Motion. 

(i) Long waves at the common surface of two liquids of different densities 
in a horizontal pipe. 

The artifice consists in reversing the velocity of propagation c of the 
waves on the whole mass of liquid. The wave form then becomes fixed in 
space and the liquids move below and above it with general velocity c. 
Let p, p denote the densities,^, A' the cross sections 
of the two liquid streams and b the breadth of the 
common surface. The problem is to express c in 
terms of these data. If for example the liquids were 
separated by a thin rigid sheet of the prescribed 
wave form, then they might be forced through the 
pipe at any speeds, but we want to find the particular 
speed c at which, if they move, their common surface 
would keep the prescribed form without the aid of 
the material surface of separation. Then when this velocity is again re¬ 
versed on the whole mass the liquids are stationary save for the wave 
motion. 

Let rj denote the elevation of the common surface due to the wave 
motion, and u, u' the small additional velocities due to the wave motions 
in the two liquids. 

The equations of continuity in the two liquids are 
(^4 + 617 ) (c+u) = Ac 
and (d/ — bq) (c*f u') = A'c, 

or Au + bcri = 0[ m 

and A'u'—bcrj — Q’ . 
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Al 8 €>, if bp, bp' denote increments of pressure close to the common 
surface in the two liquids due to the waves, 

“ +flty + i(c + M) f = ic a 
P 

and + grj + % (c+u') 2 = Jc 2 , 

P 

hence, if we ignore surface tension so that bp = bp', we have 


g(p-p')y = (p'u'-pu)c .( 2 ). 

Then by eliminating rj, u and u' from ( 1 ) and (2) we get 

* i =g(p-p , )lb(£ + £) .( 3 )*. 


(ii) A ‘bore * or a * wave ’ invading a region of still water . 

Consider the case of a steady stream in which there is a transition from a 
uniform velocity u and depth h to a uniform velocity u' and depth h'. 
There is an equation of continuity 

hu = h'u' .( 1 ). 


— 


h' 

-*u! 

1 





Taking the density as unity and unit breadth of the stream, the mean 
pressures over the two cross sections are \gh are \qh' and the total 
pressures are \gh 2 and J gh' 2 , so that, by considering the change of 


momentum per second, we have 

hu(u — u') = ig(h'* — h 2 ) .( 2 ). 

From (1) and (2) we find that 

u 2 = ig(h + h') h'/h and u' 2 = £ g(h + h') h/h' .(3). 


We now examine how far this is compatible with conservation of 
energy. By considering the energy changes per unit time between the two 
vertical cross sections we have that the pressures on the boundary are 
doing work at the rate 

igh 2 u - igh' 2 u' = \ghu (h—h') .(4). 

But the centre of gravity of the liquid entering the region is raised by an 
amount \(h' — h), so that the potential energy is increasing at a rate 

\ghu (h' — h) .( 6 ); 

and subtracting (5) from (4) leaves a rate of working 

ghu(h — h') .(6) 

available for increasing the kinetic energy. But the kinetic energy leaving 
the region per unit time exceeds that entering it by 
\K'u'* - i/m 8 = i hu ( u '* - u*) 

which from (3) =lgu(h + h') 2 (h‘-h')/h' .(7). 


* GJreenhill, ‘ Wave Motion in Hydrodynamics’, Amer. Journ. of Math, ix, 1887. 
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We now find that expression (6) exceeds (7) by an amount 

\gu (h' — h) z /h' .(8) 


which implies a dissipation of surplus energy when h' is greater than h. 

Now suppose that a velocity u from right to left is impressed on the 
whole mass of liquid. We then have the case of a wave invading a region of 
still water. The velocity with which the wave travels is u t and the velocity 
of the liquid particles is u — u' in the direction of propagation. This is posi¬ 
tive or negative according as h' is greater or less than h 9 i.e. according as the 
wave is an elevation or depression. In the case of an elevation or ‘bore’ 
expression(8) gives the rate at which energy is dissipated at the transition; 
and since this expression is negative when W is less them h, it follows that 
a depression cannot be propagated without a supply of energy*. 

10*3. Surface Waves. We shall next consider waves due to 
small oscillatory motions which take place at and near the surface 
of an unlimited sheet of water where the depth may be consider¬ 
able compared to the wave length. We no longer neglect the verti¬ 
cal acceleration, but we suppose that the squares of the velocities 
of the particles are negligible. The motion is supposed to be two- 
dimensional, the ridges and hollows of the waves being all parallel 
to one another. The axis of x is taken in the undisturbed surface in 
the direction of propagation of the waves and the axis of y verti¬ 
cally upwards. The motion being such as could be produced from 
rest by natural forces is irrotational and the velocity potential <f> 
has to satisfy the equations 


dx 2 dy 2 

.(1). 

throughout the liq uid, and ~ = 0., 

on 

.(2), 

at a fixed boundary. 


The pressure is given by 


r r %-sv-k‘+i’m . 

.(3). 


The free surface is a surface of equipressurep = const., therefore 
as in 1-6 (3) dp dp dp 

S+VaT 0 ’ 

or writing — d<j>Jdx for u and — d<j>jdy for v we have 
djp_d$ dp_ty dp_ 

, dt dxdx dy dy .' ' 

at the free surface. 

* Rayleigh ‘On the Theory of Long Waves and Bores*, Proc . R.S. A, xe, 1914 or 
Sci. Papers, vi, p. 250. 
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If now we suppose the motion so small that the squares of 
small quantities (e.g. velocities) can be neglected we may neglect 
q 2 in (3), and if we also regard the arbitrary function F (t) as 
absorbed in d<f>/dt and then substitute the value of p from (3) in 
(4) we get d 2 ^_ty (d 2 # _ \ 

dt 2 dx dxdt dy \dydt 9 / ’ 

or, neglecting the second and third terms which are of the same 
order as q 2 , 0^ d<f> 


dt 2+9 dy~° 


.( 6 ). 


This condition holds at the free surface. 

If 7j denote the elevation of the free surface at time t above the 
point whose abscissa is x, the equation of the free surface will be 
of the form v _j ^ t ) =0 . 

and this being a boundary must satisfy the condition 1*6 (3). 
Hence sf 

But df/dt is r}, arid df/dx or drjjdx is the tangent of the slope of the 
free surface which by hypothesis is small so that the second term 
can be neglected and the equation becomes 

d<f> 


rj = V = — 


dy 


•( 6 ), 


at the free surface. 

Hence in a wave motion in which the squares of the velocities 
can be neglected the velocity potential must be a solution of 
Laplace’s equation which makes d<f>/dn = 0 as a fixed boundary 
and satisfies (5) and (6) at the free surface of the liquid. 


10*31. Let us apply these conditions to investigate the 
propagation of simple harmonic waves of type 

r)=a8in(mx-nt) .(7) 

at the surface of water of uniform depth A, either of unlimited 
extent or contained in a canal with parallel vertical sides at right 
angle to the ridges and hollows. 

If we assume that there is a solution of the form 
(f>=f (y) cos (mx — nt) 
and substitute in (1) we obtain 







10*32 
so that 
and 


PATHS OP THE PARTICLES 


/ [y)—Ae mv + Be~ mv , 

<f> — [Ae mv + Be~ mv ) cos [mx—nt). 

This value of <j> must satisfy (2), i.e. d<f>jdy=0 when y= — h. 

Hence Aer* nh = Be mh — \C, say, 

so that <f>=C cosh m[y + h) cos [mx—nt) .(8). 

Again if we substitute this value in the surface condition (5) 
putting y=0, we get n 2 = gmtarihmh . (9) . 

Now if c( = n/m) denote the velocity of propagation and 
A (= 2 Trim) denote the wave length, it follows that 

c 2 = — tanh mh = jp tanh .(10). 

m 2n A 

The constant C of (8) can be expressed in terms of the amplitude 
a of the wave by substituting from (7) and (8) in (6). Thus putting 
y=0 we have _no= -mG’sinhmft, 

. , na coshm (y+h) , 4 . 

so that <f>= - ; . , —- cos [mx — nt), 

m sinn mh 

± gaooBhm[y + h) .... 

or using (9) <f>=- cos (mz-nt) .(11). 


10*32. The Paths of the Particles. Ifx,y be the coordinates 
of a particle relative to its mean position (x, y), neglecting the 
squares of small quantities we may write 


x = 



coshm(y + A) 
na - 

smh mh 


sin (mx — nt), 


y=-^=- W a 


sinh m(y + h) 


sinh mh 

Whence, by integrating, we get 
GO&hm(y + h) 


cos (mx—nt). 


x = a 


y = a- 


sinh mh 
sinhw(y + A) 


sinh mh 


cos (mx — nt), 
sin (mx — nt); 


so that the particle describes the ellipse 

x 2 /cosh 2 77i (y + h) + y 2 /sinh 2 m (y + h) = a 2 /sinh 2 mh 

about its mean position. For a given particle mx — nt plays the 
part of the eccentric angle in the ellipse; so that the eccentric 







DEEP WATER 


270 


10-32- 


angle increases at a uniform rate, as in an orbit described under a 
central force varying as the distance. 

The distance between the foci 2a cosech mh is the same for all 
such ellipses, their major axes are horizontal, and both axes 
decrease as the depth of the particle increases, the minor axis 
vanishing when y = — h. 


10*33. Deep Water. If the depth h of the water be suffi¬ 
ciently great in comparison with A for.e - ^ to be neglected, then 
in 10*31 we must have B = 0, so that we have instead of (8) 


and instead of (9) 
or 


<f> = Ae mv cos (mx - nt) . ; .(8'), 

n 2 = gm .(9'), 

.( 10 ')- 


Also if rj = asin(mx — nt) is the free surface we get from (6), 
na = mA, so that 

4> — — e mv cos (mx — nt), 
m 


or cos (mx — nt) .(11'). 

Following the method of 10*32 we get in this case for the 
displacement of a particle from its mean position 

x — ae my cos (mx — nt), y = ae my sin (mx — nt), 
and the path of the particle is a circle 

x 2 + y 2 =a 2 e 2my , 

described with uniform angular velocity n, which in this case is 
equal to (gm)$ or (27rg/X)K 

10*34. Wave Length and Wave Velocity. A comparison of 
10*31 (10) and 10*33 (10') shews that in what we have described 
as ‘ deep water ’ we have taken the factor tanh (27 tA/A) to be unity. 
Now when x = 7t then tanh x~l, with an error of less than 
1 per cent., and, for larger values of x , tanh x is more nearly 
equal to unity. It follows that it is only necessary for the depth 
h to exceed half the wave length for the circumstances to be 
such as we have described as ‘deep wat^’, and in all such cases 
the wave velocity is given by (10') and is independent of the 
depth. 
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Now reverting to the formula 10*31 (10), let us consider the 


function 


tanha; 

x 


.( 1 ), 


for which 


1 dy = 1 ( 2 

y Ax x sinh 2x ' 


Since sinh 2x = 2x + (2x) 3 /3 ! + ..., 


therefore, for x > 0, the derivative of y is negative, or y increases 
as x decreases. 

Hence for water of a given depth h, the velocity c of wave 
propagation increases as the wave length A increases; but by 
expanding tanh (27rA/A) we see that the value of c will not exceed 
(grft)i, which is the value previously found for long waves. 

Also in (1) there is only one value of x corresponding to each 
value of y, therefore there is only one wave length corresponding 
to a given velocity, and every velocity up to (gh)* is the velocity of 
some wave. 

The supposition of simple harmonic waves is the simplest that 
can be made and since by Fourier’s Theorem functions can be 
expanded in series of sines and cosines it follows that waves of a 
general type can be regarded as the result of the superposition of 
a number of simple harmonic waves. 


10*35. Standing or Stationary Waves. The velocity poten¬ 
tial for a system of stationary waves can be deduced from 10*31 
by regarding the system as the result of the superposition of two 
such trains of waves as we have just been considering moving in 
opposite directions as explained in 10*13. Thus corresponding 
to a wave profile ^ = a sin mx cos nt .(1) 

, 111% , nacos\vm(y + h) . 

we shall have 6= -— —— sin mx sin nt .(2), 

m sinh mh 

. ga cosh m(y + h) . . /ox 

or 0= -— ammxsinnt .(3), 

n cosh mh v 


for <f> clearly satisfies 10*3 (1) and (2), and rj and <f> together satisfy 
(6) of the same article. 

It is not necessary to regard standing waves as a case of 
superposition of progressive waves, we might investigate this 
form for </> independently, starting with an assumption 

$ =/ (y ) sin mx sin nt, 
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and proceeding as in 10*31 we get the same equation for / as 
before, and hence the result follows as in that article. 

For Standing waves in deep water, as in 10*33, equations (2) and 
(3) above take the forms 

, na 

<f> = — e mv sm mx sin nt, 
m 


and 


UUf 

<b = ?— e my sm mx sm nt. 

1 M 


10*36. Paths of the Particles in Stationary Waves. With 

the same notation as in 10*32 we have 

dd> coshm(t/-fA) 

x— — = —na -— cosmzsm nt. 

ox sinhraA 

, . d<f> sinhra(y-f-A) . . 

and y = —^ = —na -— smmsm nt, 

oy sinn mh 

so that, by integration 

cosh m(y + h) 

sinh mh 

sinh m (y + h) 


x=a 


cos mx cos nt, 


and 

Hence 


y-« 


sin mx cos nt. 


sinh mh 

y/x = tanh m (y + h) tan mx, 
and since this is independent of t the motion of each particle is rec¬ 
tilinear, the direction varying from vertical beneath the crests and 
troughs (mx = (#c + \)n), to horizontal beneath the nodes (mx = K7r). 


10*37. Stationary Waves in a limited area. We have 
supposed that the liquid is unlimited in the direction of the axis 
of x , so that there is no restriction on the value of m. But if the 
liquid be confined in a canal with closed vertical ends, say at 
x - —\l and x = \l, then there is a restriction on the value of m, for 
as we shall see only waves of a certain length can exist in such a 
canal. The extra condition is that d<f>ldx = 0 when x= —\l and 
x=\l. Taking the form for <f> in 10*35 (2) we have to satisfy 
cosraa; = 0 at#= —\l&nAx = \l. This requires that ml = (2s + l)ir, 
where 8 is any integer, and then possible wave lengths are in¬ 
cluded in the formula A = 21/(28 -f 1). 

Standing waves are really the principal or normal modes of 
free oscillation of (usually) a restricted system, and from this 
point of view the periods are fundamental and they determine 
the possible wave lengths. 
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10*38. The Energy of Progressive Waves. Considering a 
train of progressive waves at the surface of water of depth h, 
given, as in 10*31, by 

ij=asin(wia:— nt) .(1) 

“ d .<*>• 

if we calculate the energy of the water between two vertical planes 
parallel to the direction of propagation at unit distance apart, we 
have, for a single wave length, the potential energy 

V ~%gp j^7) 2 dx 

= \gpa 2 X\ since A = 27r/m. 

The kinetic energy is given by 

and, as in 4*52, this may be transformed to 

T—irj+gi.. 

integrated along the profile of a wave length, where dn is measured 
along the normal into the water. To the order of small quantities 
we are using this may be written 

cos 2 (mx — nt) dx 

= ±gpa 2 A. 

Hence it follows that the total energy per wave length is 
\gpa 2 A, and that it is half kinetic and half potential. 

Also considering any length in the water, in direction of the 
wave propagation, which is either an exact number of wave 
lengths or is so long that the energy of a fractional part 
of a wave length may be neglected in comparison with the 
energy of the whole, it follows that it is correct to say that 
the energy of a progressive train of waves is half kinetic and half 
potential. 
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10*39. The Energy of Stationary Waves may be calcu¬ 
lated in the same way. Thus if we take 

r) = a sin mx cos nt , 

, , ga cosh m(y + h) . . 

and 0 = --r-^- 7 —- sm mx sm nt , 

r w cosh mh 

as in 10*35, we find for the potential energy of a wave length 
V — igpa 2 A cos 2 nt, 
and for the kinetic energy 

T = lgpa 2 \ain 2 nt. 

Hence the total energy per wave length at any time is \gpa 2 X 
and the amounts of kinetic and potential energy change con¬ 
tinuously with the time. 

10*4. Progressive Waves reduced to a case of Steady 
Motion. The method of 10*24 and 10*26, of finding the velocity 
of propagation, namely, imposing on the whole mass a velocity 
equal and opposite to the velocity of propagation of the waves, 
may also be applied to the case of progressive waves considered 
in 10*31. The wave form having the same relative velocity as 
before becomes fixed in space and the problem becomes one of 
steady motion. As the problem is a two-dimensional one it only 
remains to determine suitable expressions for the velocity 
potential and stream function so that the free surface and the 
bottom of the liquid may satisfy the conditions for stream lines. 

Consider the relation 

w — cz + P cos mz — iQ sin mz, 

or </> + iip = c (x + iy) + P cos m {x + iy) — i Q sin m (x + iy ). 

It gives 

cf, = cx 4- (P cosh my 4- Q sinh my) cos mx 
and *P = cy — (P sinh my + Q cosh ray) sin ra# 

These expressions satisfy Laplace’s equation and give the 
general superposed velocity — c. 

For the bottom to be a stream line we must have i/j constant 
when y— —h, so that — P sinh mh + Q cosh mh = 0 . 

Hence the expressions ( 1 ) may be written 

<f> = cx + A cosh m(y + h) cos mx 
i/j — cy — A sinh m (y + h) sin mx 



( 2 ). 
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If the free surface be a simple sine curve ^ = asinmar, equa¬ 
tions (2) will make this the stream line </r = 0 provided 

ca,— 4sinhmA = 0 .(3), 


neglecting squares of small quantities. 

Again, the formula for pressure is 

J+SW+* {(^)% (g) 2 }-conrt. 

At the free surface this becomes 

^ + 9 a sin mx -f \c % {1 — 2 ma coth mh sin mx) = const., 
neglecting a 2 . 

But p is constant at the free surface, therefore the coefficient 
of sin mx must vanish, that is 

g = me 2 coth mh , 

or c 2 = ^ tanh —^.(4). 

Z7T A 

Another way of regarding this problem is as follows. 

Imagine a straight horizontal pipe of rectangular section, the 
upper surface of which has small corrugations of the form 
77 = a sin 27 rx/\. Water filling this pipe can be made to flow along 
it at any speed, but we have found in (4) the particular speed that 
the water must have if the removal of the corrugated upper 
surface of the pipe would leave the water flowing with the 
corrugations in its surface unaltered. 

We observe that the expression for <f> in (2) is the steady 
motion value, and the expression (11) of 10*31 corresponding 
to the progressive waves can be obtained from (2) and (3) by 
reimposing the velocity c, which amounts to omitting the term 
cx and writing mx — nt for mx . 

10*41. The same on Deep Water. In this case we may take 

(f) = cx + Ae mv cos mx } . 

and ifj = cy — Ae mv sin mx) 


with a free surface 77 = a sin mx .(2). 

The free surface is the stream line i/j = 0, if 

ca = A .(3), 

so that <f) = cx + cae mv cos mx \ ^ 

and *jj=cy — cae m y&iiimx) 


18-2 
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The formula for the pressure 

becomes 

^ + gy + £c 2 {1 — 2 mae mv sin mx + m 2 a 2 e 2ml '} = const. ...(5). 

If we neglect the last term on the left, this equation may be 


written p 

" + V (9 “ mc2 ) + mc 'l* = const.(6). 

P 

This equation not only gives 

c 2 = glm .(7) 


at the free surface (p — const, and ^ = 0), but also shews that, if 
c 2 = ^/m, the pressure is constant along each stream line. It 
follows that the solution contained in (4) and (7) can be applied 
to the case of any number of liquids of different densities arranged 
one above the other in horizontal strata including the case of 
liquid of continuously varying density since there is no limit to 
the thinness of a stratum, the only limitations being that the 
upper surface is free and the total depth infinite*. 

10*42. Waves at the Common Surface of two Liquids. 

Suppose a liquid of density p and depth A' to be moving with 
velocity V' over another liquid of density p and depth A moving 
in the same direction with velocity V; the liquids being bounded 
above and below by two fixed horizontal planes. 

Let c be the velocity of propagation of oscillatory waves at 
the common surface in the direction in which the liquids are 
moving. Taking the axis of x in this direction in the undisturbed 
common surface and y vertically upwards, as in the last article, 
let us make the motion steady by superposing on the whole mass 
the velocity — c thereby bringing the wave form to rest in space. 

Let <f> = — (F — c)x+AG 08 hm(y + h)co8mx 

and ifj= —(V—c)y — A sinh m(y + h) sin mx 

relate to the lower liquid, and 

<f>' = — (F' — c)x*f ^4'coshm(y — A')cosma;| 
and 0'= —(V' — c)y — A'Binhm(y-h f ) sin mx) 



♦ See Lamb’s Hydrodynamics , § 233, from which this article is taken. 
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relate to the upper. These expressions for ip and <ji' clearly make 
the boundaries y= —h, y—h' stream lines; and if ij=osin«i« 
gives the displacement of the common surface and the liquids do 
not separate this must be a stream line for both surfaces. We can 
satisfy this condition by taking the stream line to be = 0, 
whichgives _ {V _ c)a _ A einhmh 

and —(V' — c) a + .4'sinhmA' = 0j 

neglecting the squares of small quantities. 

The expressions for the pressure are 

? +ss ' + i{(s) ! + (|) ! }- co ” Bt - 

At the common surface, neglecting a 2 , these become 
V 

- +gaainmx + |(F — c ) 2 (1 — 2am cothraA sin mx) = const., 

P 

p f 

-j + ga sin mx + \ (F' — c) 2 (1 + 2 am coth mh! sin mx) = const., 

P 

andp=p'. 

Hence we must have 

g (p — p ) = (V — c) 2 mp coth mh + (F' — c) 2 mp coth mh* ... (4). 

This equation determines the velocity of propagation c of 
waves of length 27r/m at the common surface of two streams 
whose velocities are V , V'; but it may also be regarded as the 
condition for stationary waves at the common surface of two 
streams whose velocities are V — c and V' — c. 

It should be noticed that in any such case as the above, even 
when V and V' are both zero, the tangential velocities on opposite 
sides of the surface of separation are different so that this surface 
constitutes a vortex sheet. 


10*43. Special Gases, (i) If tho liquids are at rest save for the 
wave motion, the wave velocity is given by 

c 2_ ^ _ P~P __ ./n 

m pcotliwTi-f p' coth?nh' . 

Since there is no real value for c when p > p, this indicates that when 
p > p the equilibrium position is unstable. 
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(ii) If in addition the depths of the liquid are so large compared to the 
wave length that we may put coth mh = coth mh f = 1, then 


c 2 


= 9 P-P 

mp + p' 


( 2 ). 


(iii) The foregoing results obtained for incompressible liquids will be 
applicable to the case of waves propagated along the surface of water 
exposed to the air, provided that in considering the effect of the air we 
neglect terms which, in comparison with those retained, are of the order 
of the ratio of the lengths of the waves considered to the length of a wave 
of sound of the same period in air. Thus, in (1), making h' = oo we have 


c 2 


^ tanh mh |l — (1 -f tanh mh) £-j 


, approx. 


(3). 


These results were obtained by Stokes*. 


10*44. It has been shewn by Greenhillf that if the velocities V, V' 
of the currents make angles a, a' with the direction of wave propagation, 
equation (4) of 10*42 only needs modifying by the insertion of V cos a, 
V' cos a' instead of V, V', the components V sin a, V' sin a' of the currents 
perpendicular to the direction of propagation of the waves having no 
effect upon the determination of c. 


10*45. Upper Surface free. Another case of interest is that 
in which the surface of the upper liquid is free; e.g. a layer of oil 
upon water or of fresh water upon salt water. 

With the notation of 10*42 but assuming the liquids to be at 
rest save for the wave motion, we assume a common velocity of 
wave propagation c at the free surface of the upper liquid and at 
the common surface and reverse this velocity on the whole mass 
so that the motion becomes steady. We may then take 

ifj = cy — A. sinli m (y + h)ammx .(1) 

in the lower liquid, and 

ip'= cy — (Bco&hmy + Csinhmy)8mmx .(2) 

in the upper. 

The bottom y— — A is then a stream surface ip = — ch, and if the 


common surface is 

rj = a sin mx . 

.(3) 

it is also the stream surface ip = ip' = 0, 


if 

ca — A sinh mh = 0 ^ 

.(4). 

and 

ca — B = 0 j 

Also the free surface 

y = h' + bainmx . 

.(5) 


* ‘On the Theory of Oscillatory Waves’, Trans. Ca?nb. Phil. Sor. vm, p. 441, or 
Math, and Phys. Papers, i, p. 197. 
t ‘Hydromechanics’, Encyc. Bril. 11th edition. 
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is a stream surface </>' = const, if 

cb — (B cosh mh' + C sin mJi / )=0.(6). 


The equations for the pressure in the lower and upper liquids are 

? + ® +i {(S) ,+ (D’} = “ mt -.p> 

“d 7 + ® + i|(s)’ + (^)’}" <!0, “ t . (8) ’ 

Substituting from (1) and (2), noting that A, B and C are of 
order a, neglecting squares of small quantities and equating the 
values of p and p f at the common surface, we get 

ga(p-p') — cm (pA cosh mh — p'C) = 0 .(9); 

and, using (4) and (6), this gives 

g(p — p') = c 2 m p coth mh + p coth mh' — p' ^ cosech mh' j... (10). 


Then using the fact that p' is constant at the free surface we get 
gb = cm (B sinh mh' + C cosh mh'), 
and, from ( 4 ) and (6), 

g = c 2 m ^cothraA' — ^cosech .(11). 

The elimination of the ratio a:b from (10) and (11) gives the 
equation for c, viz. 

c 4 m 2 (p coth mh coth mh' + p ) 

- chngp (coth mh + coth mh') + g 2 (p — p) = 0 ...(12); 
and the ratio of the amplitudes of the waves is given from (11) by 


b _ chn 

a c 2 m cosh mh' — g sinh mh' 


(13). 


From (12) we see that there are two possible velocities of propa¬ 
gation for a given wave length, provided p > p'. 

In the particular case in which the lower liquid is ‘ deep ’ we put 
coth mh = 1. The roots of (12) are then 



and c 2 = 


m p coth mh' + p 


the forms being in agreement with the case dealt with in 10 a 41. 
The ratios of the amplitudes of the upper and lower waves in the 


two cases are 


e mh> and 










280 


STABILITY 


10 * 46 - 


10*46. Stability. The motion considered in 10*42 is really a 
case of small oscillations about a state of steady motion. To 
examine the stability of the motion, we have a quadratic equa¬ 
tion (4) for the velocity of wave propagation c and we require that 
the roots of this quadratic should be real. 

The condition for real or imaginary roots in c is 
m®(FpcothmA + F'p'cothmft') 2 2 m (p coth mh + p' coth mh') 

x { mpV 2 coth mh+mp F' 2 coth mh'—g(p— p')}, 
or g(p— p')(pcothmh+p’cothmh') 

2 mpp' coth mh coth mh’ (F — F') a < 

This means that the stream motion is stable or unstable according 
“ tv p'f ; pcoth mh+p ' cothm h ' 

We remark that if p < p, that is, if the upper liquid is denser 
than the lower, there is instability for all wave lengths. The same 
is true when p=p\ that is when two streams of the same liquid 
are flowing‘with different velocities and a horizontal common 
surface. 

In fact when p=p and the depths are so great that 
coth mh = coth mh' — 1, 

we get c = $ {( 1 V + V') ± i (V - V')}. 

We may consider the case V = V by first putting V' — V (1 + a) 
and then making a tend to zero. 

The common surface in the steady motion being given by 
7? = asinraa:, for progressive waves the corresponding form is 
7 ) = a sin {mx — nt ), when 

n = me = \mV {2 -f a + ia}. 

Hence 77 = asinra{:r— F£ — £a(l Ti) Vt}, 

and as a tends to zero we may write this 

7 ]~asinm(x— Vt) — Jama(l ±i) Vtcosm(x— Vt), 
or rj = asmm(x— Vt) — bmVtco8m(x—Vt). 

This shews that the corrugations of the surface increase in height 
indefinitely with t. 

This case is of special interest as it explains the flapping of sails 
and flags. The uniform medium can be regarded as divided by a 
thin membrane on both sides of which the medium moves with 
the same velocity, the motion is unstable and a slight disturbance 
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will result in a larger departure from the steady motion. This and 
other eases were considered by Lord Rayleigh in a paper * On the 
Instability of Jets* \ 


10*5. Group Velocity. In general when waves are started by 
a local disturbance such as, for example, the dropping of a stone 
into a pond or the motion of a boat through water, the successive 
waves have different lengths and are propagated with different 
velocities. Let us examine the phenomena that arise from the 
simultaneous motion in the same direction over the same water 
of two simple harmonic trains of waves of the same amplitude 
and slightly different wave lengths. 

We may write for the elevation at any point 
7 j = a sin (mx—nt) +a sin ( m'x — n't) 

= 2acos|{(m-m')r — (n — ri)t}sin\{(m + m')x— (n+n')t). 
If m — m' nearly, (m — m')x varies with x much more slowly 
than does (m -f m') x, so it is convenient at any instant to regard 
the equation as representing a sinuous curve obtained by drawing 
the curve rj = 2asin £{(m + m')x—(n + n')t} and multiplying the 
ordinates by cos \{(m — m')x — (n — n')t}. Hence the result 
represents a train of waves whose amplitude 

2 a cos \ {(m — m’)x—(n — n f ) t } 

is periodic, varying between 0 and 2 a. The profile of this train will 
be a group of sinuosities of amplitude gradually increasing from 
zero to 2 a and then decreasing to zero followed by a succession of 
equal groups. The appearance on the water will be that of alternate 
groups of waves separated by intervals of nearly still water. 

The distance between the centres of two successive groups is 
27r/(ra —m') and the time occupied in moving this distance is 
2 nl(n — n') so that the velocity of propagation of the groups is 
given by ^ _ n-n' 

m — m'' 


or 



(i)t, 


♦ Proc. L.M.S. x, 1879, p. 4, or Sci. Papers , i, p. 361. On the general question of 
stability and instability of a perfect fluid see a paper by W. M C F. Orr, Proc. R.I.A. 
xxvii, p. 9. 

t The theory of group velocity is generally attributed to Stokes, who set a question 
on it in the Smith's Prize Examination in 1876, Math, and Phys. Papers , v, p. 362, 
but the result (1) appears to have been obtained first by Hamilton in a paper on 
4 Researches respecting vibration connected with the Theory of Light Proc. RJ.A . I, 
p. 341. For this reference the author is indebted to Professor Sir Joseph Larmor. 
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when the difference of the wave lengths of the original trains is 
small. 

But the velocity of propagation of a single wave is 


n 



therefore U = -^-(mc) = c + m^ .(2); 

dm dm 

or if A be the wave length (2 tt jm), 

v -"- x i .< 3 >- 

Thus it appears that the group velocity, in general, differs from 
the velocity of propagation of the separate waves. This is in ac¬ 
cordance with the results of observation, for when the eye views 
a group of waves advancing over deep sea water, single waves are 
seen to advance through the group, their amplitudes increasing 
and then dying away as they give place to others. 

In the case of waves on the surface of water of depth A, we have 

c 2 = (gjm) tanh mh, 

so that U = \c (1 -f 2mA cosech 2mA). 

Hence the ratio of the group velocity to the wave velocity is 
mA 

^sShlJmA' ^ * s sma ^ compared with the wave length 

this ratio is unity, and as A increases to infinity the ratio decreases 
to \\ or the group velocity for deep sea waves is half the wave 
velocity. 

We shall see later that the group phenomenon is not peculiar 
to water waves, but occurs in sound waves where the phenomenon 
is known as ‘beats’. It can exist in all forms of waves. 


10*51. The theory of group velocity has been treated in a more 
general manner by Lord Rayleigh*. We assume that a disturbance 
travelling in one dimension can be resolved by Fourier’s theorem into 
infinite trains of waves of harmonic type and of various amplitudes and 
wave lengths. Thus the only case in which we can expect a simple result is 
that in which a considerable number of consecutive waves are sensibly of a 
given harmonic type, though the wave length and amplitude may vary 
within moderate limits at points whoso distance amounts to a large 
multiple of A. 


* ‘On the Velocity of Light’, Nature, xxv, p. 52, orj&'ci. Papers, i, p. 510. 
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Assuming that the complete expression by Fourier’s series involves 
only wave lengths which differ but little from one another, we may write 

i) = o x sin {(m + Swq) x — (n + Sr^) t + cj 

+ a a sin{(m4*8m a )a;--(n+8n 1 )*+€ 1 }-*-... 

= sin (mx — rvt) Sa x cos (x hm 1 — t + € t ) 

+ cos (mx — nt) Edj sin (x hm x —$ hn ± + € X ). ' 

Also by hypothesis |^=£j= •=*”• 

and the first term in the expression for rj represents a simple train of type 
sin (mx — nt) Math varying amplitude cos (x hm x — 1 8n x -f tj), and the 

amplitude itself is propagated as a wave with velocity dn/dm ; and similarly 
the second term. Hence we arrive at the idea of groups of waves of a more 
general kind, but the velocity of propagation is given by the same formula 
as in the special case considered in 10’ 5. 

10-52. Transmission of Energy. Wehaveseenin 10*38how 
to calculate the energy of a progressive wave. In a progressive 
wave the wave form advances with a definite velocity but it does 
not follow that this is the rate of transmission of energy, for it is 
the particles of water that possess the energy and there is no 
reason to suppose that they hand on the energy at the same rate 
as the wave form advances. This question was discussed by 
Prof. Osborne Reynolds, in a paper* from which we borrow some 
illustrations: If a number of small balls are suspended by threads 
so that the balls all hang in a row, the threads being of the 
same length; and if the balls be then set swinging in succession in 
planes perpendicular to the row, as by running the finger along 
them, the motion will present the appearance of a series of waves 
propagated from one end of the row to the other, but in reality 
each pendulum swings independently of its neighbour and there 
is no communication of energy . If however the balls are connected 
by an elastic string and any one be given a transverse motion, it 
will communicate its motion to the others, so that now there is a 
transmission of energy and the rate at which the first ball gives up 
energy to the others will clearly depend on the tension of the 
string. 

As another illustration: If a rope be laid out on the ground in 
a straight line with one end fixed and an upward jerk be given to 
the other end, a wriggle will travel along the rope to the other 
end leaving the rope straight and at rest on the ground behind it. 

* ‘ On the Rate of Progression of Groups of Waves and the Rate at which Energy 
is Transmitted by Waves’, Nature, xvi, 1877, p. 343. 
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This is a case in which the energy is transmitted at the same rate 
as the wave. 

The particular case with which we are concerned, that of 
surface waves on water, is a case intermediate between the two 
just considered; energy is transmitted but at a rate less than the 
wave velocity. 


10*53. Rate of Transmission of Energy in simple 
harmonic Surface Waves. The rate of transmission of energy is 
measured by taking a vertical section of the liquid at right angles 
to the direction of propagation and determining the rate at which 
the pressure on one side of this section is doing work on the liquid 
on the other side. 

Considering liquid of depth h , we have, as in 10*31, 


. ga cosh mly 4- h) , 

d> = - - , v -cos (mx- 

n cosh mh 


■nt). 


And neglecting squares of small quantities the variable part of 
the pressure is given by Sp=p ^ 

and the horizontal velocity is — d<f>/dx. 

Hence the work done in unit time or the energy carried across 
unit width of the section is 


W 


.<*> 


g 2 pa 2 m sin 2 (mx — nt) 
n cosh 2 mh 


/: 


cosh 2 m(i/-f h)dy 


g 2 pahn sin 2 (mx — nt) /sinh 2 mh 


n 


cosh 2 mh 


4 m 




and since n 2 =grmtanhmA, this may be written 


17 / 

W = \gpa 2 — (1 + 2 mh cosech 2 mh) sin 2 (mx — nt ).. .( 2 ). 


We note that in ( 1 ) the integral should be taken between the 
limits — h and rj , but the range 0 to 77 will only add a term in a 8 to 
the result. 

The mean value of the expression ( 2 ) over a complete period or 
any number of complete periods, or any interval that is so long 
compared to a period that the part corresponding to the frac- 
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tional part of a period can be neglected in comparison with the 
whole, is 

7 7b 

igpa* — (1 + 2mA cosech 2mA)*. 

771 - 

Referring to 10-5, since n/m = c, this expression for the energy 
transmitted in unit time is equal to 

\gpa 2 x group velocity. 

And from 10-38, \gpa 2 is the whole energy per unit length at 
any instant. Hence the energy is transmitted at a rate equal to the 
group velocity . 

10-6. Capillary Waves. When surface tension is taken into 
account, the surface conditions p = const. (10*3) and p~p f 
(10*42) no longer hold good. They must be replaced by the 
condition that, if T denotes the surface tension or energy per unit 
area due to capillary forces, the difference of the pressures on 
opposite sides of the surface is given by | 



where p and p are the principal radii of curvature of the surface. 


*PL 



In the case of two-dimensional waves we have />' = oo, and, if 
r) denote the elevation, 1/p = —d^/dx 2 , neglecting squares of 
small quantities. So if 8 p, 8 p' denote the variable parts of the 
pressure below and above the surface, as in the figure, we have 

rg+sp-sp'-o.(i) 

as the surface condition. 

10*61. Capillary Waves on a canal of Uniform Depth. 

Taking the case considered in 10*31 and 10*4, let us use the 
method of 10*4, reducing the problem to one of steady motion 

* Lord Rayleigh, ‘On Progressive Waves’, Proc. L.M.S. ix, 1877, p. 21, or Set. 
Papers , I, p. 322, or Theory of Hound, i. Appendix, 
t Vide Hydrostatics, Art. 101. 
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by superposing a velocity -con the whole mass, where c is the 
velocity of propagation. As in 10*4, we have 

ifr-cy —A sinh iu(y + h) sin mx, 
and for the free surface 97 = a sin mx , 
provided ca — A sinh mh = 0. 

And the variable part of the pressure is given by 

— + ga sin mx + \c 2 (1 — 2 ma coth mh sin mx) = const. 

P 

But from 10*6 ( 1 ), since in this case we regard the air pressure 
as constant, we have 

8p — ~T ^ = Tam 2 sin mx . 

Substituting this value in the last equation and equating to zero 
the coefficient of sin mx , we get 


*.(>+**) 
\m p J 


tanh mh .( 1 ). 


When h is large compared to the wave length this becomes 

.( 2 ). 


g Tm 
c 2 — ~ —l— 
m p 


10*62. Capillary Waves at the Common Surface of two 
Liquids. Proceeding as in 10*42 the investigation is the same 
until we arrive at the equations for the pressures on either side of 
the common surface, which may be written 

8p 

~ + ga sin mx + V — c) 2 (1 — 2am coth mh sin mx) — const., 

P 

and 

8p' 

- + ga sin mx + i ( V' — c) 2 (1 + 2am coth mh' sin mx) = const., 

p 

where T-^ 2 + 8p — 8p' = 0, and 97 = asinma\ 

Hence 8 p — 8 p' = Tam 2 sin mx, 

and by eliminating 8 p, 8p f , we get 

Tm 2 +g(p—p') = (V — c) 2 mp coth mh + ( V' — c) 2 mp coth mh' 

.(1). 

As a special case, if the liquids are so deep compared to the 
wave length that we may put coth mA = coth mA' = 1, and the 
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liquids are undisturbed save for the wave motion, then the 
velocity of propagation c 0 is given by 


8= _g P~P 


7 + ' 


Tm 


.( 2 ). 


mp+p' ' p+p' . 

Again we get the case of the effect of wind on deep water, 
regarding air as incompressible, if we retain V' but put V =0, (1) 
reducing to Tm + (p-p')glm=c*p+(V'-c)*p', 

^ P ' > V'c + —7—, V' 2 —c 0 2 =0 , 


or 


c 2 -- 


P+P P+P 

where c 0 denotes the velocity of propagation when there is no wind. 

pV 


This gives 


c = - 


P + P 


c , eoTlX* 

0 (p+p') 2 J 


.(3). 


This result was obtained by Lord Kelvin*, who considered some special 
cases as follows: For a given wave length 2ir/m t the wave velocity c is 
greatest when the wind velocity V' = c 0 ( 1 + p'/pfi, c having then the same 
value as V'. Hence it follows that ‘ with wind of any other speed than that 
of the waves, their speed is less. For instance, the wave speed with no 
wind, which is c 0 , is less by approximately p'/2p of c 0 (i.e. about Tn \- 0 of c 0 ) 
than the speed when the wind is with the waves and of their speed. The 
explanation clearly being that when the air is motionless relatively to the 
wave crests and hollows its inertia is not called into play’. 

From (3) we draw the following conclusions: 

‘(1) When F7c 0 =(l + ^) 4 = 28-7(I + IS '. D ), 

one of the values of c is zero, that is to say, static corrugations of wave 
length 2ir/m, would be equ librated by wind of velocity c 0 (l + p/p')^« 

Hut the equilibrium would be unstable. 

(2) When V'/c 0 = (p + — (I + s Js)> 

the two values of c are equal. 

(3) When V'/c 0 >(p+p')l(pp')i, 

both values of c are imaginary, and therefore the wind would blow into 
spin-drift waves of length 2rr/m or shorter. 

Looking back to (2), we see that it gives a minimum value for c 0 equal to 

/2VgT{ l-p'lp) 

V ' l + p7p * 

Hence the water with a plane level surface would be unstable, even if air 
were frictionless, when the velocity of the wind exceeds 


^/2 VgT(l-p'*/p*) 


* Letter to Prof. Tait, August 16, 1871. Printed in Math . and Phys. Papers, iv, 
p. 76, also in Baltimore Lectures , p. 590. 
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10*63. Ripples. Referring to the case of 10*61 the wave 

velocity c is given by n 

c 2 = ^+—.(1), 

m p w 

from which we see that there are in general two values of m 
corresponding to a given value of c; i.e. two different wave lengths 
corresponding to a given wave velocity. 

Also, since (1) can be written 

. <*>• 

therefore c 2 has a unique minimum value 2 y/{gTjp) corresponding 
to the value m = y/(gpjT). We shall denote these special values by 
c m and rn m . 

Again the frequency njlir of the oscillations is given by 

n* = chn 2 = gm+Trn?lp .(3). 


It follows that as the wave length 2 tt jm decreases from oo to 0 
the frequency nj2n continually increases, but the wave velocity c 
decreases to a minimum value c m and then increases again; i.e. 
waves cannot be propagated at less than a certain minimum 
velocity in terms of g , T and />. 

Again writing (1) in the form 


c 2 


g\ 2 ttT 
2tt A p 


W, 


and putting A m = 27r/m m , it is clear that the product of the roots 
of this quadratic in A is A m 2 , so that corresponding to any value of c 
greater than c m there are two values of A one greater and the other 
less than A m . Also for large values of A the gravitational term on 
the right of (4) preponderates, and for small values of A the second 
term depending on surface tension is the more effective. Lord 
Kelvin defined a ripple as any wave on water whose length is less 
than the critical value A^ or 2 tt^(T jgp). Thus the ripple length 
corresponding to a given velocity is the smaller root of (4). 


At the common surface of two fluids exactly similar considerations 
follow from the consideration of the roots of equation 10*62 (2). 

Ripples may be seen in front of any solid in motion cutting the surface 
of water. If p denotes the density of air and p that of water, the ripple 
length is the smaller root of the quadratic 


g\p-p' 

2rr p + p' 


UTT J. a 

+ A (>+>') -C# 


(6). 
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where c 0 is the velocity of the solid. ‘ The latter may be a sailing-vessel or a 
row-boat, a pole held vertically and carried horizontally, an ivory pencil- 
case, a penknife-blade, either edge or fiat side foremost, or (best) a fishing- 
line kept approximately vertical by a lead weight hanging down below 
water, while carried along at about half a mile per hour by a becalmed 
vessel*.* 


Again the group velocity V is given (10*5 (3)) by 


U = c —A 


and from (4) this gives 


dc 

dX 9 


U = c 


1 2rr 


gX 2 ttT\ 

Xp 


2 gX 2ttT 1 
2tt Xp 


so that U is greater or less than c according as A is less or greater 
than A m . We have also the limiting values 

U = \c for waves of great length, 

£7 = §c for the shortest ripples. 


10‘7. Waves due to a given Local Disturbance on the 
Surface of Water. We shall consider first a simple case where 
the liquid is limited by vertical planes, distant l apart, parallel to 
the crests of the waves, and suppose that the motion starts from 
rest with a given initial elevation 

V =/ (*)• 

The motion is therefore irrotational and if the liquid were un¬ 
limited in extent there would be no limitation on the lengths of 
the waves but the motion would be the result of the superposition 
of waves of infinite variety of lengths. In this case, as we shall see, 
there is a limitation on the possible wave lengths. If h be the 
depth of the liquid, a suitable solution of Laplace’s equation for 
the velocity potential is 

tj> = A cosh m(y + h)coamx sin nt, where n 2 = mg tanh mh, 
making <f> zero when 2 = 0, also when y——h. But we also require 
that d<f>/dx = 0 when a; = 0 and when x~l; and this makes 
sinraZ = 0 , or rai =* it, where 8 is an integer. 

Again the pressure equation 

Z=f t -gy-W+F(t) 

* Letter from Lord Kelvin to Prof. Tait, of date August 23, 1871, loc. cit. p. 287. 


RH 
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gives initially at the free surface 

d<f> 

-£=sn=&(*)■ 

And the most general expression for <f> is 

I ^ A , 577 . 7 v 57 TX . 

<f> = 2 A s cosh-y (y + h) cos -y sm nf, 

and, substituting this value in the last equation, we get 

2 w^cosh cos^^ = gf{x). 
si ll 


But by Fourier’s Theorem we have 

/(*)= J J o /(^)dv+ “ X COS^ J*y (v)coa^dv, 

and by equating the coefficients of cos snxjl in the two series we 

g6t a 2g C l sttv 

nA s cosh — z — = - / (v) cos -y dv , 

l l J o * 


so that 


cosh s -=%±^ 
- ‘ cos?? 

L o_t . S777& 4 

71 cosh —^ - 


I/ (,) 


Sttv - . 

cos -j arsinTiJ, 


where 


o 57 rg sirh 

ti 2 = — tanh— • 


If we require the form of the surface at any subsequent time, 
the relation /dj>\ 

i> ~ ~v>y)v=o 

2 ® S7TX C l S7TV - 

gives 77 = - S cos -y / (v) cos -y av cos n£. 

* 8 1 *' Jo * 


10*71. We may now consider the case in which the liquid is 
unlimited in extent, the initial disturbance being of the same 
type as before, that is, given by 

(x)> 

so that we are still dealing with two-dimensional motion. To 
simplify the expressions we shall suppose the depth of the liquid 
to be infinite, then from 10*35 we can write down as a typical 
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solution for a wave of length 2 ir jm the equations 

sin 

r)= mx cos nt, 

1 cos 

j • g sin . 

and = - e my mx sin nt, 

n cos 

where n 2 = gm. 

To obtain general expressions which embrace the superposition 
of all such solutions and give the initial values 

V =/(*). ^=0, 

we must make use of Fourier’s double integral theorem 

i r°° r°° 

f (x) = - I dm I /(a)cosm(# — a)da, 

^Jo J-ao 

and the required expressions are 

J poo poo 

rj=- \ dm\ f (a) cos nt cos m (x — a) da, 

71 JO J -oo 

(f> = ~ f dm f / (a) e mv cos m (a? — a) da ; 

J 0 J — oo ^ 

for these expressions clearly satisfy all the conditions specified, 
and as an additional verification they make ij = — ( 0 </>/ 0 y) v „ o , ^ 
virtue of the relation n 2 = gm. 

10*72. A similar method may be adopted when the surface is 
initially horizontal but subject to initial impulsive pressure. Thus 
we may suppose that initially 

<f> = F(x) and 17 = 0 . 

Then, taking as the typical solution 
. sin 

6 = e my mx cos nt, 
cos 

n sin 

77 = — mx sinrd, 

g cos 

where n 2 = mgr, 

we have for the general solution 

1 p°° poo 

<£ = - I dm I F(a)cose my cosm(x — a)da, 
w J 0 J — 00 

J poo poo 

i)=-I dm I F (en)n sin wZ cos m (a; —ot) da. 

gnjo J-«> 
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For a full discussion of these results see Lamb’s Hydro - 
dynamics, §§238-240 and Lord Kelvin’s papers on ‘Deep-Water 
Waves* \ 


10-8. Gerstner’s Trochoidal Waves. An exact solution of 
the equations representing wave motion on the surface of deep 
water was discovered by Gerstner in 1802 and re-discovered by 
Rankine in 1863t, but the motion represented is rotational and 
cannot therefore be brought about by natural causes in friction¬ 
less liquid. 

Consider the equations 


x = a + 1 e* b sm/c(a-fctf)l 

* I 

/- 

j i 

y — b — e Kb cos k (a + c<)) 


( 1 ), 


where the Lagrangian notation is employed, a and b being 
parameters which specify a particular particle whose coordinates 
are x, y at time t . 


Since 


V ) 

d (a, b) 


= 1 - e 2 * b 


( 2 ), 


therefore the equation of continuity of 1*4 is satisfied. The 
equations of motion of 2’5, in this case, become 

1 dp dy _ d 2 x dx d*y dy 
pda + 9 da 3 1 2 da 3 1 2 da 9 

1 dp dy _ d 2 x dx 3 2 y dy 
and P db + 9 db~ ~dt 2 db~dt 2 Sb : 

or ^ + | 7 yj = KC 2 e Kb sin k (a + ct), 

and ^ + gy) = KC 2 e iKb '- KC 2 e Kb cos k (a + ct). 

If we multiply these equations by da, db, add and integrate 
we get 

P ( l 

- = const. — g i b — e Kb cos k (a + cl) 

P 1 * 

— c 2 e Kb cos k {a -f ct) + |c 2 e 2#c& ...(3). 


* Phil. Mag. June, October 1904, June 1905, January 1907, or Math . and Phys. 
Papers , iv, pp. 338-456. 

f ‘On the Exact Form of Waves near the Surface of Deep Water’, Phil. Trans . 
1863, p. 127. 
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At the free surface the pressure must be constant, which 
requires that c 2 —g/K .(4). 

Now the periodic form of equations (1) shews that they repre¬ 
sent a wave motion, the waves of length 2tt/k being propagated 
with velocity c in the negative direction of the x axis; and the 
relation (4) shews that the velocity is what we have previously 
found for deep-water waves. 

If we substitute from (4) in (3) we get 


- = const. — gb + ic 2 e 2 * 6 . 

P 

shewing that p is constant when b is constant. 

To shew that the motion is rotational, we have 

u = x = ce, Kb cos k (a+ct) 

and v = y = ce Kb sin k (a+ ct)j 

, ,, ... , 8 v 8u 

and the spin is given by 2o> = . 


But and pJ, 

dx d(a,b)/ d(a, b) dy 8(a,b)/ 

a (x, y) 9 (V, y) 9 (x, u) 


therefore 


2co 


9(o, b) 9 (a, 6) 9(a, b)’ 


•(5), 


•( 6 ). 


9 fay). 

8 (a, b) ’ 


and on substituting from (1), (2) and (6) we get 

-c/ce^l-e 2 ^) .(7). 

From (1) it is clear that the path of the particle (a, b) is a circle 
of radius K~ x e Kb . 

The curves of equipressure are the paths of the particles when 
the motion is made steady by superposing the velocity — c, that is 
they are given by 

1 . . , 1 . 
x = a + - e Kb sm /ca, y — b — e Kb cos Ka, 

K K 

or, putting Ka = 6, 

x — k~ 1 8 + k~ x e Kb sin 6 , y = b - 1 e Kb cos 0 . 

These equations, for any constant value of 6, represent a 
trochoid traced by a point at distance K~ x e Kb from the centre of a 
circle of radius k* 1 which rolls on the under side of the line 
y = 6 H- ic” 1 . Any one such trochoid may be taken to represent a 
possible form of the free surface, the extreme case corresponding 
to 6 = 0 being a cycloid with cusps upwards*. 


* For a diagram see Lamb’s Hydrodynamics, § 251. 
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10*9. Miscellaneous Problems. Stationary waves in running water. 
A stream flowing with uniform velocity over a corrugated bed whose section is a 
sine curve. 

The waves produced in a stream by obstacles or by inequalities in its bed 
have been discussed at length by Lord Rayleigh* and Lord Kelvinf. 

Taking axes as usual, let the bed of the stream be given by 
y = —h-\-k sin mx, 
and let V be the mean velocity. 

The conditions of the problem will be satisfied by the equations 


</> = — Vx + (A cosh my + B sinh my) cosmx .(1), 

and ^r= — Vy — (A sinh my + J3 cosh my) sin m® .(2), 


provided they make the bed a stream line and the free surface a surface of 
constant pressure as well as a stream line. 

The condition that the bed 

y— — h + k sin mx 
may be a stream lino is that 

— F( — h -f k sin mx) — (—A sinh mh -f B cosh mh) sin mx 


may be constant for all values of x. 

Therefore kV = A sinh mh — B cosh mh .(3). 

If we assume for the free surface 

rj — asinmx .(4), 

this will be the stream line ^ = 0, provided 

= 0 .(5). 

Again the pressure equation in the steady motion is 

- + ay + J?* = const.(6), 

p 


and at the free surface p is constant, so that by substitution from (1) and 

(4) in (6), neglecting squares of small quantities, we must have 

« „ , ~ ga sin mx + VAm sin mx — const, 

for all values of x. * 

Therefore ga+VAm — Q .(7), 

and from (3), (5) and (7) we get A, B and a, and the free surface is given by 

cosh mh — g/mV* . sinh mh 8 * nmX . 

Taking k to be positive, the multiplier of sin mx in the last expression is 
positive or negative according as V 2 is greater or less than (g/m) tanh mh. 
That is, according as V is greater or less than the velocity in still water of 
depth h of waves of the same length 2ir/m as the corrugations. In the former 
case the ridges and hollows of the free surface are vertically over the ridges 
and hollows of the bed of the stream, and in the latter case the ridges of the 
free surface are over the hollows of the bed. 

If V 2 = (g/m) tanh mh the amplitude a cannot be small and the hypo¬ 
thesis on which we have obtained the result (8) no longer holds good. 

* ‘The Form of Standing Waves on the surface of Running Water’, Proe. L.M.8. 
xv, p. 69, or Sci. Papers, ii, p. 258. 

t ‘On Stationary Waves in Flowing Water’, Phil. Mag. Oct. 1886* or Math, and 
Phy8. Papers, iv, p. 270. 
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10* 91. If water flaws along a rectangular canal which consists of two uni¬ 
form portions of slightly different breadths , with a gradual transition , the free 
surface will be lower where the canal is narrower , or contrariwise , according as 
u* < gh f where u is the mean velocity , and h the mean depth . [The motion is 
supposed to be steady .] (M.T. 1912.) 

Let A, B denote points on the free surface of the two portions, h + a., 
h- fa' the depths, b + p, b + p' the breadths, and u + v>u + v' the velocities 
in the two portions, b denoting the mean breadth. 


A 


j N 

^ . B 

\-+u+v 


h + a i 

h -t- 


From continuity we have 

(h + a) (b + p) (u + v) = hbu = (h + a') (b + p') (u + v'). 

Therefore v= — u + and t/= — u (^ + * ) . 

If p, p' denote the pressures at A and B 

P -^£-= -(h + CL-h-oi^g-mu + v^-iu + v') 2 }. 

P 

But the pressures at A and B on the free surface are equal, therefore 
0 = — (a — a') g — u (v — v') 

and (a-a0(?-“*)=“ , (/3-/n. 

Hence a — a' and p — P' have the same or opposite signs according as 
u 2 $ gh y i.e. the free surface is lower where the canal is narrower or contrari¬ 
wise according astt 2 < gh. 


10 , 92. Canal of Variable Section. With the notation of 10*2, the 
same considerations give an equation of motion 

0< s “ 9 8x .^ 

and an equation of continuity 

( A+ * It +bi >) ( dx+8 8 l dx )= Adx ’ 

since A is now a function of x, or 

d JA()+b v = 0 .(2). 

Also, since A and b are functions of x only, (1) may be written 

d 2i A l)-.„A 8 V 

so that, by eliminating A( from (2) and (3), we get 

A_s r<L( /l 8 v\ (i) 

dt*~bdx\ 8x) . { '• 
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10*92 


Example. A canal of uniform depth h and length 21 is widest at the 
midpoint and tapers uniformly to a point at each end . Shew that two types of 
free oscillation can exist and that their periods 2ir/a are derived from the roots 
of the following equations: 

J 0 {la(ghri} = 0 and J 1 {l<7(gh)~i} = 0, 
where J 0 and J x represent Bessel Functions of order 0 and 1. (M.T. 1923.) 

In this case (4) becomes = J ~ (hb g) 


and for a harmonic solution rj oc e i(ri we have 


ghd 
b dx 


(»2)+a-°. 


Now witli the origin at one end b oc x and from x = 0 to x = l the equation 
becomes i 

L* + x2 + ^ = °’ Where k2 = °*IV h - 


This is Bessel's equation of order 0 and has a solution 

r) = CJ o (kx). 

It is clear that there may be oscillations in which rj has equal and opposite 
values at corresponding points in the two halves of the canal and vanishes 
at the centre x = l, and for these «7 0 {hi) = 0 or J 0 {la ( gh)" i} = 0. And there 
may also be oscillations which are symmetrical about the centre for which 
drj/dx = 0 at x — l. For these Jf (lcl) = 0 , but Jf = — J x , so that 


EXAMPLES 

1. Find the velocity of ocean rollers, 20 yards long from crest to crest, in 

miles per hour. (St John’s Coll. 1901.) 

2. The crests of rollers which are directly following a ship 220 ft. long 

are observed to overtake it at intervals of 16 J seconds and it takes a crest 
6 seconds to run along the ship. Find the length of the waves and the 
speed of the ship. (M.T. 1921.) 

3. Find the type of waves that would travel on deep water at 30 knots. 
How much is the velocity of the waves affected by the presence of the 
atmosphere above the water, its density being *0013? 

(St John’s Coll. 1897.) 

4. A fixed buoy in deep water is observed to rise and fall twenty times 

in a minute, prove that the velocity of the waves is about ten and a half 
miles per hour. (Coll. Exam. 1907.) 

6. Shew that when irrotational waves of length A are propagated in 
water of infinite depth, the pressure at any particle of the water is the same 
as it was in the equilibrium position of the particle when the water was at 
rest. (Coll. Exam. 1908.) 
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6 . From considerations of dimensions alone shew that the period of 
oscillatory waves in a deep cylindrical tank varies as the square root of the 
diameter and inversely as the square root of the intensity of gravity. 

(M.T. 1879.) 

7. If a horizontal rectangular canal of great depth has two vertical 
barriers at a distance l apart, prove that the periods of oscillation of the 
water are 2Vnl/Vsg , where 8 is a positive integer; and that corresponding 
to any mode, all the particles of fluid oscillate in straight lines of length 
inversely proportional to exp (8irz/l), where z is the depth. 

(Coll. Exam. 1906.) 

8 . If in the irrotational motion of homogeneous liquid in two dimensions 
under gravity there be a free surface exposed to an atmosphere of constant 
pressure, shew that there must be a surface of equal pressure at which 

y by nr bt * \dx bxbt* by bybtj 

_ /( d A gV . (*j\' gV) =Q 

\\bxj bx 2 bx by bxby^ \by) by*( 

Work out the case ^ = 6 cos 7 r#/a cosh w (y-f h)/asmpt and give it a 
possible physical realisation; b being so small that its square is negligible. 

(St John’s Coll. 1906.) 

9. When simple harmonic waves of length A are propagated over the 
surface of deep water, prove that, at a point whose depth below the un¬ 
disturbed surface is h f the pressure at the instants when the disturbed 
depth of the point is h -I- tj bears to the undisturbed pressure at the same 
point the ratio 

1 + 7 ; 1 , 

h 

atmospheric pressure and surface tension being neglected. (M.T. 1913.) 

10. Let a shallow trough be filled with oil and water, and let the depth 

of the water be k and its density < 7 , and the depth of the oil h and its density 
p. Then shew that if g be gravity, and v the velocity of propagation of long 
waves, v s /g _ j {h + k) + ± {(h _ i)2 + 4hkp/a}i. 

Note that there may be slipping between the two fluids. (M.T. 1882.) 

11 . Two fluids of densities p x , p t have a horizontal surface of separation 

but are otherwise unbounded. Shew that when waves of small amplitude 
are propagated at their common surface, the particles of the two fluids 
describe circles about their mean positions; and that at any point of the 
surface of separation where the elevation is 77 , the particles on either sido 
have a relative velocity lircrj/X. (Trinity Coll. 1907.) 

12. If a canal of rectangular section contain a depth h of liquid of 
density p on which is superposed a depth h' of liquid of density p', the free 
surface of the latter being exposed to constant atmospheric pressure, prove 
that the velocities of propagation of waves of length 2 ?r/w are given by 
c* = gu/m, where 

p (u coth mh — 1 ) (u coth mh' — l)=ip'(l — w 2 ). 

(Coll. Exam. 1907.) 



298 


EXAMPLES 


13. Two -dimensional waves of length 2ir/m are produced at the surface 
of separation of two liquids which are of densities p, p (p>p') and depths 
A, h ' confined between two fixed horizontal planes. Prove that, if the 
potential energy is reckoned zero in the position of equilibrium, the total 
energy of the lower liquid is to that of the upper in the ratio 

p {(2p — p') coth mh + p' coth ink'} ; p' {(p — 2p') coth mh' — p coth mh). 

(M.T. 1899.) 

14. If there be two liquids in a straight canal of uniform section, of 
densities a x , <r 2 &nd depths l x , 2 S , shew that the velocity c of propagation of 
long waves is given by the equation 

(S-Ods-o-:- 

where <r 2 > a x , and it is assumed that the liquids do not mix. 

(St John’s Coll. 1900.) 

15. An open rectangular box of length a contains two liquids of densities 
p, p and depths h, h' respectively, that of density p being at* the bottom. 
Prove that the periods of oscillation when the liquids are slightly disturbed 
so that there is no motion perpendicular to the sides of the box are deter¬ 
mined by equations of the type 

where n is an integer. (M.T. 1900.) 

16. A layer of fluid of density p 2 and thickness h separates two fluids of 
densities p x and p 8 , extending to infinity in opposite directions. If waves 
of length A, large compared with h, be set up in the fluid, shew that their 
velocity of propagation is either 

fgA p,-pi ) * < h (pi-pi)(p»-pi ) I * 

\2*p*+pJ r Pt(Pi-Pi) / • 

(Trinity Coll. 1906.) 

17. A canal, of infinite length and rectangular section, is of uniform 
depth h and breadth b in one part but changes gradually to uniform depth 
h' and breadth b' in another part. An infinite train of simple harmonic 
waves travelling in one direction only is propagated along the canal. 
Prove that, if a, a' are the heights and 2 w/m, 27 r/m' the lengths of the waves 
in the two uniform portions, 

, m tanh mh — m' tanh m'h' f 

and 

a*6 sech 2 mh (sinh 2mh + 2 mh) = a' 2 6' sech 2 m'W (sinh 2m , h / + 2 m'h'). 

(Coll. Exam. 1903.) 

18. Shew that, if the velocity of the wind is j ust great enough to prevent 
the propagation of waves of length A against it, the velocity of propaga¬ 
tion of waves with the wind is 2c {cr/( 1 + o)}$, where a is the specific 
gravity of air and c is the wave velocity when no air is present. 

(Coll. Exam. 1897.) 
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19. Find the velocity of straight ripples of length A, on water of density 

p, surmounted by air of density p\ as maintained by gravity and the surface 
tension r, and if r=81c.g.s. for water, find for what wave length the 
velocity of propagation is least, and also the value of this minimum 
velocity. (St John’s Coll. 1899.) 

20. The velocity of propagation of capillary waves of length 2ir/m along 
a uniform canal of depth h is c, and p is the density of the liquid. Shew that, 
if the waves are produced by a distribution of external surface pressure of 
the type P sin m (a? — Vt) travelling with a velocity V greater than c, then 
the form of the surface is given by 

7] = a sin m (x — Vt ), 

where a = P tanh mh/ptn ( V 2 — c 2 ). 

What happens when (i) V = c, (ii) V < c ? (M.T. 1930.) 


21. If water of depth h be flowing with velocity proportional to the 
distance from the bottom, V being the velocity of the stream at the surface 
prove that the velocity U of propagation of waves in the direction of the 
stream is given by 

(U-V)* + V (U-V)W*/gh-W* = 0, 

where W is the velocity of propagation in still water. (M.T. 1881.) 

22. A stream of water is running steadily with uniform velocity U in a 
horizontal canal of depth h of which the bottom is slightly undulating: 
shew that there will be a depression r) 2 in the steady free surface, above each 
elevation rft in the bottom, and vice versa , given by 

What happens as U* approaches and passes the value ghl Explain the 
general principle of which this is an example. (St John’s Coll. 1899.) 


23. Prove that, if a canal of rectangular section is terminated by two 
rigid vertical walls whose distance apart is 2a, and if the water is initially at 
rest and has its surface plane and inclined at a small angle f$ to the length 
of the canal, the altitude tj of the wave at any time t is given by 


_vl /_ 1 \ 


. SttX 

cos 
2 a 


SirCt 

2a 9 


where c is the velocity of a wave of length 4 ajs on an infinitely long canal, 
and X implies summation for all odd integral values of s. (M.T. 1893.) 


24. Find the possible periods of standing oscillations in a trough of 
depth h and length Z, and shew that, if initially the water be at rest with 
its free surface plane and inclined at a small angle a to the horizontal, the 
velocity potential and the stream function at any time are given by 

, , _y p,sinp,t cos{(2s + l)n(x + iy)! l} 

+ (2s + l)> sixth{(2s+l)nh/l} ' ’ 

where p,/2ir is the frequency for the vibration of type s. 

(Trinity Coll. 1908.) 
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25. The free undisturbed surface of a liquid of great depth is the plane 
y =0, and it extends to infinity in both directions of the axis of x. In the 
surface there is a shallow depression, bounded by the planes ± x/a =14- j//c, 
due to the presence of a floating body. Everything being at rest, the 
floating body is suddenly removed. Shew that after the lapse of a time t 
the equation to the free surface is 

y = _ r co8 ^-sin'>to..co8 (t^m dlc (MT 1902 } 

cltt J 0 » 

26. A rectangular trough containing water of given depth is slightly 
tilted at one end, and then let fall again into the horizontal position: 
find the period of the to-and-fro oscillations of the water that are thus 
set up. 

Shew that, if the tilt is removed suddenly in comparison with this period, 
but without jarring, the surface of the water will assume, at the end of each 
swing, the form of an inclined plane, until friction and other causes modify 
the motion; and also that, if the water is shallow, its surface will at any 
intermediate time be in part horizontal, and in part a plane of constant 
slope. (St John’s Coll. 1896.) 


27. Shew that, if water is flowing with velocity V along a horizontal 
canal of rectangular section and depth h, and the bottom of the canal is 
agitated so that its form is given by a cos m(x — vt), where a is small, the 
form of the free surface is given by 

y — a' cos m(x — vt), 

where a —a' jcosh mh — - "vyT — sinh mh \, 

{ m(7— v) 2 ) 

T is the surface tension of the water and p its density. (M.T. 1898.) 


28. The bottom of a straight uniform canal of rectangular section has 
the form y = asin (2nx/X) referred to horizontal and vertical axes Ox and 
Oy through a point O in itself, and is moving with uniform velocity V in the 
direction Ox, a being small. If the mean depth of the liquid in the canal be 
h, find the velocity potential of the wave motion generated, and shew that 
the form of the free surface is given by 


, , . , 2*H , 2t r(H-h) . 2t r(x-Vt) 

/ = h + a sinh v cosech —^-r-sm ——r-, 


referred to fixed axes originally coinciding with Ox and Oy, H being the 
depth of the liquid corresponding to the free propagation under gravity, 
with velocity V, of waves of length A. (M.T. 1900.) 


29. A stream is running with mean velocity U in the plane xy between 
a horizontal bottom y=0 and a fixed upper boundary y = h + a cos mx, 
where a is small. Find the character of the motion by determining its 
velocity potential or stream function. 

Prove that, if U 2 exceeds a critical value ~ tanh mh, the pressure on the 

upper boundary is in excess of the mean in its higher parts and in defect in 
its lower parts: and vice versa. (M.T. 1919.) 
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30. Shew how to take account of a variable pressure acting on the 
surface of a uniform canal; and in particular examine the effect of a 
travelling distribution of surface-pressure of the type 

A + Bcosk(ct — x), 

where x is the longitudinal coordinate, the canal being supposed infinitely 
long. (M.T. 1911.) 

31. Find, at any time, the form of the free surface of an infinite canal, 
of uniform breadth, and uniform equilibrium depth A, if the initial condi¬ 
tions are 77 = a sin for and 77 = 0 . 

If the variations of pressure on the surface of such a canal are given by 
b sin kx sin kv 0 t, where b is small, then the form of the surface at any time 
will be ^ 

rj — —.— -- ^ Jcx sin kv 0 t , 

where v is the velocity of propagation of waves of length r/k. 

(Coll. Exam. 1906.) 


32. An estuary extending from x = 0 to x — a has at £ a rectangular 
cross section of uniform depth Hx and a breadth Bx, where H and B are 
constants. The estuary meets the open sea at x = a, in which a tidal 
oscillation given by rj —rj 0 cos (at + €) is maintained. Prove that in the 


estuary 

where k 2 = 4 a 2 lgH. 


TJ = 7J 0 COS(<rf+c) 


\/aJ 1 (ky/x) 
x3 j cl) 


(M.T. 1926.) 


33. A canal of uniform rectangular section and length l is closed at one 
end by a vertical wall, while the other end communicates with the sea. 
The velocity u may be supposed the same at all depths, but friction pro¬ 
duces a resisting force Kphu per unit area of the bottom, where p is the 
density, h the depth, and k a constant. A harmonic oscillation of period 
2tt/<7 takes place in the level of the sea. Shew that the motion of the water 
in the canal may be represented by two waves, one travelling away from 
the sea and one towards it; and that the amplitudes of these waves are 

equal at the landward end, but in the ratio exp 
at the seaward end; where tan a = *. (M.T. 1925.) 


^asin^aj 



CHAPTER XI 


VIBRATIONS OF STRINGS 

11*1. In the last chapter we considered some cases of small 
oscillations of fluids regarded as incompressible . The theory of the 
oscillations of elastic fluids is also a branch of Hydrodynamics and 
it includes the theory of sound or waves in the atmosphere. The 
theory of sound is too extensive a subject to receive adequate 
treatment in an elementary text-book on hydrodynamics; but 
we propose in this chapter and the following to give a short 
account of some of the elements of the theory of sound waves 
together with the kindred subject of the vibrations of stretched 
strings. 

11-12. Transverse Vibrations of a Stretched String. By 

transverse vibration we mean a motion in which each point is 
displaced at right angles to the equilibrium position of the string, 
and the slight extension of any element of the string is of the 
second order compared to the displacement. In fact the string is 
regarded as inextensible ‘or rather the elastic modulus of exten¬ 
sion is indefinitely great. The 
very beginnings of alocaldis- 
turbance of tension will then „ 
be equalized along the string 
with speed practically infinite**; and we may take it that the 
tension P remains constant along the string and throughout the 
motion. Let the string be of uniform line density p. Take the 
x axis in the equilibrium position of the string, and let y be the 
displacement at the point x at time t. If 0 be the inclination to 
the x axis of the tangent to the string we shall suppose that i/j is 
small. 

The equation of transverse motion of the element 8x is 
p8xy= —Psin0-fPsini/r + 8(Psin0), 

for the forces acting on the element in the direction of motion are 
the components of the tension at its ends; viz. Psin^f at one 

* See a paper ‘ On the Dynamics of Radiation ’ by Sir Joseph Larmor, International 
Congress , 1912, Proceedings, vol. i, where the motion of a string is used as an illustra¬ 
tion. 
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end and Psin^ + 8(Psin^) at the other, and sin^r=||=|| 
approximately, neglecting (dyjdx) z \ therefore 

.._P<% 


9 p dx 2 ' 

If we put P= pc 2 we may write the result 


sy 

dt 2 


— C' 


3a: 2 ' 


.( 1 ). 


This is the same equation as we obtained in the theory of long 
waves in shallow water and as in 10’2 the solution is 


y=f(ct-x) + F(ct+x) .(2), 

where/ and F are arbitrary functions. 

If, for the moment, we take F to be zero, we have 


V=f (ct-x) 


( 3 ). 


This represents a wave form travelling with velocity c in the posi¬ 
tive direction of the x axis. For, if we increase x and ct by the 
same amount, we leave y unaltered, which means that the dis¬ 
placement which exists at the instant t at the place x will at time 
t + rbe found at the place x 4- ct. 

In the same way the equation 

y = F(ct + x) .(4) 


represents a wave form travelling with velocity c in the negative 
direction of the x axis. 

Referring again to equation (3) we find by differentiation 


_ y 

dt dx 


(5), 


which is a relation connecting the velocity at any point with the 
slope of the string. It is obvious that motion might be begun 
with arbitrary velocity and arbitrary slope but unless the two are 
connected by equation (5) the resulting motion cannot be given 
by a relation of the form (3). In the same way a motion repre¬ 
sented by (4) implies a relation 


dy_dy 
dt dx 


( 6 ) 


between velocity and slope. 
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The general motion of the string may be regarded as the 
result of the superposition of two such wave systems travelling in 
opposite directions; and in this case the initial values of dy/dt and 
dyjdx may be regarded as composed of two parts which separately 
satisfy equations (5) and (6). 

11*13. Unlimited String with given initial conditions. 


Suppose that, when £=0, we have 

.(i>. 

and y — .(2). 

Taking for the general solution 

y=f(ct-x) + F(ct + x) .(3), 

we have, when t = 0, 

<f>(x)=f(-x) + F(x) .(4), 

and i/j (x) = c/' (— x) + cF' (x) .(5), 

By integrating the last equation we get 

f ifj(z)dz= -cf(-x) + cF(x) .(6): 


and then from (4) and (6) 

= ip(z)dz, 

and F(x) = ^{x) + —j 4>{z)dz\ 

\ rx+ct 

sothat y = £{<£(x~c*) + <£(a; + <rt)}-f — *f/(z)dz .(7), 

J x-ct 

11*14. A given initial Displacement. In the special case 
in which there is no initial velocity but merely an initial displace¬ 
ment, the last result reduces to 

y=l{<l>(x-ct) + <f>{x + ct)}, 

in which the two component waves resemble the initial form of 
the string but are of half the height at corresponding points. 

The form of the string at any subsequent time may be con¬ 
structed by drawing a curve in which the ordinate of each point 
is half the initial displacement of the point, imagining that two 
such curves initially occupy the same position and then moving 
them in opposite directions along the x axis with velocity c. The 
sum of the ordinates of the two curves at any point at any instant 
will give the displacement of the point at that instant. 
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11*15. Energy. The kinetic energy of any portion of the 

. (1) . 


For the potential energy V it is necessary to calculate the work 
done in the slight extension of the string against the tension P. 
The increase in length in the element 8x 



Therefore V = \P^\^dx .(2). 

Now P=pc 2 , and in either component wave from 11*12 (5) 
and (6) dy/dt = + c dy/dx , 

hence in any single progressive wave the kinetic and potential 
energies are equal. 

11*16. String of Limited Length. Suppose that the origin 
is a fixed point on the string. In this case we must have y = 0 when 
x — 0, for all values of t. Hence, in the equation 
y=f(ct-x) + F(ct + x), 
we have 0 =f (ct) + F ( ct ), 

or F (z) = —/ (z). 

The general solution in this case is therefore 
y=f (ct-x)-f(ct + x). 

As applied to the string on the left of the origin this means the 
superposition of an incident wave , represented by the first term, 
travelling towards the origin, and a reflected wave , represented by 
the second term, and travelling away from the origin. The waves 
are similar in shape, their amplitudes being equal in magnitude 
and opposite in sign. 

Let us consider the case of a disturbance represented by 

y—f (ct—x) .(i) 

advancing towards the origin, the disturbance being confined to 
a length l of the string, and suppose the string to be fixed at the 
origin O. Until the head of the disturbance reaches 0 the motion 
is represented completely by (1), but when this instant arrives 
we must take as the equation that represents the motion 


V =/ (ct - x) -f (ct + x) .(2). 

*H 20 
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The terms of this equation do not both apply to the same range 
of the string continuously. Thus if £ = 0 when the head of the 
disturbance reaches 0, then when 0 <t<ljc the first term applies 
between x = 0 and x = — 1 + ct, and the second term between x~0 



and x— — ct. When t-ljc the first term ceases to apply and the 
subsequent motion is represented by 

~f(ct + x) .(3) 

alone, or the reflection of the wave is complete. 

When the initial form of the disturbance is given the form of 
the string at any time can be constructed graphically. Thus in 
the accompanying diagram the figures on the left represent the 
components of the displacement at intervals i/3c before and after 
the head of the disturbance reaches 0. They are obtained by" 
drawing the curve that represents the disturbance with its head 
at 0 and drawing a similar curve so that the two are anti- 
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symmetrical with regard to 0, and then displacing these curves to 
the right and left respectively with velocity c. The resultant form 
of the string, as shewn on the right, is obtained by taking the sum 
of the ordinates of the component waves on the left. 

Later this will be seen to represent also the reflection of a sound 
wave at the closed end of a straight pipe. 

11*17. Ifhowever the end of the string at the origin is capable 
of free transverse motion—it might, for example, be attached to a 
ring of negligible mass free to slide on a smooth wire along the 
y axis—the condition is dyjdx = 0, when x = 0 9 for all values of t. 
This follows from the equation of motion of the massless ring 
along the wire, which shews that there can be no component of 
tension along the y axis. 

Taking y =/ (ct - x) 

for the incident wave, and 

y=f (ct-x) + F (ct + x) 
for the complete disturbance, we have 

0= ( ct) + F' (ct) 

for all values of t. 

Therefore F‘ (z) =/' ( 2 ), 

or F (z) =f (z), 

so that y =/ (ct — x) +/ (ct 4- x ). 

The reflected wave is therefore exactly the same in form as 
the incident wave, the amplitude being unchanged in sign. 

This case corresponds to the reflection of a sound wave at the 
open end of a straight pipe. 

11* 18. String Fixed at both Ends. I^et the fixed points be 
at x = 0 and x = l. Then we have 

y=f (ct-x) + F(ct + x) y 

and the condition that y = 0 when x = 0, for all values of t , makes 
F = — /, as before. 

Hence y =/ (ct — x) — / (ct + x ). 

Also y = 0 when x — l y for all values of t, so that 
0 =/ (ct-l)-f (ct+l); 
or, putting z for ct — i, / (z 4- 21) = / ( 2 ). 


20-2 
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11 * 18 — 


Therefore f (z) is a periodic function with a period 21 in z. 
Hence the motion of the string is periodic with respect to t, 
the period being 2Z/c, or twice the time taken by a wave to 
travel the length L 

It is otherwise evident that if a disturbance starts from any 
point A of the string, and moves with velocity c in either direction, 
it will after successive reflections at the two ends pass the point 
A again in the same direction with its original amplitude and 
sign in time 2Z/c. 

11*19. Plucked String. When the string starts from rest 
with a given displacement, as for example when the string is 
drawn aside at one or more points and then set free, we have 
initially y = <f>{x), say, and y — 0. 

And by substituting in the general solution 
y=/ (ct-x) + F (ct-\-x), 
we get (f>(x)=f(-x) + F(x), 

and 0 = cf'( — x) + cF' (x). 

Therefore, by integrating the last equation, 

0= -f(-x) + F(x); 
whence / (— x) = F (x) — \j> ( x ). 

Hence y — $<f> (x — ct) + \<j> (x + ct ), 

as might have been written down from 11*14. 

Again y vanishes when x = 0 and when x — l for all values of t , 

8othat o = <t>(-ct) + cf>(ct), 

and o = <f> (l — ct) + <t> (l + ct). 

Therefore ( f ) (-z)= -<f>(z)\ 

and, putting ct = z + l, we have also 

<f>(z + 2l)=-</>(-z) = <j>(z). 

Hence we get the following method for constructing the succes¬ 
sive forms of the string: draw the curve y = <f>(x) between a? = 0 
and x = l and continue it in both directions subject to the fore¬ 
going conditions, i.e. draw a similar curve in the third quadrant 
between x = 0 and x= —l and then repeat the whole figure in every 
successive space of length 21. Imagine curves of this type to travel 
in both directions with velocity c and take the arithmetic mean 
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of*their ordinates at any instant. The resulting curve represents 
the form at that instant of an unlimited string moving in such a 
manner that the points x = 0, ±1, ±21, etc. are at rest, and 
therefore the portion between a?=0 and x=l satisfies all the 
required conditions. See the figure below. 

In the case of a string plucked at one point and then set free 
the string at any instant consists of either two or three straight 
portions, generally three; and the two outer portions are always 
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in the directions of the two portions in the initial position, while 
the gradient of the intermediate portion is a mean between the 
gradients of the other two having due regard to sign. Thus the 
figure shews the form of a string of length l, plucked at one point, 
after three intervals of time i/3c. 

11*2. Normal Modes of Vibration. The position of a 
system which possesses m degrees of freedom and vibrates about 
a position of stable equilibrium can be defined by the values of m 
parameters or coordinates q Y , q 2 , ... q m . The kinetic energy T is 
given by 2 T = a Ll q x 2 + a 22 g 2 2 +... + 2 a 12 q x q 2 +...; 
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where the a’s are generally functions of the q% but in small 
vibrations they may be regarded as constants. 

And the potential energy is given by 

2V = c n q x 2 + c 22 q 2 2 +... + 2c n q x q 2 +.... 

In the case of free vibrations, Lagrange’s equations give 

a ll#l + a 12#2 + ••• + a lm?m + c ll?l + c 12?2i" ••• ^‘ c lm9m z=: ^ 
and m — 1 similar equations. 

If, to solve these equations, we substitute 
q x == A x cos {nt H- c), 
g 2 = A 2 cos {nt + c), 
etc., 

we get m equations of the form 

(C u - » 2 «n) A i + ( C 12 ~ w% 12 ) + ... 4- (c lm - n 2 o lm ) A m =0. 

These m equations give the ratios of the amplitudes A x , A 2 ,... A m 
in terms Of the a’s, the c’s and n. 

If we eliminate A lf A 2 , ... A m from the m equations we get 
a determinantal equation for n 2 of the mth degree. Taking any 
one of these values of n, there is a corresponding set of values of 
the coordinates q l9 q 2 , ... q m involving only two arbitrary con¬ 
stants, viz. the absolute value of one of the amplitudes, say A l9 
and the initial phase e. In the corresponding motion the system 
vibrates so that the coordinates q 1} q 2 , ... q m bear constant ratios 
to one another. This is called a normal mode of vibration . The 
physical characteristic of a normal mode is that it is periodic with 
regard to the time, and in general the different normal modes have 
different periods. In general there are m such normal modes all 
distinct from one another. These various m normal modes of 
motion each with its arbitrary absolute amplitude and phase may 
be superposed; and the complete solution is given by m equations 
of the form 

q x = B x cos (n x t + e x ) + B 2 cos (n 2 1 + e 2 ) +... + B m cos ( n m t + c m ), 
and contains 2m arbitrary constants, namely B l9 B 2 ,... B m and 
€ ls e 2 , ... € m . These are all the arbitrary constants because the 
quantities corresponding to the B ’s in the expressions for the 
other m— 1 coordinates are all constant multiples of the B’ s. 

It is shewn in books on Dynamics* that it is possible to choose 
the coordinates of a system so that the expressions for kinetic and 

* Whittaker, Analytical Dynamics, 1904, § 77. 
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potential energy only contain squares and not products of the g’s 
and the g’s. When the coordinates are so chosen they are called. 
the normal coordinates or principal coordinates of the system and 
each normal mode of vibration affects one and only one coordinate. 
For we have 2T _ a ^ 2 ++ 

and • ••> 

so that by Lagrange’s equation we get m equations 

a n2i+ c u?i = °> « 2 a ?2 + c 22 ? 2 =°» etc., 

and the complete solution is 


q t = A x cos (n t t + ej, q 2 = A 2 cos (n 2 t + e 2 ), etc., 
where « 1 2 =c u /o u , etc., 

containing as before 2m arbitrary constants A 1 , A 2 , ... A m and 

e l> e 2 > ••• e m‘ 


11*21. Normal Modes of Vibration of a Finite String. 

Since a string has an infinite number of degrees of freedom it has 
an infinite number of normal modes of vibration. To find modes 
let us assume that the displacement of every point of the string is 
proportional to cos (nt + e). 

The differential equation to be satisfied is 


<py_ ri &y 

dt 2 dx 2 ' 


(i); 


and if y oc cos (nt + 1 ), we have y = — n 2 y, therefore 


9*y 

dx 2 



0 . 


The complete solution of this equation, including the time factor, is 




. nx „ . nx\ , , /rtX 

A cos-b B sm — I cos (nt + c) .(2). 

c c / 


If the ends of the string are fixed at the points x = 0 and x = l, 
we must have .4 = 0 and sin nl/c = 0. 

7TC 27TC 


Hence 


37 tc 

*-r "f' T* etc< 


.(3). 


This gives the infinitely many values of n that correspond to the 
different normal modes, and the solution corresponding to the sth 
normal mode may be written 

S7TX 


n fSTTCt \ 

y=B h sm l cos I-j -be,J 


( 4 ). 
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The gravest or fundamental note of the string is that for which 
8 = 1. Its frequency is n c 1 I P 
2tt 21 21N p 

The facts embodied in this formula, namely that the frequency 
varies inversely as the length and the square root of the density 
and directly as the square root of the tension, are known as 
Mersenne’s Laws . They are capable of experimental verification 
by fixing one end of a string and then passing the string over two 
edges or ‘bridges’, whose distance apart can be varied and mea¬ 
sured, and suspending a weight from the other end of the string. 

In the next normal mode to the fundamental 8 = 2 and the 
middle point of the string x = \l remains at rest throughout the 
motion. In the 5th normal mode of which the frequency is sc/2l 9 

the (s 1) points / 2 l (a-1)1 

x--, —, ... -- 

S S 8 

are at rest throughout the motion. These points are called nodes] ; 
the points midway between them are the points of maximum 
amplitude and are called loops . Each segment into which the 
s — 1 nodes divide the string vibrates like the fundamental mode 
of a string of length l/s. 

A general vibration of the string is obtained by the super¬ 
position of the several normal modes with amplitudes and phase 
constants chosen to suit whatever may be the given initial con¬ 
ditions. The equation that represents this motion is therefore 

„ _ . 8TTX IsirCt \ 

y = ZB S sm -j- cos I-y- + cj, 

where B 8 and e 8 are chosen to suit the initial conditions and the 
summation extends to all integral values of s . 


11*22. Two special cases. (1) If the string starts from 
rest at time t = 0, then y = 0 when t = 0 for all values of x , so that 
all the c’s are zero, and 


v D . 8 7TX 

y = LB s sm —-- cos 
t 


SrrCt 

~f • 


(2) If the string starts from the equilibrium position at time 
t = 0, then y = 0 when t = 0 for all values of x 9 so that all the c’s 
are odd multiples of hr, and 


„ ^ . SttX . 8irct 

y = ZuB b sm -y sm —y. 



11*24 PLUCKED STRING 813 

11*23. Plucked String. Let the string be drawn aside 
through a small distance /? at a 
distance b from the end x=0 
and then released. 

We have to determine the coefficients B 8 in the solution 



v n . J&TTX 87TCt 

y = ZiB 8 sin-y- cos -y- - 


The initial values of y are 

y = j8x/6, (0<x<6); and y = j8(Z—x)/(Z-6), (i b<x<l ). 

8ttX 

Multiply both sides of equation (1) by sin —y- and integrate be¬ 
tween the values 0 and Z of x, giving y its proper values in terms of x 
for each part of the range, and taking t = 0. Then, since, when r#=s, 

C l . s-nx . rrrx , 

I sin — y- sin — j — ax =0, 

J.L_^_ JO * l 


therefore 

f b fix . 87TX 


j « i / • u a - 

, sin -y- ax + 
0 l 


1 j3(l — x) . 87TX 


rest 
J 6 i- 


►l/l , OW •*/ _ 

sm ax = 
o l 


sm 2 —y- ax; 


which gives 


D 2j3Z 2 . 5 tt6 

= shr z b(l-b) Sm Z ’ 


. 28Z 2 1 . 57r6 . sttx srrct 

so that y = ~ 9L /1 —rr 2 sm - r sm cos —. 

7r 2 o(Z- 0 ) s 2 l l l 

11*24. Energy of a String with Fixed Ends. If the string 
be vibrating in its sth normal mode we have from 11*21 

^ . 8TTX [87TCt \ 

y = B s sm -y- cos l-y- + € 8 \. 

The kinetic energy T is given by 

T=\p f y 2 dx 
Jo 


87TX . „ 

B* sm 2 — z — sin 2 
8 l 


8 2 7T 2 C 2 p C l * 2 87TX • 2l SlTCt , \l 

’ ip” J „ T 5m (~r + *•) “** 

8 2 7T Z C 2 p „ . (STTCt \ 

—i r B ’’ m ( i + *-).<*>• 

And the potential energy, as in 11* 15, by 

v -> F \'X$ ix 

8 2 ir 2 P b „ „/snrt \ 

= 41 cos 2 1 l + ej .(2), 


«VP 

41 


in the same way. 
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Also since P=c a p, (11*12), therefore 

T+ r-*ge-B' 


.(3) 


gives the whole energy of the vibration in the «th mode. 
Again if the motion be of the general type 


8-nx 


we have 


y=HB l sin-^- cos 


( 87TCt \ 

— + ‘-h 




87TX 


Bin 


/87TCt 

w 




Now 

and 


/: 


. sttx . rirx, 
sin —y- sin — ax = 0, 


r- 

J 0 


l 

„ 8-nx l 

Bm ~r = r 


Therefore 
Similarly we get 


T = 7 ^^ S 2 B 
4 1 


^ 2 sin 2 (—y- + c «) 


.(4). 


F = ^S« 2 2?. 2 cos 2 + e,J .(5), 


and 


T+V = ^Z8*B/ 


.( 6 ). 


In these results it appears that the whole kinetic energy, con¬ 
taining square terms but no product terms, is the sum of the 
kinetic energy due to each separate normal mode of vibration, 
and similarly in regard to the potential energy, which is of course 
in accordance with the general theory of normal modes as ex¬ 
plained in 11*2. 


11*3. Normal functions and coordinates 41 . When a vi¬ 
brating system has a finite number (m) of degrees of freedom, 
we saw (11*2) that its position could be specified in terms of 
m normal coordinates each corresponding to a normal mode of 
vibration, and that the kinetic and potential energies contained 
only squares and not products of these normal coordinates. A 
vibrating string has, however, an infinite number of degrees of 

* This use of normal coordinates is due to Lord Rayleigh, see Theory of Sound, J, 
§ 128 . 







NORMAL COORDINATES 


freedom and therefore infinitely many normal coordinates, and 
when we express the form by the equation 


_ . 87TX (8lTCt \ . ., 

y=XB e sin yCos(--p + e,l.(1), 


the coefiicients of sin for all integral values of 8 are the normal 
* / 

coordinates and the typical one may be denoted by <f> 8 , so that 

v j • 87TX /o\ 

sm- r .(2). 


Taking the <f> s as the coordinates that determine the position and 
motion of the string we may use Lagrange’s equations. Asin 11*24 
we have 00 r ~ 9. 9. 00 

T = and F = ^-/ Ls W .(3). 

i * l 

And if <i> 8 is the force tending to cause a displacement 8 <f> 8 (using 
the word force in a generalized sense) we have 

d<f>,d+ 8 **■ 


That is 


* 2 7T 2 C 2 . 2 

p~ 


If we write this equation 

. 

for a particular integral, uBing D for djdt, we have 
, 2 i 

pi Z> 2 + w 2 ° s 

=_L J—l__L_U 

mpZ (D — in JD + mj 8 
= (e iB< f e~ ilU <t) x dt - e~ int f* 

Jo Jo 

= A J* ( e <n«-0_ c -in«-r)) 


= i£ 8inn(<-0<M< '' 

and adding the complementary function, the complete solution is 
h = (4 > *)o cos nt + (£) 0 81 ^ W< + j' sin w 


where the zero suffixes denote values when t = 0. 
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If the impressed force is a single force Y at the point x—b, then 

Y8y, 

8nb 




= Y sin - 7 

x=b * 


.(7). 


11*31. Examples of use of normal coordinates. Plucked 
String. Taking the case considered in 11*23, 0> 8 is zero except 

when t = 0, and then its value is Y sin 8 -^, where Y is the force 

by which the string is held. Since the string starts from rest 
(^«)o = ^ an <i 11*3 (5) gives 

2 2 . sirb 

_ — tf) = - 

pi 8 pi 

And at time t we have from (6) 

2 Y . 8irb 


w2 (^)o = - ,°* = -/ Fsin -1 


<j>8 = (<f> 8 ) o cos nt = -j-g sin co§ nt. 


87TX 


Therefore y = sin —j 


2 F_ . 57r6 . S7ra;cos?i^ 
= —sin-=-sin- 


pl 

21Y 


l 


l 


n* 


„ 1 . 57 t 6 . 8TTX 87TCt 


which agrees with the result of 11*23, if we note that Y is equal 
to the resolved part of the tensions perpendicular to the x axis; 
that is /q o \ 

Y = P I ^ -f > to the first order of ft 

_ c*plp 


6 (Z — 6) * 

11*32. String set in Motion by an Impulse. Let an 
impulse I be applied at the point x — b. We may regard this as the 

limit of J I'dt', where /' is a force that begins to act when the 

string is at rest and ceases to act after a short time r. Then using 
(6) of 11*3, (^ 8 ) 0 = 0 and (^ 8 ) 0 = 0 so that 




= --.sinn^ 
npl 
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neglecting the term sin nt' for the range t* * 0 to t* = t since r is 
small. But from 1T3 (7) , 

_ T/ . 57T0 

therefore J <b s dt’= sin-^J I'dt' — I sin*^-. 


tnereiore =sm--I rat — l sm 

Jo 4 i Jo l 

TT ,21. 87rb . Sirct 

Hence <p R = — sm sm , , 

T8 STTCp l l 

. 21 ® 1 . STr 6 . «7TX . $7TC$ 

and y =—S-sm ^ sm-, sm - r . 

TTCp i 8 l l l 

11*4. Forced Vibrations of a String. There are two cases 
to be considered; the first, when a given point x = 6 is given an 
arbitrary transverse periodic motion; the second when a given 
periodic force acts at x = 6 . 

In the first case let the given motion at x = 6 be represented by 
y = y cos (pt + oc). 

We have to satisfy the equation 

fy_ ri d*y 
dt * dx 2> 

and if we assume that y varies as cos(p£ + a), this equation 
becomes 32 *, 

. 

Now we cannot assume that the same solution will represent 
the form of both portions into which the string is divided at the 
point x — b which is given a forced motion; so we assume that there 
are two distinct solutions of ( 1 ) corresponding to the two parts of 
the string, viz. 

when 0 <a;<&, y 1 = ^cos^ > ~+Bsin^jcos(p^ + a) ...( 2 ), 

and b<x<l , 2 / 2 =|c f cos^ + i)sin^jcos(pt + a) ...(3). 

Then we have y x = 0 when x = 0 , so that A = Q, 
and y l = y cos (pt + a) when x = 6 , 


so that 

Hence when 0 < x < 6, 


Bsin^ = y, 
c f 


sin px/c , M 

y ' = ' , ,mMc°° a W + * ) . <4) - 
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Similarly y 2 =0 when x=l,ao that 

C ooa —+ D sin — = 0. 
c c 


( 6 ), 


and y 2 — y cob (pt + a) when x=b, so that 

Ceos — +D sin — —y . (6). 

c c 

Then by solving (5) and (6) for C and D and substituting in (3) 
we find that when b<x<l, 

.<’>• 

In the second case, let there be a force F cos (pt + a) at the 
point x = b. We may deduce the solution for this case from the 
last by the consideration that the resultant of the tensions at the 
point must balance the impressed force. 

That is, if P denotes the tension 

F cos (pt + oi) = P - 1 — P at # = 6 . 

ox ox 


Therefore, by differentiating (4) and (7) 
Pyp si npl/c 

c 


F = 

whence we get 

F ainp (l- 


Vi = 


and 2/ 2 = 


si npbjc si np (l — b)/c 9 
b)/cBmpx/c 


P p/cBmpl/c 
F Bmpb/c sinp (l — x)/c 


cos(p£ + oc), 0<x<b ...(8), 


cos(p£ + a), b<x<l ...(9). 


P pjc sin pl/c 

This is an example of a reciprocal theorem that the motion at x 
when the force acts at 6 is the same as would be the motion at b 
if the force acted at x. 


We notice that in the first case the motion of either portion of the string 
is independent of the length of the other portion and depends only on the 
forced motion at the point x = b; also that if pb/c is an integral multiple of 
7 r, i.e. if p/2ir is a natural frequency for a string of length b , the amplitude 
in (4) appears to be infinite. This is a case of ‘ resonance * in which we have 
a forced oscillation of the same period as free oscillations. In actuality 
the amplitude is not infinite as our equations cease to represent the 
motion when the displacement is other than small, also there are small 
frictional forces which oppose the motion and damp out the free oscilla¬ 
tions. In the second case the same phenomenon of 'resonance* occurs 
when pile is an integral multiple of it, i.e. when the frequency of the 
applied force is a natural frequency of the whole string. 
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11*41. Vibrations of a String carrying a Load. Let a particle of 
mass M be attached at the point x=b. 

If we assume that the motion of the particle M is given by 

y= y cos(pf + a) .(1), 

then the motions of the two parts into which it divides the string are 
given by (4) and (7) of 11*4. And the frequency p/2n is to be found from 
the equation of motion of M; namely 

*»— p £ +j, 2r 

at a; = 6, P denoting the tension of the string. 

Substituting from (4) and (7) of 11*4 and from (1) above, we get 

—p*M = — P - cot ^ — P - cot —— . 

c c c c 


Therefore 



_ &\n pile _ 

ampb/c sin p (l — b)/c 


( 2 ). 


This equation must be satisfied by p, and the form of the string at time t is 
then given by (4) and (7) of 11*4, y and a being arbitrary constants depend¬ 
ing on initial conditions. Since those normal modes of motion which have 
a node at x = 6 could exist without causing the motion of this point, it is 
clear that the presence of M will not affect these normal modes. Thus if M 
be at the middle point of the string, the normal modes of even order are 
unchanged, and we can shew that the frequencies of the odd components 
are diminished. For, in this case 

b = l-b = il, 

so that (2) becomes pM = cot ^, 


or 


pl tan pl - Pl -gj 
2c 2c“c m~M' 


The frequencies of the normal modes concerned are therefore given by 
pll2c = x lt x 2t x i9 ..., i 

where x x , x t , jc s , ... are the successive roots of the equation 

xtanr = fjL 


By drawing the curves y = tan x and y^pl/Mx it is easily seen that the 
roots lie between zero and in, n and ij n, 2n and Zn and so on. 

But the natural frequencies of the unloaded string are given by 

pj/2c = Jtt, 7t, :]t r, 2 tt, :)n, ... ( 11 * 21 ). 

Hence it follows that frequencies of the normal modes of odd order are 
decreased. 


11*42. Finite String with Ends not rigidly Fastened. We will 
consider two oases, namely when one end of the string is attached to a mass 
M capable of moving transversely, either (i) as a bead on a smooth wire, 
or (ii) under the control of a spring of strength p, the other end of the string 
being fixed. 
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As solution of 


we take 


dt 2 " dx 2 * 


f— ^Acos*-+ 2?sin~^ cos(n$ + €) .(1); 


the terminal conditions being 

(i) My = Pdy/dx when x = 0, 

and y = 0 when x — l. 

Therefore — n 2 AM = PB n/c 9 

and A cos nZ/c-f B sin nl/c—0; 


whence 


nl , nl PI pi 
— tan —= -znrr=ii* 
c c c 2 M M 


which is the same equation for the frequencies as if the particle were at the 
middle point of a string of length 21; as is otherwise obvious. 

(ii) The terminal conditions in this case are 

My + py= Pdy/dx when x = 0, 
and y = 0 when x = l. 

Therefore (/z — n 2 M ) A = PBn/c, 

and A cos nl/c 4- B sin nl/c = 0; 

whence tan— = —• T-Jinr - \ — — .(3). 

c c(n 2 M — p) n 2 M — p v ' 

In either case equation (1) takes the form 

y=C sin^^—— cos(nJ + «) .(4); 

c 

and equations (2) and (3) both have an infinite number of solutions so that 
the motion in general will be given by equating y to the sum of an infinite 
number of terms like (4). 

11*5. Damped Oscillations. If the motion of the string be 
retarded by a force acting on each element of mass and propor¬ 
tional to its velocity, the equation of motion of 11*12 becomes 


a2 y_,2 32 y Jy 

dt* , dx* dt . 

. (i). 

If we put y = ze~l Ki , this reduces to 


d%z d 2 z 

dt 2 * a* 2 . 

.(2), 


and we may obtain solutions of this equation to suit particular 
cases. Thus to find the frequency p/2tt of waves of length 2t r/m, 
if we assume that „ ^ 


we get 

where p 2 = chn 2 — J* 2 . 


zcce tmx , 

l+p*z = 0 , 
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11*6 

And the solution is 

y—Ae~l KMmx cos {(c 2 m 2 — J#c 2 )* 1 4- a}, 
or, rejecting the imaginary part, 

y = Ae~k Kt cos mx cos {(chn? — Jk 2 )* t a} .(3). 

This represents a vibration whose amplitude diminishes con¬ 
tinuously because of the factor e~^ Kt . The time 2 Jk in which the 
amplitude is reduced to e~ x of its former value is called the 
modulus of decay . 

11 # 51. If the resistance is so small that k 2 may be neglected, 
(2) becomes % 2 Z $ 2 Z 

the solution of which, as in 11’12, is 

z =f (ct — x) + F(ct + x), 

and therefore y = e~^ Ki f (ct— x) + e~^ Kl F (ct + x) .(4). 

Since the functions are arbitrary we may write 

0 c) f ( C £__ #) instead of/ (ct — x), 

and c) j p + x ) instead of F (ct + x ); 

so that y = e~ KXl2c f (ct - x) + e KXl2c F(ct + x) .(5) 

is also a solution. 

For example, suppose that the string is of infinite length and 
is subject to a forced motion E cos pt at a particular point, which 
we may take to be the origin, the motion will be represented by 


y = Ee~ KXl2c cos p (t — x/c) .(6) 

on the positive side of the origin; and by 

y = Ee KXl2c cosp (t -f x/c) .(7) 


on the negative side; these equations representing a progressive 
wave whose amplitude decreases in the ratio 1: e as the distance 
from the origin increases by 2c//c, i.e. at intervals of time 2/#c, since 
c is the wave velocity. 

11*6. Reflection and Transmission of Waves . Consider a uniform 
stretched string of great length. Let a train of simple harmonic transverse 
waves travelling along the string encounter a massive particle attached 
to the string at a particular point. There will be a reflected and a trans¬ 
mitted train of waves. 

Let M be the mass of tho particle, T the tension of the string, p its line 
density and let c a = Tjp give the velocity of propagation of the waves. 


R1I 


21 
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Take the origin at the particle and let the incident wave train, coming 
from the part of the string for which x is negative, be represented by 

y = A cos (mx — nt) .(1). 

For facility in working it is simpler to take this to be the real part of 
A e i if we assume similar expressions AV <"»'*-«'*> and A 1 e <(m i*- n 1 <) 

for the displacement in the reflected and transmitted wave, then con¬ 
tinuity requires that the period shall be the same for all, i.e. n' = n 1 = n; 
and as the velocity of propagation c has the same numerical value for all 
waves on the string, therefore ?n'= —m in the reflected wave and m 1 = m 
in the transmitted wave. Hence for the total displacements we have 


wnenxcu, __ (mx—nt) _j_ A/e~* ( ,nx + fl< ) . (2) 

and when x>0, y 2 = A 1 e i(mx ~ nt) .(3), 


where the ratios of A ' and A x to A may be complex numbers. 
For the motion of the particle at the origin we have 

My = — T ^ + T where x = 0, 

i.e. — Mn 2 A 1 = — iTm (A — A' — A t ), 


or, since T = c 2 p and c 2 = n 2 /m 2 , 

MmA 1 = ip(A — A' — AJ .(4). 

Also, when x = 0, we have y x = y 2 , so that 

A+A' = A 1 .(5). 

From (4) and (5) we find that 


A' _A 1= A 
iMrn 2 p 2 p — iMm 
A' _ Aj __ A 


tsme cose cost—t sine 

if tan e = Mm/2p. 

Hence the reflected and transmitted waves differ both in amplitude and 
phase from the incident wave, these differences being exhibited in the 

formulae A' = A sine.e l( -’ r+€) and A 1 = Acos€.e ,e .(8). 


By using the method of 11*15 it is easy to shew that the energy per 
wave length of a simple harmonic wave is proportional to the square of he 
amplitude, and from (7) it is clear that 

\A'\^+\A 1 \^\A\^ 

so that the energies of the reflected and transmitted waves are together 
equal to the energy of the incident wave. 


11*7. Longitudinal Vibrations. Suppose the string to be 
elastic and stretched and to obey Hooke’s Law. If P, Q are two 
points whose coordinates are x, x + 8a; in the equilibrium position 
and these are displaced to P', Q' where the coordinate of P' is 
x +| then that of Q' is g* 

X + hx + £+ 
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If T be the tension at P' and E the modulus of elasticity 

T _ F py , z PoOo 
T E P 0 Q 0 ’ 

where P 0 Q 0 (= 8x 0 ) is the unstretched length of PQ. 
Therefore T — E ^Sx + 8x — Sx 0 j J 8x 0 

= E h - X +E hx ~ ?,x o 


8x 0 dx 


8x„ 


S»v _ 8x 

Now E — 0 = T 0 is the tension in equilibrium. 
oaj 0 

Also 8x/8x 0 is the ratio of the equilibrium stretched length to 
the natural stretched length for the whole string = l/l 0 say, and if 
we put EI/Iq^E', a definite constant for the string in its equili¬ 
brium position, we have ^ 

dx 


T = E' : b + T 0 . 


Let p be the line density in the equilibrium state and X the 
external impressed force per unit mass at P' acting on the string; 
then the equation of motion of the element PQ is 


or 


a 2 f E'd*g 


,+x, 


.( 1 ). 


dt 2 p dx 2 

If there be no impressed force, and we write E ' — pc 2 the equation 


takes the form 


d 2 £_ d 2 t 

dt 2 dx 2 


.( 2 ). 


This is the same differential equation as for transverse vibrations 
and its solutions may be interpreted in a similar manner when 
applied to the propagation of longitudinal vibrations, but it is 
important to observe a difference in the form of terminal condi¬ 
tions. Thus, at a fixed end we have £ = 0, and d^/dt = 0, for all 
values of t . 

If a free end were possible we should have at that end T = 0 and 
therefore d£/dx = 0. 

It is to be observed that c is the velocity with which waves 
travel along the string stretched to length l and that 

2 WEI 
c 2 = —= - . . 

P P 1 0 


21-2 
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But if p 0 be the line density of the unstretched string then 

pl = p 0 l 0 > BO that Jj] / 7\2 


and the period ~ = 2Z 0 is independent of the amount of 
Btretching. 

Instead of the equilibrium stretched length x in (2) we might 
use the corresponding unstretched length x 0 as independent 
variable, since xjx 0 = l/l 0 , then (2) becomes 

. 

dt 2 p 0 dx 0 2 0 dx 0 2 * ' 

where c 0 2 — E/p 0 . 

The foregoing arguments also apply to the longitudinal 
vibrations of bars. 

Longitudinal waves are reflected and transmitted in the same way as 
transverse waves. Thus if the method of 11*6 is applied to solve the same 
problem for longitudinal waves, similar results are obtained. 

11*8. Transverse Oscillations of an inextensible Chain hanging 
from one End. Let l be the length of the chain. Take the origin at the 
equilibrium position of the free end and the axis Ox vertically upwards. 

Neglecting the vertical motion the tension at the point x 

( x, y) is T = gpx, where p is the line density supposed 
uniform. The equation of motion of an element 8x at V 

M,, H*~*2 + {r2 + i(rS4 \ 


■»£(* 2)- 


To find the normal modes assume that yoce tnt , so that > 

£(* 2 ) +k2/=o . (2) ’ _ 

where k = n 2 jg. O V 

If we now substitute y= 2 c r x T m (2), it is easy to obtain the relation 
o 

between successive coefficients in the series and shew that (2) has a 

solution f, , xH 1 K*X* , \ 

y-c,|l + (3!)a + "J . 

subject to the condition that y = 0 when x = l. 

We may also transform (2) by the substitution x=\gz l * 9 giving 

z+'.z**- .<«. 


Lamb’s Dynamical Theory of Sound, 1910, § 31. 








11*9 VIBRATIONS OF A MEMBRANE 

which is Bessel’s Equation of order zero and it has a solution 




(^ n % z % t n 4 z 4 \ 
2* 2 a . 4 s ' / 
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.( 5 ) 


identical with (3). The series in brackets is denoted by J 0 (nz), i.e. Bessel’s 
Function of order zero. Hence when we introduce the time factor we 
have / / \ 

y=c 0 J t \2n ?j cos (nt+t) .(6) 

subject to the condition that y = 0 when x = Z, so that possible values of n 
are given by the equation 


'( 2 n \/ g )~ 0 


•(7). 


11*9. Transverse Vibrations of a Stretched Membrane. 

We shall suppose the membrane to be perfectly flexible and of 
uniform material and thickness and so stretched that the tension 
at every point is the same in every direction and constant through¬ 
out the motion. If T x denote this tension, then, as in Hydro¬ 
statics , Art. 101, there is a normal force on an element of area 
dS surrounding a point P equal to 


r Hv)> 


where p, p are the principal radii of curvature of the surface at P. 
If x } y, z are the coordinates of this point in the displaced position, 
the xy plane coinciding with the equilibrium position, and the 
displacement is such that squares of dzjdx and dzjdy can be 
neglected, we have j j g 2z $ 2 Z 

p + p’ = dx 2 + dy 2 ' 

Hence if m is the mass of unit area 


5%,(, , 0 /3 2 z 3^ 

m di2 dS - T x dS ^2 + dy2 j 


or 


8 2 z 

dt 2 


~c*r- 

\3a; 2 


3 2 z 3 2 z\ 

+ ; 


8 2/7 


•( 1 ), 


where c z =T 1 jm. 

When the membrane is circular it is convenient to change x, y 
into polar coordinates and the equation becomes 

d*Z 

St 2 




•(2). 


which is the form suitable for a drum head. 
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The hypothesis zoce ipt reduces the equations to the form 



d 2 z d 2 z p 2 

ax 2+ aj/ 2+ c 2 2-0 . 

.(3), 

and 

d 2 z 1 dz p 2 _ 

dr 2 + rdr + c iZ °. 

.(*)■ 


If the membrane be rectangular and bounded by the axes and 
x = a,y = b, a particular integral is clearly 


. rmrx . mru 

z = Bin - sin , cos pt , 

a b 

where p 2 =cV 2 ~ j, 

and m and n are integers ; and the general solution is 

S S • m7TX • U7T V , A • 

2 = S 2! sin — sm (^4 m „ cos pt 4- ^ „ smpJ)- 

/« —1 n—1 ® b 

The solution of (4) involves the use of Bessel’s Functions. 


EXAMPLES 

1. Show that, if a string is of infinite length and the disturbance at time 

t = 0 is given by , = *(*) and r, = 6(x), 

then v = J { x (r + cl) + x (* - «)} + 2 C 6 ( 2 ) dz • 

Prove further, tliat if the initial disturbance is confined to a finite portion 
between the points x = ± a and be such that rj = 0 and 77 = 6 (a:), then, for any 
time t greater than a/c, there will be a portion of length 2 ct — 2 a which will 

1 f a 

be straight and parallel to the axis of x and at a distance I 0(z)dz 
from it. (Coll. Exam. 1908.) 

2. A stretched string is drawn aside at n — 1 points and let go from rest. 

Shew that generally the string consists of 2 n — 1 straight portions; and in 
the case where the two points of trisection are drawn aside equal distances 
in the same direction, draw the shape of the string after three intervals 
each one-twelfth of a complete oscillation. (M.T. 1896.) 

3. A uniform string is stretched between two points. Shew that if the 
middle point is plucked aside* it will move to and fro with a constant 
velocity, and describe the motion of any other point of the string. 

(M.T. 1916.) 

4. A uniform stretched string of length l, density p and tension a 2 p is 
initially at rest and the displacement of any point at a distance x from one 
end is (l — x) where c is small, so that the curvature is constant and equal 
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to e. Prove that at any subsequent time t less than 1/2a it consists of an arc 
of constant curvature c and length l — 2 at and two straight pieces, which 
are tangents at the ends of the arc. (Coll. Exam.) 


5. A uniform string whose length is 21 and mass 2 Im is stretched at 
tension T between two fixed points, the middle point of the string being 
displaced a small distance 6 perpendicular to the string and then released, 
shew that the subsequent motion of the string, referred to axes through its 
middle point, along and perpendicular to the string, is given by the 
equation g b r ^° 1 


86 %® 1 (2r-£\)irx (2r+l)irct 

'■ Bo (2r+Tj* 008 —B —' ooa —W~ ’ 


where c is given by the equation me 2 = T. 


(M.T. 1900.) 


6. A string of length l + V is stretched with tension P between two fixed 
points. The length l has mass m per unit of length, the length V has mass m 7 
per unit of length. Prove that the possible periods t of transverse vibration 
are given by the equation 


, (2ttI / m \ 

^(rV?) , 

, /2r tV /m'\ 

tan ( rs/p) 



(Coll. Exam. 1898.) 


7. If a slightly elastic string is stretched between two fixed points and 
motion is started by drawing aside through a distance 6 a point on the 
string distant one-fifth of the length l of the string from one end, the 
displacement at any instant will be given by the equation 


256 


£ 

«—i \n‘ 

Find the energy of the vibrating string 


y= ™. 


. mt . KlTTX 

2 sin — sin —cos 
1 o t 


nnct\ 

i r 

(Coll. Exam. 1895.) 


8. A stretched string of length l has one end fixed and the other attached 
to a massless ring free to slide on a smooth rod. If the ring is displaced a 
small distance 6 from the position of equilibrium and the system start from 
rest, shew that the displacement at time t of any point of the string at 
distance x from the fixed end is 


(-1)‘ ■ (2*+l)* x (2.+ 1 )vet 

ir a t(28+ 1 )* 21 21 

where c is the velocity of transverse vibrations. 

Shew that, if c t < l, the shape of the string is given by 
y = bxjl from x = 0 to l — ct, 

y = 6 (l — ct)/l beyond. (Trinity Coll. 1905.) 


9. One end of a string of length l is fixed at A and the other end is 
fastened to the end B of a rod BC of length 6 which can turn freely about C. 
Shew that the period of a principal transverse oscillation is 2 rr/cf, where 
f is a root of the equation 

Aff 2 /3 /> -l/6 = fcotZf, 

p being the line density of the string, M the mass of the rod, and c the wave 
velocity for the given tension. (M.T. 1899.) 
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10. If a stretched string be acted on at two points equidistant from the 
two ends by equal transverse forces Y, prove that the modes of vibration 
of even order are not excited and the modes of odd order are excited in the 
same way as if a single force 2Y had acted at one of the points. 

(M.T. 1895.) 

11. A string is stretched between two given points and a given point of 
the string is (1) drawn aside and then let go, (2) struck by a sharp point; 
shew that the relative intensity of any upper partial tone to the funda¬ 
mental tone is greater in the second case than in the first. (M.T. 1897.) 


12. A stretched cord is held displaced from the natural straight position 
at a number of points, so that it assumes the form of a series of straight 
lines: shew that when it is let go, the form assumed at each instant in the 
ensuing transverse vibration will be a series of straight lines. 

In the particular case when the two points of trisection of the cord are 
held displaced transversely by equal amounts, compute the ratios in which 
the harmonics of the fundamental enter into the tone of the note emitted 
by the cord when released. (St John’s Coll. 1896.) 


13. A string of length 2a is fixed at the two ends. The left-hand half of 
the string is of uniform density p per unit length, and the right-hand half 
of density p'. Find an equation whose roots are the frequencies of the 
normal modes of vibration of the string, and shew that if m 2 p' — n 2 p, 
where m and n are integers having no common factor, then the frequencies 
may be put in the form //T\ 

2 a V \ p) 


+ v,. 


where v s may take n+wi values. 


N = 0, 1,2, 3,..., 

(M.T. 1933.) 


14. A uniformly stretched string, of which the extremities are fixed, 
starts from rest in the form y — A sin , where m is an integer and l the 

distance between the fixed extremities. Prove that, if the resistance of the 
air be taken into account and be assumed to be 2k times the momentum 
per unit length, the displacement after any time t is 


a ht( „ . k . . mirx 

y = Ae~ Kt cos mt -f- - , sm mt sm - 
9 \ m ) l 


where m' 2 = - k 2 and c is the velocity of waves of transverse 

vibration. (Coll. Exam.) 


15. A uniform string of length 2 (l + l') and line density p is stretched 
between two fixed points; a length 21' in the middle is uniformly wrapped 
with wire so that its line density becomes p'. Prove that, if the tension 
T = c 2 p = c' 2 p\ the periods of the notes which can be sounded are 2 njp 9 
where p satisfies either of the equations 

c' tan (pl'/c') -f c tan (pl/c) = 0 and tan (pl'/c') tan (pl/c) = c'/c. 

(Coll. Exam. 1901.) 


16. If a stretched string be held at its middle point, drawn aside at a 
point of quadrisection, and released from rest, prove that in the ensuing 
vibration the energy in the harmonic of order r is proportional to 

r- 2 sin* (r,r/4) sin 4 (rtr/8). (St John’s Coll. 1908.) 
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17. Find the periods of the normal modes of vibration of a tense string 
fixed at the ends. Prove that the period of the gravest mode is almost 
exactly nine-tenths of that of a simple pendulum whose length is equal to 
the sag in the middle (due to gravity) if the string be horizontal. 

If the string consist of two portions of lengths a l$ a t9 and different den¬ 
sities pi> pt> prove that the periods (2 n/p) are determined by the equation 
Ajj cot fcjdj cpt 1c ^ci ^ = Of 

provided ^i*=PVi I t > 

T being the tension. 

Examine the case of p t = 0, and explain how the resulting period-equa¬ 
tion may be solved graphically. (M.T. 1911.) 

18. A uniform extensible string is stretched, at tension T, between two 

points A and B, distance l apart; and the wave velocity for small transverse 
vibrations is a. At the middle point a particle of mass m is attached. The 
ends A and B are given small inexorable transverse vibrations, the dis¬ 
placement of each at any time being k sin mat . Find the corresponding 
forced motion of the particle. (Trinity Coll. 1898.) 

19. The ends of a stretched uniform string, of length A, are attached to 
small rings without mass which can slide on two parallel rods at right 
angles to the string. The middle point of the string is acted on by the 
transverse force F sinpA. Prove that the forced vibration at a distance £ 
from either end is given by 

cF pi p£ . 
y= -2pT C0ae0 2c e03 c Smpt ’ 

where c is the wave velocity and T is the tension. (Trinity Coll. 1902.) 

20. Two uniform strings are attached together and stretched in a 
straight line between two fixed points with tension T and carry a particle 
of mass M attached at the point of junction. Their line-densities are p and 
p ' and their lengths l and l'. Shew that, if T = c 2 p = c' 2 p\ the periods 
27r/n of transverse vibration are given by 

Mn = cp cot ^ + c f p' cot ^ . (Coll. Exam. 1905.) 

c c 

21. An infinitely long tense string has a mass M attached to it at one 

point. The string being initially straight and at rest, a transverse impulse P 
is given to M. Find the form of the string at any subsequent instant, and 
prove that the ultimate displacement of M is P/2pc, where p is the line 
density and c the velocity of transverse waves. (M.T. 1922.) 

22. A transverse force y sin pt acts at the point of j unction of two strings 
of different mass per unit length which are joined at this point and 
stretched between two points at distance l apart, the lengths of the 
strings being b and l — 6. Prove that, if and c t be the velocities of trans¬ 
verse waves in the two strings, the displacement of the point of junction of 
the strings at the time t is 

•y sin pt J , 

where T is the tension. (Trinity Coll. 1896.) 



330 


EXAMPLES 


23. A long stretched string has a portion (of length l) in the centre 

whose density is p}p t the density of the rest of the string being p. A train 
of simple harmonic waves approaches this portion from one end; prove 
that the energy in the reflected wave is to the energy in the transmitted 
wave in the ratio (/t « -1) sin« 0 : V, 

where 0=2 ttZ/A, the wave-length in the central part being equal to A. 

Shew also that the sum of these energies is equal to the energy in the 
incident wave. (St John’s Coll. 1914.) 

24. If the density of a stretched string be m/a;*, where x is measured 

from a point in the line of prolongation of the string, the ends of the string 
being x — = shew that the frequency equation is 

4p*/c*= l + {2mr/(loglJl 1 )} 2 f 

where c* = T/m and T is the tension in equilibrium, the vibrations being 
transversal. (M.T. 1905.) 

25. If a string of length l and tension T 0 stretched between two fixed 
points be not uniform but of line density pj( 1 + kx ) 2 9 where x is the distance 
from one end, shew that the transverse vibrations are of period 2 ir/n when 

V 4n 2 — #c*c a log (1 + kI) = 2icKTT, 

where c 2 = TJp 0 and i is a positive integer. Examine the case of i = 0. 

(Coll. Exam. 1898.) 


26. A tight string of length l hangs in the catenary y = c cosh x/c, under 
the action of gravity, from two points, distant l apart, in the same hori¬ 
zontal line. If gravity be supposed suddenly to cease to act, prove that 
after a time t the form of the string will be given by the equation 

rntVcg , l 

cos-=—- -fccosh^, 

l zc 

(Coll. Exam. 1898.) 


4 cl 2 


cosh 


sin 2 \r-n 
r«*+r«cV 8 
c being very large compared with L 


m 


■(H) 


27. A particle of mass M is suspended by a string whose mass is m. 
Shew that if the particle be slightly displaced in a vertical direction the 

periods of the vibration are the values of — * where z is given by the 

equation ztanz = ^; l being the natural length and A the modulus of 
elasticity of the string. (M.T. 1899.) 


28. Investigate the free transverse vibrations of a tense string, taking 
account of the lateral yielding of the supports. Assume that each support 
has inertia M, and is urged towards its equilibrium position by a force 
equal to Mn 2 times the displacement. Taking the case of the symmetrical 
displacements prove that the periods (2 tt/p) are given by the equation 

* tan *= 2 ^( ! 5 ! - 4 4 

where m is the total mass of the string, l is the length, c is the wave velocity, 
and x=pl/2c. 
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Shew how to solve this equation graphically, and find approximately 
the change of frequency of the gravest mode due to the yielding, on the as¬ 
sumption that riljc is relatively negligible and Mjm is large. (M.T. 1923.) 

29. A very long uniform flexible string is stretched in a straight line, 
the tension being T, and the line density m. A portion of the string of 
length Z, far from the ends, receives a small transverse displacement, and is 
released from rest. Describe the ensuing motion, and find an expression 
for the displacement at any point of the string at any subsequent time, the 
given displacement being denoted by/ (x), where 0 <x<l. Shew that the 
ratio of the kinetic energy to the potential energy of the string changes in 
time (m/T)b from 0 to 1, and afterwards remains equal to 1. 

A bead of mass M is fastened to the string at a point x = 0, and a train of 

waves in which the displacement is A sin ~ (x — ct) advances towards the 

A 

bead. Shew that after passing the bead the energy per unit length of the 
waves is diminished in the ratio 

1:1 + (Mn/Xm) 2 ; 

and find the change of phase on passing the bead. (M.T. 1910.) 

30. A uniform string of great length and of line density Tc~ 2 has one end 
fixed, carries a mass M at a distance a from the fixed end, and is stretched 
with tension T. A train of transverse waves of period 2^1 p is coming along 
the string and is being reflected; prove that the change of phase that 
accompanies the reflection at M is 

2 tan- 1 - cot P “J . (St John’s Coll. 1906.) 

31. A uniform string is of indefinite length, stretching from x = — oo to 

x = 0, and is at tension T; at its end (x = 0) it is tied to two strings of similar 
make to the first, each at tension \ T, whicli stretch from x = 0 to x~ + oo 
nearly parallel to each other. A harmonic train of waves of transverse 
vibrations perpendicular to the plane of the string, is continually ad¬ 
vancing on the first string along the axis of x towards the junction; its 
amplitude is k . Prove that the amplitude of the transmitted trains and 
that of the reflected train are 2(y'2—1 )k and (\/2 — l) 2 & respectively, 
where the mass of the knot is neglected. (Trinity Coll. 1908.) 


32. If a stretched elastic string is of great length and its end A is 
fastened to one end of an elastic string of different material, whose other 
end B is fixed, shew that if a train of longitudinal waves of period 2n/p 
advances upon A, the reflected train is of equal amplitude. Shew also 
that each portion of the string forms stationary waves, the amplitudes of 

7}l 

the waves in A B and in the rest of the string being in the ratio sin a: sin ™, 

where m', c' are the line mass and wave velocity for the portion AB 9 m,c 
are the corresponding quantities for the rest of the string, l is the length 


AB and 




me , pi 
tan— 


/TUT T 1 QHft \ 



332 


EXAMPLES 


33. Longitudinal waves come from infinity along the string (0), are 
transmitted through a string of length l and proceed to infinity along the 
string (1), shew that the amplitude is lessened in the ratio 

:2t 

where n/2n is the frequency. (St John’s Coll. 1895.) 

34. A stretched string, infinite in both directions, is of density p , when 
undisturbed, and has attached to it a single particle of mass m. The 
velocity of waves of longitudinal displacement in the string is c. An 
infinite harmonic train of such waves, such that the period of the dis¬ 
placement of each point of the string is 2n/p t impinges on the particle. 
Prove that the train is partly transmitted and partly reflected: that the 
energies per wave length of the incident, the reflected and transmitted 
trains are as m 2 p 2 + 4p a c a to m 2 p 2 to 4 P 2 c *; and that the change of phase of 

the transmitted train is tan “' 1 g“ • (Trinity Coll. 1897.) 

35. A stretched string is in equilibrium with its ends fixed; shew that, 
on being slightly disturbed from its position of equilibrium, the potential 
energy of deformation per unit length of stretched string is 

where m is the equilibrium line mass, and a, b the longitudinal and trans¬ 
verse wave velocities. Deduce the equations of vibration. (M.T. 1906.) 


30. A uniform extensible string is stretched with its ends fixed and 
simultaneously executes in a plane free longitudinal motions, which are not 
necessarily small, and transverse vibrations which are small. The co¬ 
ordinates of any point in the string when undisturbed are (£, 0) and at the 
time t (f + z, y), prove that d 2 z T x + \ d 2 z 

d 2 y_T 1 d 2 y.Xd [dydz/( dz\\ 
to* ~ Pl ee + Pl eg \di \ l + dg)f 9 

where T lf Pl are the undisturbed tension and line density, A is the co¬ 


efficient of elasticity and y, ~ are assumed to be always small. 

(Trinity Coll. 1903.) 


37. A uniform rod of mass M is freely pivoted at its mid-point, and its 
ends are fastened to the mid-points of two stretched strings, one elastic, the 
other inextensible. There is equilibrium when the rod is vertical, and the 
strings are straight, horizontal and perpendicular to one another. Shew 
that the period 27 rjp of a small oscillation of the system satisfies the 


equation 


\Mp =~ cot f *+^ oot | V > 


where T, 21, 21T/cl 2 , are the tension, length and mass of the inextensible 


string, and E , 2V, 2 VE/fP, the modulus, equilibrium length and mass of the 
other. (St John’s Coll. 1903.) 
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38. A uniform extensible string has its two ends fixed, and is stretched 
when in equilibrium to a length + At a distance l x from one end a ring 
of mass m is attached, which can Slide on a smooth fixed rod making an 
angle a with the undisturbed string which is straight. Prove that the 
periods 2 ir/p of small oscillations of the system are given by 

mp=pb cos 1 a (cot pljb 4- cot pljb) + pa sin* a (cot plja +cot pi ,/a ); 
where p is the density per unit length and a and b are respectively the wave 
velocities of transverse and longitudinal disturbances of the string as thus 
stretched. (Trinity Coll. 1899.) 

39. If a membrane be a rectangle of edges a and 6 shew that 

. . . . rrnrx . mty 

z = A smptBin 

is a possible form of stationary vibrations, where 



the origin being at a comer, and c being the velocity of propagation of a 
rectilinear disturbance across the membrane. If 6=a/y% shew that there 
are two such modes of vibration of period r/\/ll f r being the period of 
vibration. (Univ. of London, 1911.) 

40. If a stretched membrane be of the shape of a sector of a circle of 
angle 72°, shew how to calculate its natural tones. 

(Univ. of London, 1907.) 



CHAPTER XII 


SOUND WAVES 

12* 1. A few simple appeals to experience shew that sound is 
transmitted by waves in the atmosphere. If a bell is rung under 
the receiver of an air pump from which the air is gradually ex¬ 
hausted the sound becomes fainter and soon ceases to affect the 
organs of the ear; shewing that atmospheric communication is 
necessary between the ear and the disturbance that causes the 
sound. We infer that sound is accompanied by the motion of the 
intervening medium from the fact that a musical note sounded 
on any instrument may produce a vibration, in unison with it* 
in another body not in contact with it. That the motions of the 
medium are small is evident from the fact that sound will travel 
through a dust-laden atmosphere without perceptible motion of 
the dust. 

In this chapter we shall consider the propagation of waves in 
an elastic fluid, confining our attention for the most part to plane 
waves. 

12* 11. General equations. In considering the propagation 
of sound waves we shall regard the velocities of the elements of 
fluid as so small that their squares may be neglected. In the 
kinetic theory of gases, a mass of gas is regarded as composed of a 
large number of separate molecules moving in different directions 
with velocities which undergo frequent changes owing to the 
collisions of the molecules; but the hypothesis that we now make 
about the magnitude of the velocity of a fluid element in wave 
propagation does not contravene this conception of a gas, because 
what we take to be the velocity of a fluid element in a given direc¬ 
tion is the average velocity in that direction of the molecules com¬ 
posing the element; and there is nothing in the molecular 
hypothesis to prevent this average velocity from being small, 
since molecules may move in opposite directions. 

Neglecting friction, the motion being due to natural causes 
must be irrotational, so that the pressure equation is 


(i). 
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If p 0 denotes the equilibrium density of a mass of fluid which is 
compressed until its density becomes 

P=Po(l + 8 )> 

8 is called the condensation . 

When the condensation 8 and the velocities u, v , w are small, 
the equation of continuity 

dp dpu dpv dpw 


becomes 


or 


8t + dx + dy + 02 _0 
0« du dv dw 
dt + dx + dy + 02 ~ ’ 

. 


.( 2 ). 


Again, if p=p 0 + dp denotes the pressure when the density is 
p, p 0 being the equilibrium pressure, and if we neglect q 2 and all 
impressed forces, (1) may be written 

.(3). 

Po M 

But if we assume that p is a function of p we have 
*P=P-Po=(^) o (p-Po) + - 
= Po s first power of s, 

or Sp = c 2 p Q s, where c 2 ~(dp/dp) 0 .(4). 

Hence (3) becomes c 2 s = ^- .(5); 

and by eliminating 8 between (2) and (4) we get 

= .( 6 ). 


12* 12. The simplest case is that in which the wave fronts are 
planes. If we take the x axis perpendicular to the wave fronts the 
last equation reduces to 


0U 0^ 

0* a dx 2 


•(7), 


the solution of which is 

<f>=f (x-ct) + F (x+ct) .(8), 


representing the propagation of independent waves in the positive 
and negative directions with the same velocity c. 
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12*13. The Velocity of Sound. The quantity c of 12*12 
which represents the velocity of propagation of sound waves, 
within the limits of the approximations which led to (6), is clearly 
independent of the form of the waves. It was defined in 12* 11 by 
the relation c 2 = (dp/dp ) 0 ; and it is possible to calculate a numerical 
value when the relation connecting p and p is known. Newton 
adopted Boyle’s Law p = as the basis of his investigation. 
This makes c = — V(PolPo) = 279-945 metres per second at 0° C., 
falling short of the result of observation by about one-sixth part*. 
The discrepancy is due to the fact that Boyle’s Law requires the 
compressions and rarefactions to take place isothermally, whereas 
it is a matter of observation that the compression of a gas is 
always accompanied by a rise in temperature. The hypothesis 
that the vibrations are so rapid that there is no time for a gain or 
loss of quantity of heat, i.e. that the relation between p and p is 
the adiabatic one p = leads to a result more in accordance 
with observation. This makes 

c 2 = (dpldp) 0 = yp 0 lp 0 .(1), 

and if we take y = 1-41, we get c = 332 metres per second at 0° C., 
which agrees with the result of experiment. 


12*14. Plane Waves. Instead of using the velocity potential 
we may obtain the equation for plane waves directly in terms of 
the displacement £ of a layer of particles whose abscissa is x when 
undisturbed. Thus the stratum which in equilibrium is of density 
p 0 between the planes x and x + Sx becomes at time t a stratum of 

density p between the planes and x + 8a; + £ + ~ 8x , so that, 

from constancy of mass, 

p 0 hx*=p 

” .«■ 

The equation of motion of unit area of this stratum is 

01 . (2) - 



* Rayleigh, Theory of Sound, n, p. 19. 


t Hydrostatics, Art. 94. 
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But 


V. 

Vo' 


■•a 


-<sr-( 

hence (2) becomes | = y — E-f ( 

Po Sx2 \ 


from (1); 


-ir 


.(3). 


This is an exact equation giving £ in terms of s and t \ but from (1) 
we note that dg/dx= — so that if we take the last factor in (3) 
to be unity and use 12* 13 (1) we get an equation 


£‘ = c 2 


02 | 

dx 2 ' 


(4) 


which is correct to the same order of smallness as the equation 
12*12 (7), and its solution (10*2) is 

(ct-x) + F (ct + x) .(5). 


12*2. Energy. In a plane progressive wave the energy is half 
kinetic and half potential. 


The kinetic energy is 



( 1 ) 


integrated over the space occupied by the disturbed air when in its 
equilibrium state. 

The potential energy of an element is the work stored up in 
compression, or the work that it would do in expanding from its 
compressed to its equilibrium state. Consider an element which 
in the equilibrium state has volume dv 0 and density p 0 and in the 
compressed state has density p = p 0 (l-fs) and therefore volume 
dv = dv 0 l(l + s). Let this element expand from the compressed 
state. At any stage of the expansion the volume dv f = dvj( 1 -f s'), 
where s' is the condensation, and an infinitesimal increment in 
this volume is 

8 <"»- 


The effective part of the pressure at this stage is 8 p = c 2 p 0 s' 
( 12 - 11 ); therefore the work done in this small expansion is 


- c 2 p 0 dv 0 


s'Bs' 

(1HM') 2 “ 


And as the condensation decreases from s to 0 the work done by 
the element dv 0 ro 8 *^ 

= -cVo^oJ g ( 1+V)2 

= hp Q c 2 s 2 dv Q to the second order of s. 
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Hence the potential energy of the whole mass of gas is 

.( 2 )> 


the integration extending over the space occupied by the dis¬ 
turbed air when in its equilibrium state. 

For a plane progressive wave 

f =/ (d-x) 

so that g = cf' (ct — x)= -c~^ = cs , 12* 14 (1), 

and by comparing (1) and (2) it follows that the kinetic and 
potential energies are equal. 

12*21. Intensity of Sound. The rate at which energy is 
transmitted across unit area of a plane parallel to the front of a 
progressive wave may be taken as a measure of the intensity of 
the radiation. 

If W is the energy transmitted in time t then 

^=2>£==tPo + s 2>)£ 

For a simple harmonic wave 

£=A cob^ (x — ct) .(1), 

where A is the wave length and c, the wave velocity, is the same 
for all wave lengths. And from 12*11 (4) and 12*14 (1) 

S p=p 0 c 2 s= -P* c dx ' 

Therefore 

dW \ 2n . 2 tT ) . 277C .27T 

df = \Po+Po cA A s,n A sill A ( x-ct) 

= lp 0 A 2 c 3 + periodic terms.(2). 

This is the required measure of the intensity, and by integration 
the energy transmitted in any given time is found; and for any 
number of periods or for any interval of time so long that a 
fraction of a period is negligible we have 

W t A9 J2n\ 2 
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This represents the average intensity and it may also be expressed 
in the form ut /&—\ 2 

.w. 

where T is the period Xjc and is the maximum displacement. 
Again, since 


27 tA +2ir 

*--5- 


the maximum condensation 8 X = 2nA /A, and the average intensity 
may also be written jir 

7 = iPo»A’ .(5). 


Though these formulae for the rate of transmission of energy 
across a unit of area of the wave front have been obtained for 
plane waves of harmonic type, they will also hold good for all 
harmonic waves at a sufficient distance from the disturbing 
source. 

We note that if the wave be given by a velocity potential 
<f> = A cos ~ (x — ct) 

the foregoing formula (3) needs slight modification, for since 

dx' 

A 2n 

therefore £ = — cos ^ (x — ct) .(6), 

but formulae (4) and (5) are unaltered. 


12"3. Exact Equation and its solution. Change of type. We may 

obtain the differential equation which gives the actual position of a layer 
at time t in terms of t and the equilibrium position x, by writing y = x + ( 
in 12*14 (3) which takes the form 






dx* \dx) 

To solve this equation let ^ =/ ; 

«, mr „ re »-v©a-i-©}*s. 


,(i). 


and by comparing this equation with (1) we get 


so that 


ey 

dt 




( 2 ). 


22-2 
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Again for a progressive wave with no translation of the medium as a 
whole dy/dt = 0 when p = p 0 , that is when dy/dx = I; therefore 

A=?2c/(y-l), 


and 


.<»• 


The complete integral of this differential equation is of the form 

y = oix+ fit+C, 

provided the constants oc, p are chosen so as to satisfy (3), that is provided 

B=+ 2c ,{l-«!«-»)}. 
y — 1 

Hence the complete integral is 

y = ax + ~ jfl-aid-v^+C . 

and the general integral is the result of eliminating a between 

y = oix + {1 - a* <*-*>} t + 4> (a)] 

and 0 = a: + ca“i (1+ y ) / + ^'(a) J 

where <j> is an arbitrary function. 

Taking the upper sign, if u denote the velocity y, we have 

«=- 2 ?{l-cci<*-*>}, 

y-l 

and, eliminating x from (5), 


•W, 


•( 6 ), 


y= -— t {2 — (y+ 1) ai <‘-v)} + ^(a)-af (a), 

y “" 1 

so that y — {c + i(y+ l)u}t = <f>(oL) — <x<l> / (cc). 


Henco y — {c + J (y 4- 1) w} t is an arbitrary function of a and therefore of u, 
and conversely u is an arbitrary function of y — {c 4- J (y 4* 1) u} t, and we 


may write 


u=f[y-{c+\ (/+!)«}<] 


( 6 ), 


where f is an arbitrary function. 

This equation was given by Poisson for the special case y= 1*. The 
equation shews that a progressive wave in air cannot be propagated with¬ 
out change of type. A relation u=f (y — ct) would represent the propaga¬ 
tion of u with uniform velocity c, and relation (0) shews that if we draw 
a curve whose ordinate represents the value of u corresponding to the 
abscissa y at any instant, then the form of the curve at time t later is got 
by moving each point of the original curve a distance {c + £(y+ l)w}$ in 
the direction of propagation, and as this is a different quantity for the 
different points of the curve it follows that the curve is continually 
changing shape and a discontinuity will occur as soon as the velocity 
curve has a vertical tangent, after which we cannot infer that the integral 
has a real application. 


* Journal de Tficole Poly technique, vn, p. 319. 
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12*31. Condition for permanence of type. To find the condition 
that a train of plane waves may be propagated unchanged in type, we 
impose on the whole mass of air a velocity equal and opposite to that of 
propagation so that if the wave form is permanent it becomes stationary 
in space and the motion becomes steady. 

If u 0 ,p 0 , p 0 denote the velocity, pressure and density in the undisturbed 
state of the fluid and u, p, p are the corresponding quantities at a point in 
the wave, the equation of continuity is 


and the pressure equation 

pM = p 0 «o . 

IS 

.(i). 


i 

i 

i 

II 

$l' 

8^ 

.(2). 


J Po P 


If we eliminate u we get J 

P ~ = i u o‘( 1 -po i lp t ) . 

Po P 

.(3): 

so that 

$-«.w . 

.(4), 

or 

p - const. — Vpo7f> . 

.(5). 


This relation must exist between pressure and density in order that the 
wave may maintain itself. As this relation between the pressure and 
density of the atmosphere is an impossibility a train of waves cannot 
maintain itself unchanged in form. If however the variations in density 
are small, the condition is approximately satisfied by taking u 0 = \Z(dp/dp), 
and this hypothesis is the basis of our theory to the order of approximation 
to which it is carried. 

12*4. Vibrations in Tubes. Using £ to denote displacement 
the general solution for a plane wave is, as in 12*14, 

£=f(ct-x) + F (ct + x) .(1). 

If there be a, fixed barrier at the origin parallel to the wave fronts 
then | = 0 when x = 0 for all values of t\ therefore 

0 =f(ct) + F{ct), 

or F = — /; so that £ =/ (ct - x) —/ (ct + x) .(2). 

The first term may be regarded as a wave system approaching 
the origin from the left and the second term as the reflected 
system. The two have equal amplitudes, the velocity £ is reversed 
in the reflected system, but the condensation 8 (= — dijjdx) has its 
sign unchanged. 

Another type of boundary condition is the hypothesis of a 
surface of constant pressure, i.e. Sp = 0, but 8p = c 2 p 0 « (12*11), 
therefore 8 = 0, or dtj/dx^O. If this condition holds at the origin 
for all values of t we have 

-f'(ct) + F'(ct) = 0. 
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Hence / and F differ only by a constant which we may omit as 
it would merely imply a displacement of the whole mass; there¬ 


fore in this case 


£=/ (Ct-x)+f (ct + x) 


(3), 


and as before the first term may be taken to represent an incident 
train on the left of the origin and the second term the reflected 
train. The velocity £ is now reflected unchanged but the conden¬ 
sation s (= — d£/dx) has its sign reversed. 

The condition s = Ois realized approximately at the open end of 
a tube whose diameter is negligible compared to the wave length. 


12*41. Normal Modes for a uniform straight Tube. The 


equation to be solved is 


dt 2 3a; 2 


( 1 ) 


and as in 11 * 21 , to find the normal modes we assume that 
£oc cos (nt + c), so that £— — n 2 £, and the equation becomes 


dx » c** 


( 2 ), 


and the complete solution including the time factor is 

£ = (A cos nx/c + B sin nx/c) cos (nt + c) .(3), 

representing stationary waves, the corresponding progressive 
waves in free air being of length A = 277 -c/n. 

(1) Tube closed at both ends x = 0 and x = l. We have £ = 0 when 
x — 0 and x — l. Therefore 

^4=0 and sin nljc = 0. 

Hence nljc^mn, where m is an integer, gives the frequencies of 
the normal modes, and 


. ® D . rmrx 

£= I* B m sm— r -cos 
t 


( rmrct 



The frequency of the gravest tone is nj2ir or c/2Z; that is, the 
period 2l/c is twice the time taken for a pulse to travel the length 
of the tube. In any particular normal mode, say the rath, there is 
a series of nodes , or points for which £ = 0, at intervals Z/ra along 
the tube, and a series of loops or points of zero condensation 
(3£/3a;=0) half-way between the nodes. 


(2) Tube open at both ends . We have —dgldx — 8 = 0 when 
x=0 and x = l. Therefore 


B = 0 and sinwZ/c = 0, 







NORMAL MODES FOB A TUBE 


12*41 


. (2p+\)irX , 

8ln - 21 - 008 1 


so that the frequencies of the normal modes are the same as in 

the last case, and 

, ~ . mirx tmnct \ 

€ = COB -j- COS I-y- + € m \. 

The nodes and loops are distributed at the same distances asin the 
closed tube, but in the open tubei-he ends of the tube are loops. 

(3) Tube open at x=l and closed at x= 0. Now we have £ = 0 
when x=0, and — d£/dx = 0 when x=?l. Therefore 

A = 0 and cos nljc = 0. 

Hence nl/c = mir/2, where m is an odd integer, gives the frequencies 
of the normal modes, and 

£ v » • (2p+l)v* /(2p+l)irct t \ 

Z=Jto B2 » +lBm 21 - C08 \ W— +e ^J- 

The frequency of the gravest mode is now ra/27r or c/4 1, so that 
the period 4 l/c is in this case four times the time taken by a pulse 
to travel the length of the tube. In the ^th normal mode the 
nodes will be at distances 2l/(2p — 1) apart and there is of course 
a node at one end of the tube and a loop at the other. 

The period of the gravest mode in each of the foregoing cases 
may also be obtained from the considerations of 12*4 by con¬ 
sidering a pulse of condensation to start from a point P in the 
tube and travel towards the end A, if A is a closed end in the 
reflected wave the sign of s is unaltered and that of £ is reversed, 
and the same happens when the reflected wave reaches B , and 
after time 21/c the wave is passing P again under the same con¬ 
ditions as at first. A similar argument holds for a tube open at 
both ends. 

For a 'stopped tube i.e. a tube open at one end A and closed 
at the other B, under similar circumstances, at the reflections at 
A the sign of s is changed and 

that of £ is unchanged and at B [ p _(A 

the reflections at B the sign of 

8 is unchanged and that of £ reversed, so that it is not until after 
four reflections or an interval 4//c that the pulse passes through 
P again under exactly the same conditions as initially. 

Hence in every case the frequency of the gravest mode varies 
inversely as the length of the tube and for a stopped tube the 
gravest mode has half the frequency or is an octave lower than for 
an open or closed tube of the same length. 
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12*42. Since the velocity potential <f> satisfies (1) of 12*41 its 
value is also given by 

<f> = (A cos nx/c + B sin nx/c) cos (nt + e) 
with the conditions d<f>/dx =0 at a closed end of the tube and 
d<f>/dt =0 at an open end, since c 2 s = d<f>/dt. This method of course 
leads to the same results as are obtained in 12*41. 


12*43. Forced Vibrations in a Tube. Let a vibration of given 
frequency n/2v be maintained at one end of a straight tube. The motion 
may be due for example to the inexorable motion of a piston at the origin, 
so that £ = C cos (nt + c) when x = 0. Taking the solution 
£ = (A cos nx/c 4- B sin nx/c) cos (nt + c) 
we must have A = C f and if the tube be closed at x = l, 

0 = C cos nl/c 4- B sin nl/c, 

so that £=G - - - yr— cos (nt -f c) .(1). 

s mnlfc 

But if the tube be open at x = l so that d£/dx = 0 at this end, then 
0 = — C sin nl/c 4- B cos nl/c, 

and cosn(i-*)/c . 

* cos nl/c v ' 

In the first case the amplitude of the displacements is a minimum if 
sin nl/c— ± 1, i.e. if l is an odd multiple of nc/2n or £A, and as, in this case, 
x = l is a closed end this makes x = 0 a loop. If l is an even multiple of £A, 
the amplitude appears to be infinite, but the origin would have to be a node 
which is precluded by the conditions of the forced motion at the origin. 

In the second case, in like manner, if l is an odd multiple of 7rc/2n or £A, 
the amplitude according to (2) is infinite, but if x = l were really a loop the 
origin in this case would have to be a node and so the solution again fails. 

In cases in which sin nZ/c or cos nl/c is small the amplitude will be large, 
and if the tube contains a little fine sand, or lycopodium powder the posi¬ 
tions of the nodeswill be rendered visible. This method was used by Kundt* 
in experiments for comparing the velocity of sound in different gases. 


12*44. Piston controlled by a Spring. As another example let us 
find the frequency equation when the end x = Z of the tube is closed and, 
at the end x = 0, there is a piston of mass M controlled by a spring of 
strength /x. 

Assuming that £<xe int , equation (1) of 12*41 takes the form 


and has a solution 


«-(■ 


•S + -..o 

dx* + c* * 


A nx , „ . nx\ 
A cos + B sm ) 
c c) 


..(i) 

( 2 ). 


At x = Z we havo £ = 0, so that 


. nl , „ . nl . 
A cos +Bsin - =0, 
c c 


* Pogg. Ann. cxxxv, 1868, p. 337. See also Rayleigh’s Theory of Sound , n, 
Art. 260. 
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and (2) may be written S—C sin -. 1*) e inl . 

c 

For the motion of the piston, supposed to be of unit area 
M( + /xf = —Bp= — c 2 ps = c 2 /> ^ at x=0. 

Therefore (/x — Mn*) C sin — = — c 2 pC - cos —, 

C / c c 

and the frequency is given by 

tan «*/c= s S^- M .(3). 

12*45. Sound Waves in a Branching Pipe. A solution may be 
obtained by assuming expressions of the form 

(E cos nx/c+Fain nx/c)e lflt 

for the velocity potential in each branch A, B, C and determining the 
constants so as to satisfy the conditions at the junction O, viz. 

(i) the pressure at O must be 
the same in each branch, i.e. d<f>/dt 
has the same value at O for each 
branch; 

(ii) velocity x cross section in 
A = sum of velocity x cross sec¬ 
tion in B and C. 

These conditions together w ith the conditions obtained from data as to 
whether the ends of tho pipe are open or closed will suffice to give the ratios 
of the constants and an equation for the frequency. 

12-5. Reflection and Refraction of Plane Waves. When a 
train of plane waves reaches the surface of separation of two 
distinct media, there is a reflected and a transmitted train of 
waves. Let the plane yz separate the two media and let the wave 
fronts be oblique to this plane, the z axis being taken parallel to 
the line of intersection of the wave fronts with the yz plane. 

Let the x axis be drawn into the first medium and suppose 
c, c x to be the velocities of sound in the two media. 

The equations for the velocity potentials in the two media are 



*** ,/0V.3V\ 

0< 2 Xdx'-dy*} . 

.(i), 

and 

dt~ cs . 

.(2), 

for the first; and 

dt* 1 \ dx* + d~y* / . 

.(3), 

and 

dt ClSl . 

.(4), 

for the second. 
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The special conditions to be satisfied at the boundary x=0 are 

(i) continuity of velocity normal to the boundary, i.e. 

d<f>/dx = dcfrjdx .(5); 

(ii) continuity of pressure, i.e. 8jp = 8p 1 , if these denote the 
small increments of pressure due to the wave motion. 

But 8 p = c 2 p8 and Spi = (12*11), where p, p x are the 

equilibrium densities of the two media; hence from (2) and (4) we 

must have P d<f>/dt= Pl d<f> 1 ldt when * = 0 .(6). 

To represent waves of harmonic type we take for the incident 

^ ram <£ = Ae* .(7 

so that ax + by = const, gives the direction of the wave fronts. 

We may then assume that the reflected and refracted trains 
are represented by ^ __ (a'x+by+ajo 

and <j> x = A ^ix+by+wo .(9). 


The coefficient of t must be the same in all because all the 
waves must have the same period, and the coefficient of y must 
be the same because an incident, reflected and refracted wave 
front will all have the same trace on the yz plane. 

The velocity potential of the whole motion in the first medium 
is $ + </>' and by substituting the values from (7) and (8) in (1) and 
observing that the result must be true for all values of x, y and t 

we g et = c 2 (a 2 + 6 2 ) = c 2 (o' 2 + 6 2 ) .(10); 

and in like manner from (3) and (9) 


w2 = Ci 2( ai 2 + 6 2).(11). 

It follows that a' 2 = a 2 , and we take a' = — a for a reflected wave 
so that the reflected and incident waves are equally inclined to 
the surface of separation. 

Again if 0, 9 1 are the angles that the normals to the incident 
and refracted waves make with the x axis, 

sin0 = 6/Va 2 -f 6 2 and si nO^b/Va^ + b*; 

and therefore c/sin d = c 1 /ain9 1 .(12). 

This is the law of refraction. 

If c > c x , there will be a real value of 9 1 for all angles of incidence 
so that sound can pass at all angles from a rarer to a denser 
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medium. But if c t > c*, then is imaginary when 6 > sin -1 (c/c,), 
and for such angles of incidence the waves are totally reflected. 

It remains to find the relations between the amplitudes A, A 
A x of the waves, by means of the boundary conditions (5), (6). 
From these we get 

p(4+^T=pi^i. 

A = A^ = A 1 

fljDj ~J“ flj p ttpj — p 2dp 

a x tan 0 1 = b~a tan 6 .(15) 


and 

Therefore 


.(13). 


.(14). 


But 

so that (14) may be written 
A 


A' 


Pl cot 0 1 Pl cot#! 
p cot 6 p cot 0 


A 
' 2 


.(16). 


It follows that there is no reflected wave when 
pjp = cot OJcotO ; 

but from (12) (1+cot 2 fl 1 )/(l+cot 2 0) = c 2 /c 1 2 , 

so that, by eliminating cot 0 X , we get 


1 .(*’)• 


Hence there is a real 6 for which there is no reflected wave if, 
and only if, lies between pjp and unity. 


12*51. Energy. The energy transmitted in any time across 
any area of the incident wave must be equal to the energy trans¬ 
mitted in the same time across the corresponding areas of the 
reflected and refracted waves. These three corresponding areas 

are in the ratio n . n. n 

cos 0 : cos u: cos u x , 


and taking the expression for energy transmitted from 12*21 (3) 
and (6), the frequency being the same for all the waves, we have 
cos 0. pA 2 jc — cos 9. pA' 2 jc -f cos 9 X . p l A 1 2 lc 1 ; 
or, using c/sin ^q/sin^, 

p ( A 2 — A' 2 ) cot 9 = p x A x 2 cot 0 X . 


This is the energy condition and it can be verified at once by 
using 12*5 (16). 

* If in this case we write — ia x for a x we find a wave travelling along the surface of 
separation with amplitude decreasing exponentially. V. Rayleigh, Theory of Sound , 
u, p. 84. 
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12*52. Impact of Plane Waves on a flexible Membrane. Let the 

membrane of surface density a and uniform tension T separate media of 
densities p, p x . Take the yz plane to coincide with the undisturbed mem¬ 
brane and the z axis parallel to the intersection of the wave fronts with 
the membrane, and draw the x axis into the first medium. 

If, following the lino of argument of 12*5, we assume as the velocity 
potentials of the incident, reflected and refracted waves the expressions 


.( 1 ), 

tf/ = A'e* .(2), 

and ^ 1 = 4 1 e*< a i*+ 6 *+ w *>.(3), 

we may take for the displacement of the membrane at time t 

Be* .(4), 


where a, a x , 6, o> are connected with the velocities of sound in the two media 
as in 12*5. 

From the continuity of normal velocity, we get 

~Hx ( * + *' ) = S’ whena:=0 ’ 


or — wB = a(A — A') — a x A x .(5). 

The equation of motion of the membrane is 


ai—Td 2 £/dy 2 4- 8p! — Sp, when x = 0 . 

where &p x = p x d<f> x ldt and 8p = P 0 (<£ + <£')/&. 

Substituting from (1), (2), (3), (4) we get 

B(Tb*-oa>*) = iu>{p 1 A l -p(A + A / )}, 
and eliminating B by means of (5), and writing n for b/co 

ip(A+A')-A 1 {a l (Tn 2 -a) + ip l } = 0 . 

From (5) and (7) we find 

A _ _ A/ __ A x 

a Pi + a i P ~ wk»i ( Tn 2 — a) ap 1 — a l p — iaa 1 (Tn z — a) 2 ap 
which may also be written 
__ A 

{(api + p) 2 + a 2 a x % (Tn 2 — a) 2 }i c le 


( 6 ), 


.(7). 

.( 8 ); 


-_"_ = J^_l (Q) 

{(api + a*«i s e"' 2 ap " v 

where tan c = — aa x ( Tn 2 — <r)/(ap 1 + a x p), 

and tan c'= — aa 1 ( Tn 2 — v)l(a,p x — a x p). 

The amplitudes of the incident, reflected and transmitted waves are 
therefore in the ratio 

{(opi + a x p)* + a 2 a x 2 ( Tn 2 - a) 2 }i: {(ap x - a x p) 2 + a 2 a x 2 ( Tn 2 - :2 ap; 

while the phases of the reflected and incident waves differ by e'—c and 
those of the transmitted and incident waves differ by c. From (5) it follows 
that the vibrations of the membrane are in the samo phase as tho trans¬ 
mitted wave, as is otherwise obvious. 
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12*6. Spherical Waves. When there is symmetry about a 
point, the general equation 


takes the form 

or 



dt 2 \9r a r dr)’ 
W(r<f>)_ d*(r<f>) 

dt z ~ “0r 2 ~ 


( 1 ) 


which has a general solution 

r<f>=f(ct-r) + F(ct + r) .(2); 

the two terms representing two wave systems one diverging from 
the origin and the other converging on the origin with velocity c. 

The velocity and condensation are given by 

u= — ty/dr, and c 2 s = d<f>jdt .(3). 

In the case of a diverging wave we have 

r<l>=f(ct-r) .(4), 

so that from (3) crs=f' (ct — r) .(5). 

This shews that any value of rs is propagated unchanged so that 
the condensation s decreases like 1/r as the wave advances. 

In this case the velocity, from (3) and (4), is given by 

u = lf (ct-r)+*J(ct-r) .(6). 


As the wave spreads outwards the second term in u becomes 
negligible in comparison with the first, and ultimately for large 
values of r, from (5) and (6), u = cs as in a plane wave. 

From (5) and (6) we get 

/ (ct — r) = r 2 (u — cs ).(7). 

It follows that if the disturbance is confined to a spherical shell 
within and without which there is neither velocity nor condensa¬ 
tion, then / (ct — r) is zero both inside and outside the shell to 
which the disturbance is limited. Hence, if a, j3 are radii less and 
greater than the bounding radii of this shell, we have from (5) 

cj srdr=j /'(d-r)dr= — =0. 

This shews that s cannot be of the same sign throughout the 
region occupied by the wave, so that a wave of condensation or 
of rarefaction cannot exist alone. 
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12*61* Given Initial Conditions* Suppose that at time 
< = 0 the values of u and 8 are given for all positive values of r and 
represented by u Q and s 0 . 

The total flux at any time across a sphere of radius r is knrhi, 
and from 12*6 (3) and (2) this is 

47r {/ (ct - r) + F (ct + r )} + 47rr {/' (< U-r)-F' (ct + r)}; 


and, if the origin is not a source at which fluid is produced or 
absorbed, this expression must vanish with r. 

Hence we must have f (ct) + F (ct) = 0.(1) 

for all positive values of t . 

Again from 12*6 (3) u 0 = — (9<£/Sr) 0 , so that from 12*6 (2) 

/ (~r) + F (r) — nf> 0 = —rju 0 dr .(2). 

Also from 12*6 (3) and (2) 

c*rs = ^ (r<f>) = c/' (ct - r) + cF' (ct -f r), 
so that ct8q =/' (— r) + F' (r), 

and / (— r) — F (r)= ~c [s 0 rdr .(3). 


Equations (2) and (3) then determine/for all negative arguments 
and F for all positive arguments, and the form of / for positive 
arguments then follows from (I). The form of F for negative 
arguments is not required. 

Assuming the initial disturbance to be confined to a sphere or a 
spherical shell in open space, it breaks into two parts which 
travel in opposite directions outwards and inwards and the in¬ 
ward wave is continually reflected at the centre. In both waves 
r<f> is propagated with constant velocity c. From (1) we see that 
r<f> vanishes at the origin, so that the case is somewhat similar to 
that of a straight tube with an open end. 


12* 62. Harmonic Waves diverging from a Source . If we 

assume that 0occ f,l/ , then 12*6 (1) becomes 



. 

.(1), 

so that 

in in 

r<f> — (Ae * r + Be c r )e int . 

..(2). 
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The first term represents a wave diverging from the origin, and 
in real form we may write 


. 4 

6 = -— cos ft | 
T 477T 


K). 

The flux across a sphere of radius r is 

= A cos nt, if r is small enough. 




•4ftr & = A 
dr 


so that A denotes the maximum rate of introduction of fluid. 

The existence of such a source in unlimited space implies an 
expenditure of energy which can be measured by the average 
rate at which work is done at the surface of a sphere of radius r by 
pressure exerted on the fluid outside the sphere, i.e. by the mean 
value of 




•(4), 


d<f> 


where the pressure p=p Q + hp~p 0 +P^> Po> P denoting equi¬ 
librium pressure and density. 

Substituting from (3) in (4), we find for the mean value 

pn*A 2 




87 TC 


(5). 


This result is only valid for an isolated source in free space. 
Thus it has been remarked by Lamb* that the emission of energy 
may be greatly modified by the neighbourhood of an obstacle. 
Thus a simple source near a plane rigid boundary will have an 
equal source as image on the other side of the boundary; the 
result of the reflection as from this image is to double the ampli¬ 
tude at any point, so that the intensity is quadrupled, and the 
emission on one side of the plane is therefore twice that of an 
equal source in free space. 

12*63. Doublets. Such simple sources cannot be realized in 
practice. But a vibrating body such as the prong of a tuning fork 
since it produces alternate condensations and rarefactions may be 
considered to be a pair of simple sources in opposite phase at a 
small distance apart, i.e. a doublet. 


* Dynamical Theory of Sound , § 7G. 
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If we consider two such simple sources ± A at a small distance 
8x apart and put A8x = C, the velocity potential is 


where 


* + (* + tH- 8 te ' 

K). 


/ A 

(p — -— cos n 
T 4:7TV 


and dr/dx = — cos 9. 

Hence the velocity potential due to the doublet 


/ A / 

f_:U^zL sinw /*_rU 

1 4 w r 2C ° 8W \ 

* c) + ±nrc &mn Y c)j 


At a great distance from the doublet this approximates to a 
velocity potential n Q 


d> = — -— sin n 

T 4l7TTC 


K) 


cos 0 


.( 1 ). 


Then, as in 12*62, the flux of energy across a unit of area 


(Po+P 


d A\ d A 


dt J dr ’ 

and substituting from (1) gives a mean value 

pw 4 C 2 cos 2 6 
T2ttW 

The total average rate of emission of energy from a doublet of 
strength Ccoant is therefore 


W = 


pn*C* 

32tt 2 c 3 


/: 


277 cos 2 0sinfld6 = 


pn*C 2 

247rc 3 


.( 2 ). 


The effect produced by a vibrating sphere may be represented 
by that of an equivalent doublet*. 


12-7, Musical Sounds. Musical sounds as distinct from 
noises possess three main characteristics: (1) pitch, (2) intensity, 
(3) timbre. 

The pitch of a note depends on the rapidity with which the 
successive waves impinge upon the ear, that is on the frequency 
of the vibration or on the wave length. For the velocity of 
propagation is the same for waves of all lengths so that the 
frequency varies inversely as the wave length. A siren is the 
instrument used for experiments on the pitch of sounds. It is 
an apparatus by which air under pressure escapes through a hole 
which has as a shutter a revolving disc pierced with holes at 

* Lamb, Dynamical Thioty of Sound, § 77. 
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regular intervals. When the disc revolves with sufficient rapidity 
the vibrations caused by the escaping air produce a note of definite 
pitch, and it is found that increasing the frequency of the vibra¬ 
tions raises the pitch of the note. If the frequency of one note 
is double that of another the former is an octave higher than the 
latter. Notes whose frequencies are multiples of that of a given 
note are called its harmonics. 

The intensity of a note depends on the amplitude of the vibra¬ 
tions. The loudness of notes can only be compared when they are 
of approximately the same pitch and then the square of the 
amplitude gives a physical measure of the intensity. 

The timbre of a note is a quality dependent on the method by 
which the note is produced; for example, there is a marked 
difference in quality between notes of the same pitch produced 
from the pianoforte and the violin, this quality is called timbre 
and experiment shews that it is dependent on the form of the 
wave produced*. 

12*71. Beats. When two notes of nearly the same frequency 
are sounded together a phenomenon known as ‘beats’ occurs, 
that is a succession of intervals in which the resultant vibration 
gradually increases to a maximum and then dies away. Let the 
vibrations have equal amplitudes and be in the same phase so 
that the resultant vibration may be represented by 
y = a cos ( nt ) + a cos ( mt), 
where m and n are nearly equal. 

Hence y = 2a cos \ (n — m) t cos £ (n + m) t , 

which may be regarded as a simple harmonic vibration of 
frequency (n + m)/47r with amplitude 2a cos | (n — m) t, and as the 
amplitude varies between 0 and 2a with a period /(n — m) the 

phenomenon will be as described. For example, if two tuning 
forks of frequencies 500 and 501 be equally excited there is a rise 
and fall of sound once a second corresponding to the coincidence 
or opposition of the vibrations. 

12*8. For further information on the subject of the last two 
chapters, reference should be made to Donkin’s Acoustics, Lord 
Rayleigh’s Theory of Sound and Sir H. Lamb’s Dynamical 
Theory of Sound . 

* A paper on ‘The Graphical Recording of Sound Waves’ was read by D. C. Miller 
at the International Congress, 1912, Proceedings, n, p. 245. 
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1. Prove that the velocity potential of the one-dimensional motion of a 
gas, for which p = Kp, satisfies the equation 

a ( d<f >__ (d<i>\ 2 \ <ty_i /^\ 8 ) 

dt \dt \dx) ) dx\ K dx 3 J * 
where d/dZ denotes differentiation at a fixed point. (Trinity Coll. 1897.) 

2. Provo that in a fluid medium in which the pressure (p) and the 
density ( p ) are connected by an equation p — <f> (p), where <j>' (p) is positive 
and increases when p increases, a plane wave of finite amplitude cannot be 
propagated indefinitely without the occurrence of discontinuity. 

(M.T. 1897.) 

3. In an organ pipe of length l, closed at one end, the pressure at the 
other end is made to vary according to the law 8p=p 0 sinnJ. Find the 
velocity potential of the motion of the air inside. (Trinity Coll. 1897.) 

4. Taking y as 1*41 and the height of the homogeneous atmosphere as 
8000 metres, calculate the velocity of sound in air in metres per second. 
Find also the length of an organ pipe which with one end open and the 
other stopped will sound the middle C (frequency 256). 

(Univ. of London, 1911.) 

5. What is the difference between the overtones present in an 8-ft. 

stopped organ pipe and a 16-f't. open pipe? (M.T. 1913.) 


6. Find the length of a stopped pipe with a fundamental frequency of 
64. Assume the air to be under a pressure of 1 -013 x 10* dynes per sq. cm. 
and to have a density of 1*293 grams per litre, the ratio of the specific 
heats being 1*41. (M.T. 1915.) 


7. Assuming the atmosphere to be in convective equilibrium (i.e. in 
equilibrium according to the law of pressure p = Kp'*) under the action of 
gravity, prove that the equation of propagation of sound vertically up¬ 
wards is 


: 


where gX (y — 1 )/y is the ratio of the pressure to the density at the surface of 
the earth and £ is the displacement at a height x. (Coll. Exam. 1899.) 


8. A tube containing air has one end rigidly closed, and the other end 

stopped by a plug of mass M , which can move without friction in the tube. 

If the length of tube filled with air be Z, prove that the periodicity of the free 

vibrations is given by v i v l M' 

* tan " = ,,, 
c c M 

where c is the velocity of sound in the enclosed air, and M' the mass of the 
air. (Coll. Exam. 1906.) 

9. A tube of unit cross section open at both ends is divided into two 
parts of lengths Z, V by a thin piston of mass M attached to a spring such 
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that 2ir/m is its natural period of vibration. When the air waves are taken 
into account prove that the period of vibration is 2?r/n, where 
M (m* — n*) ss pen [tan nl'/c + tan nl/c]. 

(CoU. Exam. 1907.) 


10. A piston of mass M is supported by a spring of strength Mn % , and 
separates two gases of densities p,p' in a long tube; the area of the section is 
S and c, c' are the velocities of sound in the two gases. Shew that the free 
oscillations of the piston are given by 


dH. 8 
dt'^M 


(cp 4- c'p') g = 0. 

(St John’s Coll. 1910.) 


11. Air is confined in a straight tube of unit section between two pistons, 
one of which is made to vibrate with velocity a cos net , and the other is of 
mass M and is constrained by a spring of strength p. Shew that the 
velocity potential for the air vibrations is 


a cosm(Z —g + c) 


cos net. 


sinn(J + c) 

where tan ne = —Mrfic* * ^ ^eing the distance between the pistons and p 
the density in equilibrium. (M.T. 1903.) 


12. A tube of length l is closed at one end and open at the other, and is 
filled with a gas of mean density p 0 . A pressure disturbance Ap 0 sina£ is 
maintained at the open end by waves passing outside the tube. Prove 
that the velocity at any point within the tube is 

— a 008 et sin {tr (l — x )/c} 

U ~~ c cos (aljc) 9 

where c 2 = dpjdp evaluated for p = p Q and the origin is at the open end. Find 
how the pressure varies at the closed end. 

Explain the physical significance of the vanishing of the denominator 
for certain values of a. (M.T. 1929.) 

13. A straight pipe of length l is closed at one end and open at the other. 
Prove that, if the air extend only from the open end to the middle point, 
the other half being occupied by a gas of density p 1 , then the frequencies of 
the natural modes of the pipe are the values of p satisfying the equation 

tan 7I ^ i tan^=/) 1 c 1 /pc, 

where p is the density of the air, and c, c x are respectively the- velocities of 
sound in air and in the gas. (M.T. 1895.) 

14. In a cylindrical pipe, open at one end, closed at the other, it is found 
experimentally that, when the fundamental note is being sounded, the 
pressure at the closed end varies on either side of its mean value by one nth 
of that value. Prove that at the open end the amplitude of vibration of the 
particles of air is 2ljniry, where l is the length of the pipe and y the ratio of 
the specific heats of air at constant pressure and constant volume. 

(Coll. Exam. 1911.) 
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15. A horizontal uniform tube closed at both ends and containing air is 
divided into two parts of equal length l by a tightly fitting piston of mass 
m which can move without friction in the tube. The piston is displaced a 
small distance d from its equilibrium position in the middle of the tube and 
then releasod, the air being initially in equilibrium. Shew that the motion 
of the piston is made up of harmonic components whose periods (2ir/n) are 
given by ( nl/c ) tan ( nl/c ) = m'/m 9 where c is the velocity of propagation of 
small disturbances in the enclosed air whose mass is m\ 

Assuming the possibility of the expansion 

f (x) = A x cob (n^/c) + A 2 cos (n 2 x/c) +...» O^aj^J, 


where n x , n t ,... are the roots of the period equation, prove that the initial 
condensation in either part of the tube can be expressed in the form 


f 


l r i 


sin 


n r l 


n r l . n r l n r l 

H-sin cos 
c c c 


n r x 


(M.T. 1920.) 


16. A long straight tube of cross section a has at one point a close-fitting 
piston controlled by a spring but otherwise free to move in the tube. The 
mass of the piston is m and its period of oscillation in vacuo would be 
2 n/n. The tube is open to the atmosphere at both ends and initially the 
piston and the air are at rest. Prove that, if a velocity u is suddenly given 
to the piston, the displacement of a layer of air at a distance x from the 
piston after a time t is 

V(n^ **) «~ W4 “* W 8in {V(n ‘ ~ k%) (t ~ * /0)} * 
where fc = cp 0 a/m, p 0 being the equilibrium density of the air and c the 
velocity of sound. (M.T. 1932.) 


17. In a uniform straight tube of length 21 and sectional area w y closed 

at one end, a quantity of gas is imprisoned by a thin movable piston of 
mass M . Under the pressure of the external atmosphere of density p the 
equilibrium position of the piston is at the middle of the tube, and the 
density of the enclosed gas is then a. Prove that the periodic times 2tt/p of 
the oscillations of the piston about its position of equilibrium are given by 
the equation Mp/w = ca cot ( pl/c ) — c'p tan ( pl/c'), 

c and c' being the velocities of propagation of sound in the enclosed gas and 
in the atmosphere respectively. (St John’s Coll. 1900.) 

18. A long straight speaking-tube is obstructed in the middle by a 
uniform rigid plug with piano ends, of length z and density equal to N 
times that of the air. The plug fits the tube accurately, but is free to move 
in it without friction. Prove that, if sound of wave length A is advancing 
along the tube, the intensity of the sound transmitted beyond the plug 
will be less in the ratio 1:1 + 7 t 2 N 2 z z /\ 2 , and its phase retarded by 

{tan -1 (itNz/X) — 2n«/A}. (M.T. 1901.) 

19. A closed pipe of length 21 contains air whose density is slightly 
greater than that of the outside air, in the ratio 1 + e: 1. Everything being 
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at net, the discs closing the ends of the pipe are suddenly drawn aside. 
Shew that after a time t the velocity potential is 


*= 


8ed*=- (-!)« 


ir* ,r«(2«+l)* 


cos (2«+II ! « sin (2s+lWc< 


21 


21 


the origin being taken at the middle of the pipe, and c denoting the velocity 
of sound. , (St John’s Coll. 1903.) 


20. A straight pipe of length l is open at one end and the disc closing the 
other end executes small inexorable oscillations, its displacement at any 
time t being A s mpt. Prove that at any time the kinetic energy of the air 


in the pipe is 


\MA 


(p' 


se ° 2 + y tan^^ cos 2 pt 9 


where c is the velocity of sound in air and M is the mass of air contained in 
the pipe. Investigate also the potential energy of the air in the pipe. 

(Trinity Coll. 1900.) 


21. Plane waves of sound represented by </> = A cos m(x + ct) impinge 
perpendicularly on a rigid screen and are continuously reflected by it. 
Prove that the increment of the pressure per unit area on the screen lies 
between ± 2 Amcp 0 , where p 0 is the density of the air. (Coll. Exam.) 


22. Determine the velocity potential <f> of a plane wave of sound, of 
small amplitude, for all x t t, given that when t = 0 

#=*.(*). 2-*m. 

Fluid is contained in a long straight tube closed at one end x = 0. When 
t = 0 the fluid is everywhere at rest while the condensation a is * 0 (constant) 
for values of x between 0 and o and zero elsewhere. Determine a for all 
x t t; draw (a, t) graphs for the values and :]a of x , and explain the 
difference between them. (M.T. 1933.) 


23. 


Shew that the form of the equation 


8 


= c* 


a*! 

dx 2 


for plane waves of sound in a pipe remains unaltered when the velocity of 
sound c is a function of x. 

Sound waves are set up in a closed pipe of length k in which the absolute 
temperature of the gas varies as the square of the distance x from a point 
at a distance l outside one end of the pipe. The velocity of sound at this end 
is c 0 . Shew that the form of the sound waves in the pipe must be 


where q 2 = 


pH 2 

c 0 




f =A \/x sin |g log *} e ipt , 

and that the possible frequencies p are the roots of 
pH*_ n a ir* 

c 0 2 ~* (log(l+W’ 


where n is any positive integer. Compare these frequencies with those 
when the velocity of sound has the constant value c 0 . (M.T. 1924.) 
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24. A long straight pipe of unit sectional area extends to infinity in 

one direction (taken as that of the z axis) and is closed at 2 = — l; at z = 0 
there is a freely movable piston of mass m, on both sides of which there is 
air of density p. Waves in which the displacement is given by a sin K(z + ct) 
impinge on the positive side of the piston. Shew that if the reflected waves 
are expressed by a x sin {* (z — ct) +«}, then a x * = a 2 ; also shew that if a x is 
taken equal to a cot £« = cot *1 - xm\ P . (M.T. 1928.) 

25. If a straight tube of indefinite length be occupied by two different 
gases with the section x = 0 for surface of contact; shew that the displace¬ 
ments in an incident wave together with those of the corresponding 
reflected and refracted waves may be represented by 

/(t-x/cj, Af (t+xjC)), Bf(t-xlc 2 ), 
where A .. B * 1 1 1 p x c x ~ p 2 c 2 • c x i p x *4* p 2 c 2 » 

and determine the distribution of the primitive energy between the 
reflected and refracted systems. (St John’s Coll. 1906.) 

26. Two plugs, each of mass M , fit closely into a long straight tube, and 

can slide without friction in the tube. They are kept apart by a light spring, 
the tube, except the part between the plugs, being filled with air. A train 
of simple harmonic sound waves of amplitude a impinges on one of the 
plugs. Shew that the amplitude of tho wave transmitted beyond the 
other plug is aoc/S/Vja 2 + )){a 2 + (1 — 0) 2 }. Here 2ttol = M'/M> where M ' is 
the mass of air in a length of the tube equal to a wave length of the incident 
wave, and 0=2 k/n 2 M, where 2njn is the period of the incident wave, and 
kx is the increase in the thrust of the spring when its length is decreased 
by x. (M.T. 1931.) 

27. An infinite long straight tube of unit cross section contains gases 
of densities p, p' separated by a smoothly fitting piston of mass M. An 
harmonic train of sound waves of length 2i t/hi is incident on the piston in 
the gas of density p. Shew that in transmission beyond the piston the 
amplitude of the waves is changed in the ratio 

2cp :Vi(cp + c'p') 2 4- M 2 m 2 c 2 }, 
and the phase by tan- 1 Mmc/(cp + c'p'), 

where c, c' are the velocities of sound in the two gases. (M.T. 1930.) 


28. An endless tube of uniform cross section contains two pistons; the 
intervening portions of the tube, of lengths l x , l 2 respectively, containing 
air at atmospheric pressure. If one of the pistons be found to vibrate so 
that its displacement at time t is X cos pt, shew that the displacement of 
the other is c {cosec {pl jc) + cosec (pl 2 /c)} „ 

c {cot (plje) -f cot (plje)} — mp C0S P 9 

where m is the ratio of the mass of the piston to that of the air contained in 
unit length of the tube and c is the velocity of sound in air. 

(Trinity Coll. 1898.) 

29. The period of the fundamental note of a flue pipe, open at one end 
and closed at the other, would be T, if the closed end were rigid. But the 
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barrier at the closed end is replaced by a piston of mass M, controlled by a 
strong spring of strength p. Prove that the period of the fundamental 


1 + - 


16m 


note is approximately 

tjii_ _ 

where m is the mass of the air in the pipe and 16 mj(p.T 2 — 4*r 2 Af) is assumed 
to be small. (Trinity Coll. 1902.) 


r{ 




30. Plane sound waves of length A in a medium of density p impinge 
normally on a plane membrane which separates the medium from another 
of density p'. The membrane is such that a pressure difference Bp on 
opposite sides of it causes a displacement pi Bp. Shew that the phase of the 
transmitted wave differs from those of the incident and reflected waves by 


COt "’’ 2 2lTfl 



where c, c' are the wave velocities in the two media 


and A' is the length of the transmitted wave. 

Compare the amplitudes of the three waves. (M.T. 1925.) 


2 n ((•$ — 

31. A train of waves of air, velocity potential = A cos——^, is 

advancing in a straight pipe infinite in both directions, and at x — 0 im¬ 
pinges on a movable piston of mass M which separates the air of the pipe 
into two portions. Prove that the velocity potential of the train of waves 
transmitted to the air beyond the piston is 


. 2ne 2i-rict — x — e) 

A cos cos—-—^-, 


where m is the mass of the air in a wave length of the pipe, and 

cos = m {it 2 M 2 4- m 2 }~i . (Trinity Coll. 1903.) 
A 


32. A long straight tube, of cross section oj, is obstructed in the middle 
by a piston of mass M , whose ends are plane, fitting the tube accurately but 
free to move in it. To the right of the piston is gas of density p, to the left 
gas of density p', and the velocities of propagation of sound in the gases are 
c and c'. Sound of wave length A is advancing through the tube from the 
right, and undergoes partial reflection at the piston. Shew that the 
intensities of the reflected and incident waves are in the ratio 


(St John’s Coll. 1901.) 


33. An infinite long straight tube of unit section contains gases of 
densities p and p', at the same pressure p, separated by a piston of mass M 
which can vibrate under the action of a spring of strength pi. Sound waves 
of harmonic type and amplitude A travelling in medium p are incident on 
the piston. Shew that if A 1 and A' are the amplitudes of the reflected and 
transmitted waves 

A 2 : A x 2 : A' 2 = (pi - n 2 M) 2 + y*p 2 ( m + ™') 2 • 

(pi — n 2 M )* -f y 2 p 2 (m — m f ) 2 : 4y 2 p 2 wi 2 , 

where 2xr/m, 2 tt/tw' are the wave lengths in the media p and p / and njm is the 
velocity of the waves in medium p. (M.T. 1898.) 
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34. Plane waves of sound are travelling normally from a gas of density 
pi into one of density p 9 . Shew that the mean transmission of energy into, 
the latter gas is increased by interposing between the gases a layer of a 
different gas of density p 2 , provided that p % is intermediate in value between 
pi and p,, the ratio of the specific heats having the same value in each gas 

(M.T. 1911.) 


35. Two media of different densities have a plane surface of separation, 
one medium extends to infinity and the other is bounded by a rigid plane at 
a distance l from their common plane of separation. Plane waves of sound 
travelling in the first medium are refracted into the second medium and, 
after reflection at the rigid boundary and another refraction, emerge into 
the first medium again; prove that the amplitudes of the incident and 
emergent waves are equal, and that there is a loss of phase of amount 


2 tan- 1 


fsin2ot' 
(sin 2a 


tan 


( 


2nl cos a 
A' 



where a and a' are the angles of incidence and refraction at the surface 
separating the two media and A' is the wave length in the second medium. 

(M.T. 1906.) 


36. A train of plane waves of sound of a type given by a velocity 
potential 2 n 

= A sin — (z — ct) 


is incident at an angle a on an infinite plane rigid surface. Find the velocity 
potential of the reflected system of waves, and shew that the pressure on a 
square area in this plane, whose side is 2 a, differs from its equilibrium 

value by the quantity 8A 2w asina . 

—sin -r-cos 6, 

sina A 

where B is the phase at the centre of the square, p 0 being the mean density 
of the fluid, and the sides of the square being parallel and perpendicular to 
the intersections of the wave fronts and the rigid surface. (M.T. 1900.) 


37. A plane wave of sound of wave length A travelling with velocity F 
in an infinite medium of density p is transmitted through a plane plate of 
thickness l and density p 1 in which the velocity of sound is V x into another 
infinite medium of density p 2 in which the velocity of sound is V 2 . Shew that 
the phase of the transmitted disturbance is the same as that of the original 
disturbance if tang lPl EE l + E* 

tan E x pi E x (E + ^ 2 ) 9 
2nl cos B 


where 


E=- 


A p 


E l = 2 nl (F*/ F,* - sin* , E i = 2nl(V 1 /V l *- sin* #/ X Pt , 

6 is the angle of incidence at the first surface of the plate and it is supposed 
that F/F 2 > F/F 1 >sin 6. What would be the physical nature.of the dis¬ 
turbance within and beyond the plate if F/F* >sin B> F/F x ? (M.T. 1896.) 


38. In the case of refraction of plane waves of sound at a plane surface 
of separation of two media of densities />, p t , the ratio of the energy trans- 
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mitted per unit time into the second medium through a given area of the 
boundary to the energy of the train incident per unit time on that area is 
(4ppi cot a cot OL 1 )/(p l cot a + p cot a x )\ 

a, ct x being the angles of incidence and refraction. (M.T. 1894.) 

39. An infinite plane membrane of uniform surface density a and uni¬ 
form tension T, coinciding with the plane xOz , separates two gases of 
densities p and p* in which the velocities of propagation of sound are V and 
V\ The infinitesimal motion of the membrane being given by 

y=A cos mx sin pt , 

shew that the velocity potentials in the gases are 

4>— — Apn~ l e~ n * cos mx cos pt and </>' = Apn'- l e n '" co&mxcoapt 

where w* — n , =p i /^ a * w 2 — w/ 2 =p*/F' 2 and Trrfijp* = a + p/n + p'jn\ 
all the quantities concerned being supposed real. (Coll. Exam. 1898.) 

40. A gas extends everywhere to a distance a from a plane rigid wall and 
is separated from a second gas by a light perfectly flexible membrane from 
which the second gas extends to a great distance. Shew that, if c x , c t be the 
velocities of sound in the two media, the displacements perpendicular to 
the wall for plane waves of period 2tt/p are respectively of the form 

(% = A cos (pt + a) sin^- cosec ^ 

Ci c x 

f 2 = A cos (pt + a) cos ^ sec — ej 

and determine the necessary value of e. (Coll. Exam. 1903.) 

41. A tube of small uniform section S and length l has one end closed 
whilo the other end branches into two tubes of small uniform sections S', 
S* and lengths l\ 1" respectively with their ends closed. Shew that the 
periods of the notes which the air in the tubes can sound are the values of T 
satisfying the equation 

c* 4 . 2ttZ 2nl n<r 4 2 irl _ 

Stan cT +iS tan cT +,S tan cT =0, 
where c is the velocity of sound in air. (M.T. 1899.) 

42. Determine the periods of the fu adamental tone and overtones (i) of 

a conical pipe open at both ends, (ii) of an open wedge-shaped pipe whose 
walls are formed of two planes inclined to each other and two other planes 
perpendicular to both of them. (St John’s Coll. 1899.) 

43. A point source of sound of strength C cos nt is at a point O at a 
perpendicular distance h from an infinite rigid plane which is the only 
boundary of the medium. Shew that at time t the velocity potential at a 
point at distances r x and r a from 0 and the image of O in the boundary is 

^K C0Hn ( i - r c) + r, C08n ( t - r c)]* 

and by considering the rate at which energy is transmitted across the 
surface of a large sphere centre O, or otherwise, shew that in maintaining 
the source work must be done at twice the rate which would be necessary 
if the medium were unbounded. (M.T. 1934.) 
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44. An infinite train of divergent waves is set up by the pulsation of the 
spherical internal boundary, of radius B (1 + a sin KCt), where a is small, in 
an otherwise unlimited mass of uniform fluid. Find the velocity potential 
of the motion, and prove that the mean energy-density at radius r is 

p*WR* (1 + 2**r 2 )/4r* (1 + k 2 R*). (M.T. 1928.) 

45. Explain the characters of the sources of sound which give at a 
distance velocity potentials of the forms 

d sin K(t—rjc) A d l sin*($-r/c) 
dx r 811(1 dx* r 

respectively. Which of them would most suitably represent the action of an 
ordinary tuning fork ? 

Explain the alternations of sound and silence that occur when a 
vibrating fork is rotated on its axis near the ear. (St John’s Coll. 1897.) 
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VISCOSITY 

/ 

13* 1. The Viscosity of a fluid is that property in virtue of 
which it is able to offer resistance to shearing stress. It is a kind 
of molecular frictional resistance. All known fluids whether 
liquid or gaseous possess the property of viscosity but in greatly 
varying degree. 

There is a distinction between plastic solids and viscous fluids 
which was defined by Maxwell thus: when the smallest stress if 
continued long enough will cause a constantly increasing change 
of form the body must be regarded as a viscous fluid however hard 
it may be; but if the continuous alteration of form is only pro¬ 
duced by stresses exceeding a certain value, the substance is 
called a solid however soft (or plastic) it may be*. 

13* 11. Measurement of Viscosity. The method of measur¬ 
ing the effects of viscosity may be illustrated by considering a 


A U B 



C O 


simple example: Suppose that fluid is bounded above and below 
by horizontal planes A B, CD of which the upper has a uniform 
horizontal velocity U while the lower is at rest. 

We assume for the moment that a fluid in contact with a solid 
does not slip on the surface. The fluid between the planes will 
then move in horizontal strata with velocities which decrease as 
we go downwards from U in contact with AB to zero in contact 
with CD. If d be the distance between the planes, the velocity 
gradient (assumed to be uniform) is C7/d, and to maintain the 
motion of the plane AB will require a horizontal force propor¬ 
tional to U jd per unit area of A B . If we denote this force per unit 
area by fiU/d , then /x is called the coefficient of viscosity of 
the fluid under consideration. 

* Theory of Heai t p. 303. 
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If we consider any horizontal plane in the fluid, the portions of 
fluid above and below it will exert on one another a horizontal 
traction fiUjd per unit area; i.e. (i times the velocity gradient. 
And in a more general case, where we do not assume the velocity 
gradient to be uniform, if z be an axis at right angles to the planes 
and u the velocity at any point, the tractive force on either 
portion into which a horizontal plane through the point divides 
the fluid is measured by ^du/dz per unit area. 

The foregoing hypothesis of a frictional resistance proportional to the 
relative velocity of the fluid elements was introduced by Newton* in a 
discussion of the circular motion of a fluid produced by a revolving solid 
cylinder, and it has been found to constitute a satisfactory basis for a 
theory which has been frequently tested by experiment. 

13*12. The coefficient of viscosity of a fluid is not a constant, but 
depends in general on pressure and temperature. For gases p, as deduced 
from the kinetic theory, is independent of the pressure, but increases 
rapidly with increase of temperature. For liquids in general, water 
being an exception, p increases with the pressure. At temperatures below 
30° the viscosity of water at first decreases with increasing pressure and 
has a minimum value at about 1000 atmospheres. At temperatures above 
30° water behaves like other liquids, i.e. its viscosity increases with 
increase of pressure, but for such pressure changes as ordinarily occur 
the changes in viscosity are small compared with the changes due to 
varying temperature. 

The physical dimensions of the coefficient of viscosity are given by 
ft x velocity/length = force/area, 
or /* = ML^T- 1 . 

13*2. Stresses in a Fluid in Motion. The essential distinc¬ 
tion between a real fluid and the ideal perfect fluid of the previous 
chapters is that while the stress across any plane surface in the 
latter is always normal to the surface this is not true of real fluids, 
and when these are in motion tangential components of stress 
always exist unless the rate of deformation is zero. The im¬ 
mediate consequence of the existence of tangential stresses is 
that the theorem of equality of pressure in every direction at a 
point, true for a perfect fluid, no longer exists. We need there¬ 
fore, in the first place, a mode of specifying the components of 
stress at a point in a fluid, and secondly to determine what 
relations exist between these components; and our ultimate 

* Principia Mathematics , 2nd edition, 1718, Bk. n. Sec. ix, ‘Hypothesis: 
Pesistentiam , quae oritur ex defectu lubricitatis part i urn Fluidi, cqeteris paribus, 
propoHioncUem ease vehcitati, qua partes Fluidi aeparantur ab invicem *. 
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object is to determine what expressions are to enter into the 
equations of motion of a viscous fluid in place of the pressure 
terms dpjdx, dpjdy , dp/dz which occur in the equatio ns of motion 
of a perfect fluid. 

13* 21 • Definitions • Imagine a small plane surface, whose area 
we take as the unit, placed in an arbitrary direction at a point P 
in a fluid. The direction of the area may be indicated by a vector h 
at right angles to it. Take any set of rectangular axes Pxyz; then 
the stress across the surface may be resolved into three rectangular 
components in the directions of the axes and these will be denoted 

hy Pkx> Phy, Phz• 

In this notation the first suffix indicates the direction of the 
plane surface (not of the force upon it), and the second suffix 
indicates the direction of the component stress. 

The resultant stress across the surface has of course direction 
cosines proportional to p hx , p hy and p hz . 

Now let a small plane area centred at (x, y, z) be placed at right 
angles to each of the coordinate axes in turn, then in accordance 
with the above symbolism the components of stress per unit area 
parallel to the axes in the three cases are 

Pxx ’ Pxy» Pxs > 

Pyx > Pyy > Pyz > 

and Pzx> Pzy> Pzz . 

where the components p xx , p yv , p^ are clearly normal to the 
surfaces on which they act, while the other six symbols denote 
tangential components; e.g. p xy is a force in the direction y on an 
area perpendicular to x . 

We shall consider the symbols p xx , p uu , p zz to be positive 
numbers when they represent tensions, so that a pressure is to be 
regarded as a negative stress. In a non-viscous fluid we have 

Pxx=Pvu=Pzz= ~P> 

Pxy = Pyx = Pxs > = A* 

13*22. Relations between rectangular components of 
Stress. Consider a small rectangular parallelepiped with its 
centre at ( x , y . z) and edges of lengths Sx, Sy, Sz parallel to the 
axes. 

In relation to a surface at right angles to the axis of x, the stresses 
per unit area at (x,y,z) are p^, p^. The corresponding 
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stresses at the centre of the face 8 yhz remote from the origin 


are 


1 d Px 


1 dp. 


1 tyx 


*- + S^ 


*_ S' 




y 

and the senses in which they act on the fluid in the parallelepiped 
are indicated in the diagram. At the centre of the opposite face 
the corresponding stresses are 

„ _ ] ^«x 8a . „ _ ld Psv 8x _ _ ld P~ 8x 

Pxx 2 dx ° ’ Pxv 2 3x 6 ’ Pxz 2 dx ’ 
acting on the fluid in the parallelepiped in the opposite senses to 
the former. Proceeding as in 1 • 3 we may shew that the stresses on 
this pair of opposite faces may be compounded into forces 


dp 


dx SxhySz> 


dp. 


S Px 


d ^8x8y8z, ~^8x8y8z 


acting at (x } y, z) parallel to Ox , Oy, Oz respectively, and couples 
—p^SxSySz, p xy 8xdy8z about Oy , Oz respectively. 

The stresses on the other two pairs of opposite forces may be 
compounded into similar forces at ( x, y, z) parallel to the axes, and 
couples -p vx 8x8y8z, p yz 8x8y8z 

about Oz, Ox and —p zy 8x8y8z, p zx 8x8y8z 
about Ox, Oy respectively. 

It follows that if, as in 2* 1, we write down equations of motion 
for the fluid in the parallelepiped by resolving parallel to the 
axes, we get Du _ ^ 


r Dt 
Dv 
p Dt- 


=/>X + 


dPy x 3p zx \ 


4- - 

dx dy 


dz 


■pY+-■ 


dPxv j_ d P*v 


dx 


i JLJf" J_ * z? 

dy dz 


Dw r, dp 

' m -' ,z+ 


9?i/ 


xz , ^ryz , 

dx + ~ty + 


?Pzz 

dz 
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And further if we take moments about lines through (x, y, z) 
parallel to the axes for the kinetic reactions and the forces acting 
on the fluid in the parallelepiped, we get 
(p yz —Psy) SxSyhz +terms of the fourth degree in 82 = 0 

and two similar equations. 

So that on dividing by SxSySz and making the edges shrink to 
zero, we get p yz = p ^, and similarly p^ = 2 ^ and p^=p vx \ so that 
the nine rectangular components of stress at a point are reduced 
to six. 

We have now to find the connection between these six com¬ 
ponents of stress and the gradients of the velocity of the fluid. 


13*23. Connection between Stresses and Gradients of 
Velocity. It is the relative motion of fluid particles which give 
rise to the tangential stresses just described. The stresses in an 
element of fluid are not affected by its translation or rotation but 
only by its distortion, i.e. by the relative motion of its parts. We 
have seen in 4* 1 that the relative motion can be analysed into 
pure strain and rotation, and the state of stress depends only on the 
state of strain. At every point there is a rate of strain quadric whose 
axes are in the directions in which the lines joining particles are 
undergoing elongation at uniform rates. It follows from con¬ 
siderations of symmetry that the stresses across the axial planes 
of the strain quadric at any point are normal to these planes. We 
may call these the principal stresses at the point and denote 
them by p x , p 2 , p 3 . We shall use the principal stresses as a con¬ 
necting link between the six general components of stress and the 
gradients of the velocity. 

Let Px’y'z' be the axes of the rate of strain quadric at P, and let 
h* m i> n i> / 2 » w 2 > h> m z> n 3 ^ their direction cosines referred 
to any other rectangular axes Pxyz. The velocity components at 
P are u, v, w referred to Pxyz , and u\ v', w' referred to Px'y'z ', 
with the distinction that while u, v, w are in general all functions 
of x , y and 2 , yet u' is a function of x' alone, v’ a function of y* alone 
and w ' a function of z ' alone (4*1). 

Then with the notation of 4* 1 


a ~&c~{ ll h + l *dy , +1 * a?) (llU ' + l * v ' + l * w ') 


— 7 2 


M l2 W 1 2 
dx' + l * dy’ +la 


dva' 

w 
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or a = Z 1 V + Z a 2 6 / + / 3 V; ' 

similarly 6 = m^a' -f m 2 2 6' + m a 2 c / .. 

and c = nfa' + n£b’ + n 3 2 c ', 

and, incidentally, a + b + c = a’ + V + c', 


13-23 

.( 1 ) 


each side representing the dilatation (1*3). 
Again, from 4*1, 


2/= 


9 w dv [ d d 9 \ . 

( d 0 0 \ 

ni dx' + n °dy' +n3 dz') K 


u f + n 2 v' + n 3 u>') 
tt' + ra 2 t/ + m 3 w/) 


_ 0 ^' 01 ?' 

= 2m 1 n 1 dx , + 2 m 2 n 2 g -, + 2m 3 n 3 


0w' 
02' 5 


or / = m 1 n x a’ + m 2 n 2 b ' + m 3 n 3 c'; \ 

similarly g = n 1 l 1 a' +n 2 l 2 b’ + n 3 l 3 c' l .(2) 

and + l 2 m 2 b' + l 3 m 3 c'. ] 

Now let a plane at right angles to Px cut Px', Py\ Pz' in A, B y 
C, forming with the coordinate planes Px'y'z' a tetrahedron of 
small dimensions. Let A denote the area 
ABC, then the areas PBC, PC A, PAB 
are l x A, l 2 A, l 3 A and the only stresses on 
them are the normal stresses 
PiZjA, p 2 l 2 A, p 3 l 3 A. 

But the stresses on ABC are 

Pxx^> PxyPxz^ 
parallel to Px, Py, Pz. So if we resolve 
in the direction Px for the fluid in the 
tetrahedron and note that the resolved 
parts of the kinetic reactions and external forces will be of higher 
order of small quantities, we have 

p a . x A=p 1 Z 1 AJ 1 +2? 2 Z 2 AJ 2 +i? 3 Z 3 A J 3 , 


or p xx =p l h 2 +p 2 1 2 2 4- p 3 h 2 ; | 

similarly p yv = p 1 +p 2 m 2 2 +p 3 m 3 2 1 .(3) 

and Pm =Pi * 

Whence p xx +p yy ^p zz ^p 1 +p 2 +p 3 .(4). 
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Thus the sum of the normal stresses across any three perpendi¬ 
cular planes at a point is the same. We denote this sum by — 3 p 9 
so that p denotes the mean pressure at a point. 

Again, if for the same tetrahedron we resolve parallel to Py , 
we get p xy ii=p 1 l 1 A.m 1 +p 2 l 2 &.m 2 +p z l z A.m z 

or Pxv^Pxhmi+Pihrriz+Pzlzmz; \ 

similarly p yz ^p^n^p^n^p^nS .(5) 

and p zx =Pin 1 l l +p 2 n 2 l 2 +p z n z lz. ) 

We have thus expressed the six stresses of 13* 22 in terms of the 
principal stresses, but we cannot proceed further without an 
assumption. 

We assume that these principal stresses p l9 p 2 , p z differ from 
their mean value — p by linear functions of the rates of distortion 
a', b\ c r of the fluid element, and write 


Pi = ~jp + A(a' + 6' + c') + 2/>ta / 
p 2 == —p “b A (u + b f c') -f- 2/fib • .... 

p z = -p + \(a' + b' + c') + 2fjic\ 

Since Pi+p 2 +2? 3 = — 3 p, it follows by addition that 

Hence, from (3) and (1), 3A + 2/i, — 0 

P xx = -p~%H'(a + b + c) + 2fjLa, 


or 

2 i 

Pxx = -P- 3H 

du dv dw 
[dx + dy+dz) 

_ du 
r 2fl dx' 

similarly 

2 i 

P„v=-P- 3 t*\ 

(du dv dw s 
\dx + dy^ dzj 

n dv 

\ + 2fl dy > 

and 

2 t 

Pzz= -P~ 3 P\ 

du dv dw\ 
K dx + dy+ dz} 

^dz] 


( 6 ). 

.( 7 ). 


( 8 ) 


Again, since m x n x +m 2 n 2 + m z v z — 0 , therefore, from (5), (6) 
and (2) we have 


p yz = 2fi (m x n x a' + ?n 2 n 2 b' -h m z 7i z c'y 

= W 

Similarly 1>* * 1>« 

and P XV =P VX = 2M=^(g|+|). 


( 9 ) 


RH 


24 
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Thus (8) and (9) express the six components of stress at a 
point in terms of the mean pressure at the point and the gradients 
of velocity. 


13*24. We notice that in the special case to which reference 
was made in 13*1, viz. that of a steady flow with velocity u at 
right angles to the axis of z, we have v = w = Q y and the tangential 
stress in the direction of flow, from 13*23 (9), is 

2 ?** = ndu/dz, 

so that the symbol /x introduced in 13*23 (6) is what we have 
already defined as the coefficient of viscosity. 


13*3. Equations of Motion. We now obtain the equations 
of motion in their most general form by substituting in 13*22 (1) 
from 13*23 (8), (9), viz. 


Du ^ dp 1 d 


Dt 

Dv 

Dt 


du dv cw 
dx\dx + dy + dz 


il 


j + i iVhi 

v dv \ d (du dv dw\ i ... 

=pY ~'dy + 3^\Tx + d^ + di) +liVh ’ ^ - (1) * 

^ + [l V 2 !*? 


Dw „ 


dp t I d /du dv dw 


dz 3 r dz \dx dy dz 


In the case of incompressible fluid 

du dv dw 
dx + dy + dz 

and we may write the equations 

Dt p ox 

Dt p dy 

Dw „ 1 dp ^ 

Dt p dz 

where v = /ll/p is called the kinematic coefficient of viscosity. 


•( 2 )* 


* These equations were first obtained by Navier (1822), but the mode of investi¬ 
gation given here follows that of Sir H. Lamb (see Hydrodynamics , §§ 323-328 (1932)) 
and is based upon a paper of Stokes, ‘ On the Theories of the Internal Friction of 
Fluids in Motion and of the Equilibrium and Motion of Elastic Solids*, Trans. Comb* 
Phil. Soc . vrn, 1845, or Math, and Phys. Papers , i, p. 75. 
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13*31. Boundary Conditions. At the surface of separation 
of two fluids, consider an element of a thin stratum whose opposite 
faces are close together but one in each fluid. Since the kinetic 
reactions and the external forces on the element are of higher 
order of small quantities than the stresses on its surface, therefore 
the resultant stresses on opposite sides of the surface of separation 
must be equal and opposite. 

Let h be a vector normal to the surface of separation and 
l , m, n its direction cosines, and as in 13*23 construct a small 
tetrahedron PABC with the face ABC perpendicular to h and 
the comers A, B, C on Px t Py , Pz; then we find that the stress 
components in one fluid are given by 

Phx = lPxx + m Pvx + n P«t 

Phy = l Pxy + m Pvv + n P»‘ . • ( *)» 

Pt*=lPxz + m Pvz + n Pzz , 

with similar expressions for the components p hx ', p hy \ pjJ m the 
other fluid; and, omitting the effects of capillarity, we must have 

Phx~ Phx > Phy = Phy > Phz~Pha .(^)* 

We shall assume in what follows that at the surface of separa¬ 
tion of a solid and a fluid no slipping takes place. Different theories 
were put forward by earlier students of the subject allowing for 
the possibility of slip, but strong evidence that in most cases no 
slipping takes place exists in the fact that mathematical results 
based upon this hypothesis are in general accord with calculations 
based upon experiment where such can be made*. 

13*32. Equations of Motion in Cylindrical and Polar Co¬ 
ordinates. As we shall have occasion to use equations of motion and 
stress components in other than rectangular coordinates we proceed to 
obtain the required forms. The transformations may readily bo effected 
by the tensor calculusf, but without assuming the necessary knowledge 
of this subject wo proceed as follows: The acceleration components have 
already been found in 1*52; hence for an incompressible fluid we have only 
to calculate the terms in cylindrical and polar coordinates which are to 
take the place of the terms vVhi, vVHo in the cartesian equations. 

With cylindrical coordinates r, 0, z let v ri v e , v x denote the components of 
velocity and/ r ,/*,/, those of acceleration. Then 

w = v r cos0 —v*sin0, v = t> f sin 0 4-cos 0, 
or u 4 iv = e id (v r 4 iv e ) and w=v 9 .(1). 

* There are exceptional cases and there is a physical explanation t>ased on the 
kinetic theory of gases. On this subject see The Physics of Solids and Fluids , Ewald, 
I'oschl and Prandtl, 1930, p. 271. 

f See e.g. Handbuch der Physilc, vu, p. 94, J. Springer, Berlin, 1927. 
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. .Du , . .Dv . . Du , .Dv 

f'= OOBd Wt +sme pi’ /»= ~ &me nt +coa$ Di 


Therefore 


dv 1 dp 


+ v (cos 0 + sin 0 V*v) 


AUVAVAVAV J f» — A T r v f If T v f 1// i 

or p or I 

and /»=-^-^^+v(-sineV 1 « + oos9V , v)J 

where F is the potential of the external forces. 

Now from (1) 

e -ie v* (u +iv) = e- <# W* (v,+iv e ) = ^V* + y % ^ ^ (»,+»»») 


where, on the right, V*s£+£ | + £ **,+ ~ .(6). 

Whence, by equating real and imaginary parts 
cos0 V 2 w + sin ev*v = V 2 !;,.- 

and — sin0 V 2 u + cos0 V 2 v = V 2 v 0 + 

r* ou r*] 

Hence, by taking the acceleration components from 1*52, and sub¬ 
stituting (6) in (3) we have for cylindrical coordinates 
_2F_1£^ , __ 2 

Dt r “ 0r P 0r r r 2 00 r 2 / 

m» = _!K_l ’ + J V i v . 2 m 

i>« + r rc>0 />rae + \ #+ r»$0 rV j. W,> 

Dt dz pdz^ ‘ 

where ZS=Jt + ®4 +, Va0 +,, *i.<»)’ 


and V 2 has the value (5). 

Again with polar coordinates r, 0, <f>, let q r , q 0 , denote the components 
of velocity and F rt F 0 , F+ those of acceleration. Then by comparing the 
velocities with those in cylindrical coordinates and taking account of the 
different meanings of r, 0 in the two systems, viz. that the former r becomes 
r sin 0, and the former 0 becomes <f>, we have 

v r =g r sin0 + g fl cos 0, v 0 = q ( f, , v g = q r cos 6 — q 0 sin 0, 
so that + iv r = e <d (g r -f iq 0 ) .(9). 

Also 

F r = f t cos 0 •+■ / r sin 0, which from (3) and (6) or (7) \ 


dV idp , 
"&r p dr + v 


cos 6 V*w, +v sin 6 (V 2 i> r —^ 
* \ r 2 sm 2 0^ r 2 sm 2 0/ 


-F*= —/, sin 0 +/ r cos 0 

= -^e- l p^e- vBine ^ +vCoae 


F =f = -~^- _ 1 » ■ 

* *'* rsindd<f> pr sin 0 d</> 


( __?__ .?r.. A 

\ r r 2 sin 2 0 0^ r 2 sin 2 0/ 

. 2 &> r \ 

\ # r 2 sin 2 0 0^ r 2 sin 2 0/ , 
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Now from (9) e _w V 2 (v,+iv r )=e- t9 V*e ,) (g, + ig»), 
where, in polars, 

V*= eJ + 2 ^+^ 0 + i *. 1 /iii. 

~dr i r8r r 2 > 2 sin 2 000 2 .' 

therefore e-^(v,+iv T ) = ^+ i ^ 0 +f t ^ g -^) (,, + ig,).(12), 

and by equating real and imaginary parts we get 

cos 0 V*. + Sin 0 V*w r = V 2 ?, CO t %e-i 

l ...(13). 

and - sin 0 + cos 9 VH, =V^„ - J+^ q T + 2 gj 

Then substituting in (10) and taking the acceleration components from 
1*52 wo have for polar coordinates 
Dq r go' + qf ^ dV l dp 
Dt r dr p dr 

+ „ _ 2cot? _ 2 9q t _2_ 

+ V q ' r 2 r 2 r 2 00 r*sin00^j 
Dqj_q^ootd q^qt_ _0F_1 dp 
Dt r + r ~ rdd pr89 


4 .„(vt n - 1* , 2dq r _2coa0 0g*\ 
f \ ” r 2 sin 2 0 r 2 50 r 2 sm 2 ~0 0^ ) 


Dqt q r qj> q 0 q * cot 6 
Dt ^ r r 


dV _ i ap 
rsinflety prsinflety 


, / V a 0 _£ . 2 S9r , 20080 S9A 

V ** r* sin 2 0 r 2 sin 6 8<f, r 2 sin 2 0 8<f, 1 


where in polar* £=s |+«4+?^ +? *rshL* 

and V a has the form (11). 


13*33. Components of stress in cylindrical and polar co¬ 
ordinates. We shall merely state the results in cylindrical coordinates 
as the reader will be able to adapt to cylindrical coordinates the method 
used below for obtaining the formulae in polars. 

With the notation of 13*32 we have for cylindrical coordinates r, 

P„=- P +p„=-p+2r(%- t +?), ?..'-!>+v|'l 

For polar coordinates we proceed thus: take a set of rectangular axes 
Oxyz and let r, 8, <f> be polar coordinates measured in the usual way. Take 
a second set of rectangular axes Ox'y'z' such that the plane x'z' contains 
Oz and makes an angle <f>' with xz, and let the angle zOz' = 0'. Then the 
direction cosines of the axes Ox'y'z' referred to Oxyz are 
cos 6' cos cos 6' sin — sin 6' 

— sin </>', cos <f>\ 0 

sin 6' cos <j>' 9 sin 6' sin <f>', cos 8'. 
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And with the notation of 13*32 

u=g r sin 8 cos ^ + q 9 cos 6 cos ^ — q+ sin <f>\ 

v=q r sin 0sin <j> + q $ cos 8 sin <j> + q$ cos L.(2). 

w~q r cos 8 — (fosinfl | 


And if u\ v' 9 w' are components of velocity referred to Ox’y'z ' we have 
from (2) 

u' = ( q r sin 8 cos <f> + q 9 cos 8 cos <f> — q+ sin <f>) cos 8' cos <j>' " 

+ (g r sin0sin^ +g#cos 0 sin ^ cos cos 0'sin^' 

— (q r cos 8 — qo sin 8) sin 8' 

v' = — (q r sin 8 cos <f> 4* q e cos 0cos ^ sin </>) sin 

+ (g r sin^sin^-f^cos^sin^-fg^cos^)cos^' '* 

w'= (q r sin 8 cos cos 8 cos <f> — q+ sin sin 0' cos </>' 

+ (q r sin 8 sin ^ + qe cos 8 sin </> -f g$ cos sin 0' sin 
4* (g r cos 8 — q 9 sin 0) cos 8 ' 


Now we find the required expressions for the stresses from the values of 
8u'/8x\ etc. when the axes Ox'y'z' are so moved that 8'= 8 and $ = <f>, and 
then 

8 _ 8 8 _ 8 , 8 _8 
8x'~r88 9 8y'~~rsin 88<j> ^ 8z'~ 8r' 

Hence by differentiating (3) and putting 8' = 8 and </>' = <!> after differentia¬ 
tion we get 


&I* , 9r 

8x'~~r88~ r r 9 
8v' __ 8q$ 
8x'~~rd8 f 

too'_ ^r_qe 
8x'~~rd8 r 9 


8u' _ dq# _ gg cot 8 dv^^bq^ 

8y'~ rsin88</> r 9 8z'~ 8r 

8v' _ dq+ q r q $ cot 8 dv' __ 8q+ 

% /_ fsm03^ + r r 9 8z'~ dr 

dw' _ 8q r _ 8u/ _ 8q r 

8y'~~ rain.88<l> r 9 dz'^dr. 


...(4). 


Thus we have for the components of stress in polar coordinates 


p„=-p + 2,,(&* + ?•) 

*--*+*WV?**? y ) 

Prr=~P + 2ll^ 

^=-(S-7 + t) 
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13*4. Dissipation of Energy. If T denotes the kinetic energy 
at time <ofa limited portion of fluid bounded by a surface S. then 

2 T =JJ*J p ( u 2 + v*+ tip) dxdydz . (1) 

and following the motion of the same portion of fluid 

DT ff f / Du Dv Dw\ , , , ... 

m = JJJ p \ u Di +v irt +w Di) dxdydz . (2) - 

Substituting from the equations of motion of 13*22 (1), we get 
DT 


Dt 


-///■ 


+ w 


p (uX -f v Y + wZ) dxdydz 

dp, 
dz 


///!”( 


d PxT,dPi 
dx dy 


»+^s) + r(: 


dp 


xy . 
dx * 


dPyy g Pn\ 
dy + dz) 


(dPxz 
\ dx ' 


dy + dz )] 


dxdydz .(3). 


The first integral represents the rate at which the external 
forces are doing work throughout the mass of the fluid. 

The second integral may be integrated by parts and gives 


-m 


-\\{ u VPsx + ™Pux + n Pzx) + V (lp xy + mp yy 4- np zy ) 

+ w (ilp xz + mp yz + np zz )} dS 


dv 

dy 1 


Pxx + Zo.puu + JU Pzz + 


dw 
dz J 


/dv 0wA 
[dz* dy) 


Pvz+- 


dxdydz 
..(4), 

where l , m, n are the direction cosines of the inward drawn normal 
to dS . By 13*31 (1) the surface integral may be written 

- JJ (up hje + vp hll + wp h .) dS .(5), 

where the suffix h indicates a normal to dS , and this integral 
represents the rate at which the kinetic energy is being increased 
by the action of the stresses on the boundary of the fluid. 

If in the remaining volume integral we substitute from 
13*23 (8) and (9) we get 


mi 


d u dv dw\ 
dx*~dy*~ dz) 


j dxdydz 
j dxdydz 


du dv 0w\ 2 
dx * dy dz j 


dw 0iA 2 
dy + dz) 


/du dw' 
"\02~^ dx 


. <o) - 
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In this expression p denotes, in the case of an elastic fluid, the 
pressure statically corresponding to the density of the fluid at 
(z, y, z), and the first integral represents the rate at which the 
various elements of fluid are losing intrinsic energy in consequence 
of internal expansion*. 

The remaining integrals on the whole are negative or at least 
never positive and represent the rate of dissipation of energy in 
consequence of internal friction. This cannot vanish unless 

du dv _ dw 
dx ~ dy ~ dz * 

, dwdvdudwdvdu 

and Ty + dz = Tz + Tx = dx + dy = (i ' 

i.e. in the notation of 4 * 1 unless a = b = c and /= g=h = 0. 

Since for an incompressible fluid a + b + c = 0 therefore there 
must be dissipation of energy in a liquid unless 


a=b=c=f=g=h=0 


at every point; i.e. no extension or contraction of linear elements. 
It follows that only when the motion consists of a translation or 
rotation of the mass as a whole can there be no dissipation of 
energy f. 

It follows that in the special case of a liquid the rate of dissipa¬ 
tion of energy is represented by 



♦ In the case of an elastic fluid, from the equation of continuity 


///* 6 + S + 9 ***** = /j lf- p ■ l m dxdydz 

= {f( p 3tQ- pdxdydz 


-Hi 


DE 

Dt 


p dxdydz , 


where E— —jpd denotes the intrinsic energy, or the work done by a unit mass 


of the fluid against external pressure as it passes from its actual volume to some 
standard volume. 

f See Stokes * On the Effect of the Internal Friction of Fluid on the Motion of 
Pendulums’, Trans. Camb. Phil. Soc. ix, p. 8, or Math, and Phys. papers 9 in, p. 69, 
where a detailed discussion of the conclusion is given. 
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13*5. The Reynolds Number. Experimental work con¬ 
cerning the motion of solid bodies through fluids is usually 
performed with models and it is of importance to know to what 
extent the full-sized body will behave like the model. A like 
consideration arises in connection with the flow of fluid through 
tubes of different diameters. 

If we regard an external field "of force as producing a hydro¬ 
static pressure and take p to be the dynamical part of the 
pressure, i.e. the amount by which the total pressure exceeds 
the hydrostatic pressure, then in the equations of motion of a 
fluid, omitting the external field of force and the hydrostatic 
pressure there are three types of forces, viz. (i) the reversed effective 
forces or inertia terms of the type pdu/dt or pudu/dx , (ii) pressure 
terms dp/dx , etc., and (iii) terms arising from frictional forces of 
the type pudhi/dx 2 . In order that the flow may be geometrically 
similar in two corresponding motions it is necessary that the 
ratios of the forces represented by these sets of terms shall be 
the same in both motions. Since however the forces (including 
reversed effective forces, as in D’Alembert’s Principle) which 
enter into any equation balance one another, it will suffice to 
consider the ratio of two of the types, e.g. (i) and (iii). 

In the case of a body moving through a fluid the velocities are 
all proportional to the velocity of the body, say U ; and we can 
choose a length l associated with the body to represent the linear 
scale of measurement. Terms of type (i) are then of dimensions 
pU 2 /l, and terms of type (iii) are of dimensions pUjl 2 , and for 
similarity we require that the ratio pU 2 ll^rpJJjl % or B=pUl/fi 
shall be the same in both motions. 

The expression pUl/p or Ul/v, where v is the kinematic coeffi¬ 
cient of viscosity is called the Reynolds number, after Osborne 
Reynolds who first investigated the question of similarity*. It 
represents the ratio of the inertia terms to the frictional terms in 
the equation of motion and it is clearly non-dimensional. A 
necessary condition for the dynamical similarity of two fluid 
motions in which the systems are geometrically similar, is that 
they must have the same Reynolds number and the boundary 
conditions must be the same. 

Further, if F represents the component in an assigned direction of the 
force on the body duo to the stresses on its surface, then FjpUH 2 is non- 
* Phil. Trans. Ji.S. clxxiv, 1883, or Scientific Papers , ii, p. 51. 
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dimensional and must therefore depend on a non-dimensional combina¬ 
tion of the data p, U 9 l , p, and R is the only such combination so 
thftt F=pU'l*f(R). 

For a particular case a series of values of f (R ) is determined by experiment 
by varying U, l or v as may be convenient. 

The importance of the Reynolds number lies in the fact that it 
gives some indication of the nature of the corresponding fluid 
motion. Thus a small Reynolds number implies that viscosity is 
predominant, and a large number implies that viscosity is small 
or that the effects of inertia outweigh the effects of friction. 

Also it was found by Reynolds* that in the case of flow 
through a tube the steady laminar flow breaks down and the flow 
becomes turbulent when Uljv exceeds a definite limiting value, 
where U denotes the mean velocity of the fluid and l the diameter 
of the tube. It follows that for small values of l the dynamical 
equations represent the actual motion for a wide range of velo¬ 
cities, but if l is large then either U must be small or the viscosity 
large for otherwise the motion will be turbulent. 

The simpler problems of fluid motion which can be considered 
are divided into two classes according as the corresponding 
Reynolds number is small or large. In the former case viscosity 
is predominant and the inertia terms in the equations may be 
regarded as negligible. In the latter case the frictional terms are 
small, and we shall see later that in the case of relative motion of a 
fluid and solid boundaries this means that at a distance from the 
boundaries the frictional terms in the equations are negligible so 
that the conditions there approximate to the motion of a * perfect ’ 
fluid, but near the boundaries there is a thin layer of fluid in 
which viscosity is effective and in which the velocity of the fluid 
varies from that of the solid in contact with it to that of the 
frictionless motion outside the layer, and the smaller the vis¬ 
cosity the thinner is this lay erf. 

13- 6 • We shall next consider some problems of steady motion 
either of such a special kind that the inertia terms vanish identi¬ 
cally or such that the Reynolds number is so small that the inertia 
terms are negligible in comparison with the frictional terms. 

13-61. Steady Motion between Parallel Planes. Let 
viscous fluid of uniform density p fill the space between parallel 
* Loc. cit. p. 377. 

t L. Prandtl, Verb . d. 3. intern. Math . Ver. Heidelberg, 1904. 
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plane boundaries 2 = 0 , z=h. Let the former boundary have a 
velocity U in the x direction and the latter be at rest. We assume 
that there is a steady motion with a velocity which at any point 
is denoted by u parallel to x, the components v and w being zero. 
From the equation of continuity we must therefore have 9 u/dx =0, 
and as u is clearly independent of y it must be a function of z alone. 
It is now apparent that the inertia terms in the equations of 
motion are all zero. At a distance z from the plane z = 0, there is a 



tractive force dujdz per unit area in the plane parallel to the 
boundaries opposing relative motion (13*23 (9)). Considering an 
element of the fluid with faces parallel to the coordinate planes 
and of linear dimensions 8a;, 1, 8z, the tractive forces on its faces 


parallel to the boundary planes give a resultant /x^ 2 8z8a; in the 
x direction, and the resultant of the mean pressures on the faces 
parallel to yz is — ^ 8a; 8z in the same direction. There being no 
acceleration these forces have a zero sum, so that 


dhi _^dp 
^ dz 2 dx 


.( 1 ), 


which on the hypotheses stated might have been written down 
directly from 13*3 (1). 

Since there is no motion save in the x direction therefore 
dpjdy and dp/dz are zero, and since u is independent of x, (1) shews 
that the pressure gradient dpjdx is a constant. 

Integrating (1) we get 

!™ = \z^ + Az + B .( 2 ) 


and since u= U when z =0, and u =0 when z=h, therefore 


u 




z(h—z) 


dp 


2p v ' dx 


.(3). 






380 


THEORY OF LUBRICATION 


13 * 61 - 


The total flux per unit breadth across a plane perpendicular 

m .<*>• 

The tangential stress at any point is 


du itU , _ .dp 

r-di—r-W-* 1 ): 


which gives 


h 


'dx 


•<«) 


as the drag per unit area on the boundaries; the drag of the 
boundaries on the fluid is represented by forces equal and op¬ 
posite to these acting in opposite senses, and their resultant 
hdp/dx is of course equal to the pressure difference on two planes 
at right angles to the stream at unit distance apart. 

The expression hUjv may be taken as a Reynolds number in 
this problem, or a like expression with the mean velocity 
instead of V. 


13*611. Theory of Lubrication. It is a familiar fact that parallel 
or nearly parallel surfaces can slide over one another with great ease if a 
film of viscous fluid is maintained between them. The mathematical 
theory is due to O. Reynolds*. A necessary condition is that the opposing 
surfaces should be slightly inclined to one another and that the relative 
motion should tend to drag the fluid from the wider to the narrower part 
of the intervening space. The following discussion is based upon a paper 
by Lord Rayleigh f. 



Consider a fixed block with a plane face AB nearly parallel to another 
plane z = 0, which has a uniform velocity U in the x direction. Lot the 
block be so wide in the y direction that the problem may be treated as two- 
dimensional. 

Let a y h 1 ;b f h t and a;, Abe the coordinates of A, B and any other point on 
AB, Since the inclination of the plane faces is small, the velocity u at any 

* ‘On the Theory of Lubrication, etc.’, Phil. Trans, clxxvu, p. 167, 1886, or 
Scientific Papers , n, p. 228. 

t ‘Notes on the Theory of Lubrication’, Phil. Mag. (6), xxxv, p. 1, 1918, or 
Scientific Papers , vi, p. 623. 





13*611 


THEORY OF LUBRICATION 


381 


point may be determined as in 13*61; and as the addition of a constant 
pressure throughout the fluid will make no difference to the solution, we 
may for convenience assume that p = 0 beyond the ends of the block. 

The condition of continuity is that the total flux 

£***» w -,%% . <» 

must be independent of x. 

Therefore .< 2 >’ 


where h 0 is the value of h at points of maximum pressure. 


But 

h (b — a) = h x (b — x) + h 2 (x — a), 


so that 

*£=*«-*>. 

.(3), 

where l is the length 

of the block. 


Hence, from (2), 

dp 6pUl h — h 0 
dh /i 2 -V h* . 

.(4). 

and, by integration, 

. 

.(5); 


and we must now determine h 0 and C so that p — 0 when h = h x and when 
h = h i . 


This gives 

h 0 =2h l hj(h 1 + h i ) . 

.(6) 

and 

6 pUl (hy — h) (h — h 2 ) 

p v-V h * . 

.(7). 


It follows that p cannot be positive unless hj > h 2 , i.e. unless the stream 
contracts in the direction of U. 

The total pressure is given by 


P— f pdx=( * P K dh 

Ja Jkthi-ht 

~(k-l)*h z * V 0gA: k+ 1 J 


.(8), 


where k = hjh ^. 

Again from 13*61 (5) the tangential stress on either surface is 


( Pzx)z a 


- Ih^ 

o- “ i. ~ ih di’ 


so that, using (2) and (3), wo get for the total frictional force 

P- [ b 

Ja 

2 uUl f 01 . 3(fc-l)\ 

“(tfir*.! 210 **- k+i }. 


.( 9 ). 


Comparing (8) and (9) we see that the ratio F/P of the total friction to 
the total load is independent of both p and U, but proportional to h if the 
scale of h is altered. 
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The position of the centre of pressure may be calculated from 


xP 



leading to 


_ ,, 2k (k -b 2) log k — 5& s + 4tk +1 
* 0-4 (i»-l)logfc-2(Jfc-l)« 


( 10 ). 


It has been shewn by Reynolds and Rayleigh that the value of k which 
makes P a maximum is 2*2; that this makes P = 0-1002/x Ul % jhf and 

Since the film of fluid is thin the above arguments would hold good if the 
surfaces were cylindrical instead of plane, provided h is everywhere small 
compared to the radii of curvature. 

Where there is a flow in the direction of y as well as x 9 we shall obtain as 
in 13*61 for the total flow in the y direction 


f\dz=ihV-^ .( 11 ), 

and the equation of continuity is now 

jr, [ hu dz + S~ ( h vdz = 0 , 
dxj o By] o 


or 



( 12 )*. 


13-62. Steady Motion in a Tube of Circular Section. Let 

a be the internal radius of the tube and w the velocity along the 
tube at a distance r from the axis Oz. The other components of 
velocity are assumed to be zero so that by reference to the 
equation of continuity dwjdz must be zero, therefore and by 
symmetry w is a function of r alone. It now appears, from the 
equations of motion in cylindrical coordinates (13*32 (7)), that in 
steady motion the inertia terms are all zero, and the equations, in 
the absence of external forces reduce to 



It follows that the pressure is a function of z alone and that the 
pressure gradient is constant, and equal to — (p^—p^l where 
Pi> Pz denote the values of p at the ends of a length l of 
the tube. 

We might also argue directly that since there is no motion at 
right angles to the axis p does not vary over a cross section, and 

* Michell, Zeiis. /. Math, lih, 1905, p. 123. 
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taking the tangential stress along a plane perpendicular to r as 
dw 

(13’33 ( 1 )), the frictional forces on the fluid between 
two cylinders of length Sz and radii r and r + 8 r are 

~^^ 27 rr 8 z and 27Tr8z + fjL~^^2rrr8z^8r 

and in steady motion the sum of these must be balanced by the 
pressure difference on the plane ends of the fluid mass, viz. 


-8z. 27rr8r, 


so that 


Integrating, we get 


( dw\ d'l 
r ~dr)- r d t 

lr\ dr) ~ 


r~, as above 
dz 


pi-p*. 


>= r * +A lo % r+B 


The velocity along the axis must be finite, so that .4 = 0 , and since 
there is no slipping on the tube, w = 0 when r — a, therefore 

w = —- fe - (a 2 - r 2 ).(4). 

4 fit 

The total flux across any section is 


fVWr =*^™ 4 .(5). 

Jo l ofl 

The drag on the cylinder is 2tt al , which is easily shewn 

to be 7 ra 2 {Pi—p 2 ), as is otherwise obvious. The result that 
the flux is proportional to the pressure gradient and to the 
fourth power of the radius of the tube was discovered experi¬ 
mentally by G. Hagen* and was rediscovered independently 
by Poiseuillef. It is a result of fundamental importance in 
connection with the law of frictional resistance as it can be con¬ 
firmed by experiment with great accuracy. It also provides a 
method of measuring ft. But as stated in 13*5 it is only in narrow 
tubes that the result is true for all such velocities as are likely to 


* Pogg. Ann . xlvi, 1839, p. 423. 

t Comptea Rendus , xi, xii, 1840-1; Mem. des Savants Strangers, ix, 1846. 
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occur in experiment. There is a definite Reynolds number which 
determines in every case a critical velocity in relation to the 
viscosity and the diameter of the tube. For smaller velocities the 
flow is ‘ stream line ’ or ‘ laminar ’ but when the critical velocity is 
exceeded the regular stream line character of the motion is 
destroyed, small eddies appear in the fluid and the motion be¬ 
comes ‘turbulent’. Then the relation (5) ceases to be true, and 
instead of the pressure gradient being proportional to the flux it 
is found to be approximately proportional to the square of the 
flux*. 


13*621. Steady Flow between Coaxial Circular Cylinders. With 
the same notation, let the flow take place between two coaxial cylinders 
of radii a, 6. Let the inner boundary have a velocity W while the outer is at 
rest. Then in 13*62 (3), we have w= W when r = a> and w = 0 when r = b, so 


that 


..._ T p log ( r /l>) Pi-Pi L» 6* log ( r l a ) - «»log (rjb) \ 
W ~ Vr lo g (a/b) V f log(6/a) J.'' 

/ b 

w.2irrdr 

-■■ir f * (6a - q8) I " arP»{ 6 « (2) 

" i log i +8 ^ 1 l log (6/a) J 


The drag on the cylinders can be calculated as in 13*62. 


13*63. Steady Flow inTubes of cross section other than Circular. 

If we assume that w is a function of x, y but not of z, and that u = v = 0, 
then in steady motion the inertia terms disappear and in the absence of 
external forces the equations 13*3 (1) reduce to 


and 


¥ =0 ¥ =0 

dx ’dy 

(d 2 w 8Hv\ _ dp j 
*\dx 2 dy % )~~ dz) 


( 1 ). 


It follows that in steady flow along a tube the pressure gradient dp/dz 
is constant, and denoting this by — P, the velocity w has to satisfy the 


equation 


d*w d*w_ 
dx 1 "** dy 2 ““ fi 


•( 2 ) 


with a boundary condition w=0 on the surface of the tube. If we write 

P 

w = ip — j- (x 2 + y 2 ), then ip has to satisfy the equation 

* **.**_<, 

dx t + dy* ' 

p 

with a boundary condition ip = y (x 8 + y 2 ) on the surface of the tube. But 

4/a 

from 5*1 (3) these are the conditions which have to be satisfied by the 


* The Physics of Solids and Fluids , Ewald, Poschl and Prandtl, 1930, p. 277. 
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stream function when a like tube containing frictionless fluid rotates 
about its length with angular velocity P/2p. 

This analogy was pointed out by Greenhill*. 

For example in the case of a tube whose cross section is an equilateral 
triangle, by analogy from 5*5 (3) we write 


(3), 


u>=A(x*— 3xy 2 ) + B — j-(x 2 + y 2 ) . 

4/i, 

where this expression is to vanish at all points of the boundary. If we 
determine A and B so as to make x = a part of the boundary, we find that 
p 

w— — - - {a; 3 — 3 xy 2 + 3a (a 2 + y 2 ) — 4a 8 } 

x zap 

(x - a) (x - ^/Zy + 2a) (x + \/Zy + 2a) .(4); 


12 ap 


from which we see that w vanishes on the three sides of an equilateral 
triangle, and since it also satisfies (2), it represents the required velocity. 

By evaluating jjwdxdy over the cross section we find that the flux of 


liquid is 


27 Pat 
2<V3 p * 


For an elliptic section by analogy from 5*5 (2) we write 


w = A (x 2 -y 2 ) + (x 2 + y 2 ) 


•(5), 


and determine A and B so that w vanishes on x 2 /a 2 + y 2 /b 2 =l. This 
requires that , p v / 

°i A -J— b i A+ *,)=-»’ 


from which we find that 

- q 2 ft a 

W 2p a 2 + b 2 


(l- x2 - y2 ) 
V a* 6V 


•( 6 ). 


By evaluating jjwdxdy over the area of the ellipse we find that the flux 


of fluid is 


iratb 2 P 
a 2 + b 2 ' 4tp' 


13*64. Steady Rotatory Motion. Let a fluid have a steady 
rotation about the axis of z, the angular velocity co being a func¬ 
tion of the distance r from the axis. Then in the notation of 13*32, 
v r = 0 , vq = cor and v z = 0 , and, in the absence of external forces, by 
symmetry the mean pressure p is independent of 0, so that the 
equations of motion 13*32 (7) reduce to 


a 1 
o> a r = - 

p or 


d 2 w dcj 
r a^ + 3 dr 


= 0 


and 



( 1 ). 


* ‘On the Flow of a Viscous Liquid in a Pipe or Channel’, Proc . L.M.8, (1), xui, 
1881, p. 43. 


RH 
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We might also obtain the equation for to from the considera¬ 
tion that the only stress in the fluid is the tangential force 


da) 


(13-33 (1)) 


and the moment about the axis of the tangential force on a 
cylinder of radius r is therefore 27T^r z da)jdr per unit length of 
cylinder. Then since, in the steady motion, the moments on the 
inner and outer surfaces of an annulus must be equal and op¬ 
posite, it follows that the last expression must be constant; i.e. 



( 2 ), 


this being the integral of the second of equations (1). 
Hence 


A 

<*>= -K7* + B 


2 r 2 


.(3). 


If the fluid has no internal boundary we must have ^4 = 0, since 
the angular velocity cannot become infinite asr->0, and therefore 
w is constant and there is no relative motion. 

But if the fluid is bounded by coaxial cylinders of radii a and 6, 
the second of which, the outer, rotates with angular velocity Q 
while the inner is at rest, we have a> = 0 when r = a 9 and cu = Q 
when r = b, so that 


> =il 


b 2 r 2 —a 2 
r 2 'b 2 — a 2 ' 


.(4). 


The couple per unit length on either cylinder is 2nfiA or 


4t Tijuatb 2 
b 2 — a 2 ^ 


( 5 ). 


Experimental work has been done on this basis, the couple on 
the inner cylinder being measured by the torsion of a suspending 
wire. 

We have not imposed any limitations on the angular velocity, 
and it has been shewn by Taylor* that the above steady motion 
of a liquid is stable for all speeds of the outer cylinder; and also 
that when the outer cylinder is fixed there is stability for suffi¬ 
ciently small angular velocities of the inner. 


* ‘Stability of a Viscous Liquid contained between two Rotating Cylinders', 
Phil. Trans. A, ccxxiii, 1922, p. 289. 
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13* 65 • Steady Motion of a Viscous Fluid due to a slowly Rotating 
Sphere. Writing 

u~ — wy, v = a>x and w— 0, 

where to is a function of r alone (r* = x 2 + y 2 + z*), and neglecting squares of 
velocities, for steady motion equations 13*3 (1) become 


0 = 
0 = 
0 = 


dp (d 2 to 4 d<o\ ^ 
dx ^ \dr* +r dr) 
dp fd 2 to 4 dto\ 
dy + t * X \d r 2 r dr) 
_dp 
dz 


( 1 ). 


These are satisfied by p = const, and 


d l m 4 dm __ , 
dr z+ r dr~ ’ 


dot 

or r 4 — const. 

dr 

••e. + B .(2). 

If the motion is produced by a solid sphere of radius a rotating with 
angular velocity Q and the fluid extends to infinity and is at rest there, we 
have . 

«< = rS « .(3). 

And if there is an outer fixed concentric spherical boundary of radius b , 
then g ts _ -a 

.< 4 >- 


The couple on the sphere may be found from the formulae for the stresses 
in 13*33 (5). Here q r = 0, q e = 0 and q$ = cor sin 6 and the only stress which 
has a moment about the axis is 


A dto 

Pr+ = li.r sinfl 5 -. 


n daj 


and its moment is pr 8 sin 8 0 • 

Hence the couple on the sphere of radius a is 


J” fta* sin 1 6 (^j . 2iro* sin 0d0 = 


&nfi£la*b z 
6 s -a 3 


(5). 


The same result might be found from the consideration that if N is the 
couple which must be applied to the moving sphere to maintain the 

rotation then . 

Nil = rate of dissipation of energy. 

It should be noted that the results of this article are of little value for 
experimental purposes because of the necessary limitation about the 
smallness of the velocity. Unless the motion is so slow that the squares of 
velocities are negligible steady annular motion is impossible*. 


* Stokes, loc. cit, p. 370. 


25 -* 
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13*7. Vorticity in Viscous Fluids. The equations of 
motion 13*3 ( 1 ) may be written 


Du 9Q . 00 j \ 

IS—S + »’S + ’^l 

?s,_?e +1 „»+,** 

I>* 0y * 0y 
Dw dQ , 30 

a = -& + i-S +, ' vv 


•d). 


where 


<2 




dp 

P 


^ ^ du dv dw 

and 0 = 5 - + *- +-v--. 

ox oy dz 


Proceeding exactly as in 2*6 these equations take the form 


so- 


Dt 

D 

Dt 


5 ©- 


pdx^ pdy pdz*p * ■ 

.(to 50 » f0» V 

pdx pdy pdz + p 

^0w «0to raw v 
pdx pdy p dz p ^ 


.( 2 ). 


In the case of an incompressible fluid the equations take the 
simpler form 


Dij du du du - 9 

s- f s + ’ai + «s + - v ’ f 


Drj 

Dt 


„dv dv y dv 

sS te + ’8 y +i d, + -^ 


D£ j,d w dw y dw T79y 


(»)■ 


As in 9*21 the first three terms on the right of these equations 
represent the rates at which f, 77 , £ vary for a given particle, when 
the vortex lines move with the fluid and the strengths of the 
vortices remain constant. 

In any case of slow motion the first three terms on the right of 
each of the equations are negligible and the remaining terms 
exhibit the variations of the vorticity, and the equations are the 
same in form as the equations of the conduction of heat, so by 
analogy vorticity cannot originate in the interior of a viscous 
fluid but must be transmitted from the surface. 
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13*71. Circulation in Viscous Fluids. The conclusion of 
the preceding article may also be reached from considerations 
of the circulation in a circuit moving with the fluid. Thus if I 
denote the circulation, then as in 4-23 


DI 

Dt 


D C 

= nj I (udx + vdy + wdz) 

Dt J c 

=j c (^ +p ^ d y+^ t dz ) + So iudu+vdv+wdw) ' 


The last integral vanishes for a closed circuit, and therefore 
from 13-22 (1) 

DI 


Dt 


= J (Xdx+Ydy+Zdz) 

' + JJf 


d Pxx . dgi 

dx dy 


yxjp, 
+ ~dz 


t)* + 4 


For a conservative field of force the first integral vanishes and 
from 13*23 (8) and (9) 

+ J[ ]*)• 

* i lcl(X du+ t ip+ i d ~)* 2 l? s .• || - 

This result was obtained by Jeffreys by the shorter process of 
the tensor calculus. He remarks on the different terms that the 
first vanishes if p is a function of p alone, as in many cases; but if 
there are variations of density not due to pressure, but to tem¬ 
peratures or composition this term will not vanish. The second 
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and fifth terms involve products of the viscosity and the 
divergence, and are probably unimportant in most cases. The 
fourth shews that circulation may arise in a moving fluid in 
which the viscosity varies from place to place. The third term is 
the only one which survives in a uniform incompressible fluid, 
and it shews that in such a fluid changes in circulation depend 
only on the vorticity in the neighbourhood of the contour*. 

In fact when p and p are constant, the equation reduces to 


DI 

Dt 



(Vhidx + Vtvdy+Vhvdz) 


= vV 2 /.(2), 

shewing the same law of conduction of heat for variations in 
the circulation in a moving circuit. 


13-72. Further Special Gases. Diffusion of Vorticity. 

(i) Laminar Motion or flow in parallel planes. When the motion is not 
steady but uniform in a set of parallel planes, so that we may take v = w = 0 
and u a function of z only, then the equations of motion 13*3 (1) are 
satisfied by taking p = const, and 


du _ d 2 u 
8t~ v dz '* 


( 1 ). 


This is also the equation for the linear conduction of heat and the appro¬ 
priate solution depends on the initial and boundary conditions. 

Thus, when the fluid extends to infinity on both sides of the plane z— 0 
and the initial velocity throughout the fluid is given by u — ±U according 
as z is positive or negative, the solution of (1) is 


2 U [*!*«*) 
u— . I e~ e ad 

yn J o 


(2)t* 


For it can be shewn that the solution of (1) which fits given boundary 
conditions is uniquef, and it is easy to verify that (2) satisfies (1), and that 
as z-»-0, u-> ±U according as z is positive or negative. 

The vorticity is given by 

2n = ?“=-r^ e -*l*vt .(3). 

” dz y/{iTvt) 


The initial conditions imply the existence of a vortex sheet in the plane 
z = 0. Equation (3) represents the manner in which the vorticity is diffused 
into the fluid on both sides of the sheet, and (2) enables us to measure the 
decay of velocity, throughout the fluid. 


* H. Jeffreys, ‘The Equations of Viscous Motion and the Circulation Theorem’, 
Proc . Camb. Phil. Soc. xxiv, 1928, p. 477. 

t Carslaw, Conduction of Heat . 1921, p. 34, where notes will be found on the 
tabular value of the integral (2). 

% Ibid. p. 14. 
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(ii) Periodic Laminar Motion. With the same notation let us suppose 
that the fluid lies on the positive side only of the plane z=0 and that its 
motion is due to the motion of a plane rigid boundary oscillating in the 
plane * = 0 with velocity u=aco8(nt+t) . (4) . 

Taking this as the real part of ae *the general velocity will now have 
the time factor e 4 (nt_He) so that (1) becomes 

&U in 


.<“>• 

The solution of this equation is « 

u=Ae a+i) J(& + Be- il+i) J(& .(6). 

If the fluid extends to infinity in the positive direction of z, we must have 
-4 = 0, and, introducing the time factor in (6) and using (4) to determine 
the value of B, we get // n \ 


V Cv&Uv HI JLMf WO KUI/ ! / <n \ 

'/(£)'.( 7 ) 

and the real part corresponding to (4) is 

u = ae * cos jn$ — 2 + € j .(8). 

This represents a transverse wave of length 2n propagated in the 

z direction with velocity y/(2m), but with a rapidly decreasing amplitude, 
in consequence of the exponential factor, the decrease in amplitude in a 
wave length being in the ratio e~ 2v : 1 or as 1 :535, so that the motion is 
propagated only a short distance into the fluid. 

The drag of the fluid on the boundary per unit area is measured by 

- ft (jfe) z _ 0 = fttVOnv) { cos ( nt + c) - sin (nt + € )} 

= pa\/(ni')cos(n£ + c + J^tt) .(9)** 

The foregoing represents the forced oscillations on which any normal 
modes of free oscillations may be superposed. 

If the fluid were bounded by a rigid plane z = h> both terms in (C) would 
be required in the solution, with the further condition that u = 0 when 
z = h. 

(iii) Diffusion of vorticity from a line vortex. Let there be initially a 
vortex filament of strength k along the axis of z in an infinite mass of fluid. 
The motion will be in circles about the z axis, the velocity at distance r 
from the axis being a function of r. 

We have therefore u> = 0 , f = 17 = 0 , and it is easy to verify by putting 
u = — (yjr) f (r) and v =( x/r) f(r), (r % = x 2 -f y 1 ) that in this case 

DUDt=dUdt, 

so that equations 13*7 (3) reduce to 

c>lJSK8K\ nm 


d J = v (W + 8 't\ .(] 

dt \ae* + 0j/7 1 

* Stokes, loc . cit. p. 376, see also Lamb, Hydrodynamics , 1932, p. 660. 
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or, in terms of r, gf)." (11) - 

This corresponds to the radial flow of heat from a line source and the 
solution is 

{= 8 ^ e_rt,4W . (12) * 

for it is easy to verify that this satisfies (11), and it makes the circulation 
in a circle of radius r fr 

= / 2£.27rrdr=*(l-e-' , / i *) 

J o 

and this * as t -> 0. 

Regarded as a function of t the vorticity £ at a distance r from the axis 
increases to a maximum */2Trr 2 e and then decreases asymptotically to zero. 
The velocity is found by dividing the circulation by 2wr and 

= «(l-e-"' 4 *)/27xr; 

and as t increases from 0 to oo the velocity decreases from k/2ttt to zero. 

13-8. Motion the same in all Planes through an Axis. 

Here it is convenient to use Stokes’s Stream Function ip as 
defined in 7" 3. Since the resultant velocity and vorticity at a 
point are independent of the azimuthal angle <£, the former lies 
in the meridian plane and the latter is at right angles to the same 
plane (4-25). 

Hence, taking the x axis as the given axis, we may denote the 
components of velocity by 

u , v=Fcos<£, w = V&in<p .(1) 

and the components of vorticity by 

0, 77=-o>sin0, £ = o)cos <f> (2), 

where, ss in 9-82, *-^+*£- 55 ;}.< 3 >' 

For a motion which is so slow that the squares of velocities 
can be neglected, equations 13*7 (3) reduce to 

i-** < 4 >- 

„ / 0 2 0 2 1 0 1 0 2 \ . . 

Now +, 

or, since a> is independent of <f>, 

rja . ,/S 2 S 2 IS 1\ 

^ 8in ^ \0x 2+ 8ro 2+ rn 0 cj ro 2 )" 
sin^/9 2 0 2 1 3 \ 

w~ \dx 2 + dm 2 w dw) Wa) 

* Carslaw, Conduction of Ileat , 1921, p. 152. 
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•> 1 COS d> 3 s 1 3\ 

Sumbriy . (6) . 

Now if we put -g from (2), (4), (5) and (6) 

we get . . 

(^-rS) —° . (7) * 

But, from (3), 2 tow = DJi, 

therefore the equation for the stream function is 


(c-ii)^. 0 . ( 8).. 


The operator D may be expressed in polar coordinates r, 8 
where x — r cos 0 and w = r sin 0 by writing 

a 2 a 2 _ a 2 1 a 1 a 2 

dx* + dTD*-~dr 2+ rdr + r 2 d0 2 * 

, i a __ i a cot 0 a 

811 to dm~~r dr+ r 2 80’ 


,« j ^ a 2 i a 2 cot^ a /A 

so that - D - 3r 2 + -2 0 0 2 r 2 00 . 

a 2 i ~ a 2 a 2 

” flE » + V.< 10 >’ 

where /i = cos 0. 

In a case of steady motion (8) becomes 

DV = 0 .(11). 

This has a solution ifj = (1 - /z 2 ) / (r) .(12), 


provided that 


Id? _2\ 5 
\dr 2 r 2 / 


/(r) = 0.(13). 


The solution of this equation is 


/(r) = ~ + J5r+Cr 2 + #r 4 .(14), 


so that 


-f Ur + CV 2 + i?/ 4 1 sin 2 0. 


In the notation of 13*32 the velocity components (7*31) are 
1 dip , l diff 

and »-,-ar*s. (16) 


* Stokes, Zoc. c»7. p. 376. 
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along and perpendicular to the radius vector; so that a finite 
velocity at infinity requires that the constant E = 0 t and a steady 
flow U at infinity requires that — £C7r 2 sin 2 0, so that 


If the liquid is streaming past a fixed sphere of radius a , the boundary 


conditions require that =0 and q$ = 0 when r=o, i.e. 

— + Ba+Ca t =0 and ~-. + B+2Ca=0, 
a o* 

giving A= — £C7a 3 , B = lUa .(17), 

and *=-iE7(l-e“+i£)r*sm«0.(18). 

For a sphere moving with velocity U through a liquid at rest, we reverse 
the velocity U by adding \ZJr % sin* 6 to ifi and have 

^=it/or(l-l^ 8 in«0 .(19). 

Hence from (16) 


q T =-$U and q t =lU S me(?+lty ...(20). 

To determine the force exerted on the sphere we might find the components 
of stress from 13* 33 (5) and integrate over the surface of the sphere, but this 
would involve finding ah expression for the variable pressure p* 9 and it is 
simpler to use the expressions for the velocity gradients in 13*33 (4) and 
evaluate the rate of dissipation of energy (13*4 (7)). 

Thus substituting from (20) in 13*33 (4) and putting = 0, the relevant 
terms are 


dx' dy ~ 
dw' du' _ 
dx’ + dz'~ 


— lUcosd 



-ftfsinfl — 


du/ 

dz' 


2 U cos 6 



so that the dissipation function 13*4 (7) 

= /iU* rr { S J (“» - £)*cos» 0 + « ^ sin* flj 2ttt* sin 6d0dr = 

.( 22 ). 

This represents the rate at which the retarding forces are doing work, 
but the body is moving with velocity C7, so that the resultant retarding 

forCe =67T/ioU .(23). 


This is Stokes’s formula! for the resistance to the motion of a sphere 
in viscous liquid. It must not be overlooked however that the squares of 
velocities have been neglected. Attempts have been made to obtain a 
more complete solution. In particular it has been pointed out by Oseen % 


that if we write 


u= — U + u' 9 v = v\ w = w\ 


Bu du 

then the term pu — which we neglected contains a term pU ^ which may 


* Evaluated by Stokes, loc. cit. p. 376. f Stokes, loc. cit . 

t ‘Ueber die Stokes’ache Formel, und ..Arkiv for matematiJc, vi, 1910, p. 29. 








THE BOUNDARY LAYER 


bo comparablo with terms retained. Proceeding in this way ho obtained 
th© result , . thv 

tor/taU ^! + §*"—) .(24)*. 

Tho formula (23) was employed by Stokes to determine the terminal 
velocity of a sphere falling vertically in a fluid, by equating the resistance 
to tho excess of tho weight of the sphere over the force of buoyancy; thus 

GrriiaU == — p) a*g , 

where a is the density of the sphere, so that 




but the result is subject to the limitation stated above. 


13*9. Prandtl’s Boundary Layer. We now return to the 
case mentioned in 13*5 of fluids of small viscosity such as water 
or air, in which motion is approximately that of a perfect fluid 
save in the immediate neighbourhood of solid boundaries, wheie it 
is affected by the boundary condition that the fluid clings to the 
boundary. In the case of flow past a solid obstacle there is a 
thin layer of fluid in the immediate neighbourhood of the solid 
in which friction is effective and in which, as explained below, 
vortices are produced; there is also the region containing vortices 
which are thrown off from such a body and constitute its 4 wake ’; 
and there is a region which contains all the remaining fluid and 
in this the motion may be regarded as irrotational. 

It must not be assumed however that the solution for a 
‘perfect fluid’ is the limiting form of the solution for a viscous 
fluid when the viscosity tends to zero or I2->oo. The differential 
equations for viscous fluid are of a higher order than for perfect 
fluid and so require more definition in the way of boundary con¬ 
ditions for a complete solution of a particular problem; and there 
is the essential difference in the boundary conditions in the two 
cases, that a perfect fluid slips freely over a solid boundary while 
a viscous fluid clings to the boundary and has no velocity 
relative to it. It has indeed been shewn by Jeffreys^ that if we 
assume the existence of a velocity potential and that a fluid has 
no motion relative to a solid in contact with it, then the only 
possible motion is one such that the fluid, the solid and the con¬ 
taining vessel have a single velocity of translation, no solid can 
rotate and a ‘classical fluid’ is more rigid than any solid. 

* See also Lamb's Hydrodynamics , 1932, § 340. f Stokes, loc . c/7. p. 376. 

t Proc. Roy . Hoc. A, exxvm, 1930, p. 376. 
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PrandtPs theory* simplifies problems by considering the 
effects of friction only in a thin layer round solid boundaries and 
treating the rest of the fluid as frictionless, but it assumes that 
the distribution of pressure outside the layer can be ascertained. 
If the layer does not separate from the surface the distribution 
of pressure can be found with fair approximation from the 
assumption of irrotational motion; but otherwise the distribu¬ 
tion of pressure is affected by the ‘wake’, and it cannot be 
found save by experiment. 


13*91. Differential Equations for the Boundary Layer. 

Consider a two-dimensional case, take the x axis along the 
surface, assuming at first that the boundary is rectilinear, 
and let the layer have a small thickness 8. Then if we suppose the 
velocity u and its derivative du/dx to be of order 1 within the 
layer, dujdy is large being of order 1/8, u decreasing from a finite 
value at the outer boundary of the layer to zero at the solid 
surface. 

From the equation of continuity 


du dv _ 
dx + dy 


•(1), 


since Sujdx is of order 1 so is dv/dy\ but v = 0 at the surface of the 
solid, therefore v will only be of order 8 at the outer boundary of 
the layer. 

Then considering the equations of motion 


du du du 

S + “5i + *’fy 


1 dp (dhi dhi\ 






+ , 


p dx \Sx 2 dy 2 ) 


•( 2 ) 


and 


dv dv dv 1 dp 
dt +u te +v ty = - p ty +l ' 


ld 2 v 3 2 v\ 
\dx 2 + dy 2 )' 


.( 3 ), 


in the bracket on the right of (2) dhifdx 2 is of order 1 and dhijdy 2 
is of order 1/S 2 , so the former is negligible compared with the 
latter and the frictional terms in (2) are of order r/8 2 . If i//8 2 is 
large the frictional terms preponderate and the terms involving 
squares of velocities are negligible—the case of slow motion. If 
v/S 2 is small, the frictional terms are negligible and we have the 
equation for a perfect fluid. It is only when v is of the same order 
as 8 2 that the conditions apply to the case under consideration. 
We therefore conclude that the thickness of the layer is pro¬ 
portional to y/v. 

* hoc. cit. p. 378. 
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Equation (3) then reduces to dp/dy— 0, so that the pressure in 
the boundary layer is a function of x alone. 

Hence we have two equations for u and v in the layer, viz. 


du du du 1 dp dhi 
dt+ U dx +V dy pdx + V dy * 


du 8v 
dx + dy 


= 0 


,.(4) 

( 5 ); 


and the pressure has the same value through the layer as on its 
external surface and is continuous with its value in the frictionless 
motion outside the layer, so that it may be regarded as a known 
externally applied force in the layer, determined in a case of 
steady motion by Bernoulli’s Equation 


p + \p(J 2 =const.(6), 


where V is the velocity in the irrotational motion, so that 


dp__ n dU 
dx~ pU dx 


( 7 ). 


Similar conditions apply in steady motion when the boundary 
is not rectilinear, provided that its radius of curvature is large 
compared with 8. 

Equations (4) and (5) may then be written 


7 




p ds dn 2 


dq dw 
ds + dn 


= 0 


( 8 ), 


where s denotes arc measured along the surface and n distance 
measured in the normal direction, and q y w are the components of 
velocity in the directions s and n*. Instead of equation (3) we 
now have an equation connecting the centrifugal force with the 
normal gradient of p, i.e. dpjdn, which in this case is of order 1, 
the total change in p across a section of the layer being of 
order Sf. The solution must be such that q — w= 0 for n = 0, 
and q , w must take their values in the given stream outside the 
layer. 


* Sec Bairstow on 4 Skin Friction \ Journal of the Royal Aero . Soc. xxix, 1925, 

p. a. 

f This remark is due to Dr Goldstein. 
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13*92. K&rm&n’s Integral Condition. On the hypothesis 
that the effects of friction are confined to a thin layer of fluid 
whose thickness 8 is some function of x, and that in this layer we 
abandon the attempt to determine the actual value of u but 
assume that u is a definite function of y which vanishes at the 
rigid boundary and takes the value which belongs to the external 
irrotational motion at the surface y = 8, we can integrate the 
equation 13*91 (4) with regard to y between the limits 0 and 8, 
and by substituting from the equation of continuity we obtain 
f 8 du, f 8 Su , . l8 f 8 du. 


—t.p+ 

ax 


r a«i 8 

L^Jo 


r 8 3 f ! u as r _. a r 8 „ rT2 0 S 

J o P 'dx dy= dx) 0 puHy -Tx^ = Tx J o^-P^dx’ 

where U is the value of u in the irrotational motion. The term 
[pvu] Q vanishes at the lower limit and is therefore equal to 

u ^- u fAj— v f/P, d « 

--Vlf r dy + U 3 * xlp uf 


Substituting in (i) and observing also that the tangential stress 
lidujdy vanishes at the outer boundary of the layer, the equation 
takes the form 

.( 2 ). 

If when considering a stationary state we make any plausible 
hypothesis as to a functional form for u satisfying the boundary 
conditions, then 8 is the only unknown quantity in the equation 
and so a corresponding form for the thickness of the layer as a 
function of x is determined. 

Equation (2) has also been obtained by Karman* from considerations of 
momentum, thus: let NP, N'P f be two ordinates to the curve y = 8(x) at 
a small distance dx apart, and consider the change of momentum which 
takes place in unit time in the area NPP'N'. 

* Zeits. f. angew. Math . u. Mech. I, 1921, p. 233. 
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The time increase of x momentum is —J ^ pudy.cbc and this must be 

equal to the x component of applied force plus the gain of momentum by 
flux across the boundaries. Now the amount by which the momentum 

d [& 

crossing NP exceeds that crossing N'P' is — ^ / pu l dy . dx; and the mass 

d [& 

of fluid crossing N'P' exceeds that whiph crosses NP by ^ / pudy.dx, 

and this must represent the fluid crossing PP' where the velocity parallel 
to x is sensibly U , so that the momentum entering across PP' is 

d 

U dx)o pudydx - 

The applied forces are the pressure excess —~^dx.h and the tangential 

stress along N'N, viz. — p Q . dx . Equating the terms as stated and 

dividing by dx we get equation (2). 



13*93. One of the simplest applications of the boundary layer theory 
is to the case of a plane plate of finite length immersed in a steady uniform 
stream of velocity U in the direction of the length of the plate. The 
problem was solved by Blasius* who found that the thickness of the 
sheet is proportional to yjx> where x is measured from the loading edge, and 
that the tangential drag on either side of the lamina per unit area is 

“'■''VU)- 

It was shewn by Lambf that if in 13*92 (2) in steady motion we 
assume that 

we get for the drag per unit area 

• 328 ' c ' , v/(^)’ 

a result differing but little from that of Blasius. 


13*94. Generation of Vortices in Fluids of small Vis¬ 
cosity. The existence of the Prandtl layer round a body 
immersed in a stream of fluid of small viscosity affords an 
explanation of the generation of vortices in the fluid. According 

* Zeits. f. Math. u. Phys . lvi, 1908, p. 13. 
t Hydrodynamics , 1932, § 087. 
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to the Helmholtz-Kelvin laws of vortex motion, if an element of 
a perfect fluid is once at rest it can never acquire rotation nor can 
a rotating element ever cease to rotate, but, as we remarked in 
13*9, we cannot regard the perfect fluid solution of problems as 
the limiting case of a real fluid solution in which the viscosity 
tends to zero because of the essential difference in the boundary 
conditions. And we saw, without considerations of viscosity, in 
9*72, that a trail of vortices may arise in the wake of a solid with a 
compensating circulation round the solid. But the theory of the 
boundary layer in fluid of small viscosity such as water or air 
greatly simplifies the considerations. The layer is thin and its 
thickness decreases with the viscosity; outside it the motion is 
irrotational and, in a steady state, we have Bernoulli’s Equation 


p + %pU 2 = const.(1), 

so that ^ + p{7^ = 0 .( 2 ); 


and we have seen in 13*91 that these equations govern the 
distribution of pressure in the layer itself, and that in the layer 
the velocity increases normally from zero at the surface of the 
solid to the external value U at the boundary of the layer. 

Again, in the boundary layer, in the notation of 13*91 the 
vorticity is given by j , dv 0M x 

^ 2\dx dy)' 

where v = 0 at the boundary of the solid and is only of order 8 at 
the boundary of the layer, while 3 ujdy is large being of order 1/8 
in the layer. Consequently in such a layer friction is active in 
producing vorticity. Such fluid elements as do not enter the 
layer remain without rotatipn and those which enter the layer 
acquire vorticity. Moreover the manner in which the tangential 
velocity u increases along the normal from 0 at the solid face 
to V at the outside of the layer depends on the fall of pressure 
only. Assuming U to depend in a definite way upon s, then in 
a case in which U increases with s , we see from (2) that dp/ds 
is negative and the fluid in the boundary layer is therefore 
accelerated owing to the falling pressure in the direction of 
motion. The velocity graphs at successive sections of the layer 
will be as in fig. (i), and the particles in the layer will all con¬ 
tinue to move along the surface of the body. On the other 
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hand if V decreases as 8 increases, then, from (2), dp Ids is 
positive and the particles in the layer are retarded by the 
pressure gradient as well as by friction. When their kinetic 
energy is destroyed their direction of motion is reversed and 
the velocity graphs at successive sections of the layer in this 



case are as in fig. (ii), the flow being forwards near the points 
a and 6 and backwards near d, with an intermediate point c 
at which dujdy = 0, and at such a point the advancing and reced¬ 
ing streams meet and break away from the body throwing off 
vortices. 

To take a concrete case: consider a steady streaming about a 
long circular cylinder. 



In the perfect fluid solution the stream divides at A and unites 
again at C and the stream lines are symmetrical about the 
diametral plane at right angles to AC. The velocity is zero at A 
and C and the pressure there is greatest. The velocity is greatest 
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at B and D and the pressure there is least. There being no friction 
the kinetic energy acquired by particles moving along AB is 
sufficient to carry them from B to G against the increasing 
pressure. When the upper and lower streams unite again at C 
they have the same velocity and there is no vortex sheet. 

But in the case of real fluid such as water, the layer in which 
friction is effective is very thin, the part of the layer in which 
the pressure distribution is the same as in irrotational motion 
extends at most up to 30° from A on either side and round the 
rest of the cylinder the pressure is affected by the wake; owing 
to friction and the pressure gradient the kinetic energy ac¬ 
quired by the particles after passing A is insufficient to carry 
them round the cylinder, back currents set in from G towards 
B and D, and at the points on the surface where the oncoming 
current meets the back currents the layer of vorticity breaks 
away from the surface. The exact position of the break away 
depends on the Reynolds number; for numbers below the 
critical number the points of separation are about 80° from A , 
and for Reynolds numbers above the critical number (turbulent 
or partly turbulent layers) the points of separation lie between 
120° and 130° from A *. 

13*95. Turbulence. VVe have several times made reference 
to the fact that the solutions of certain problems only hold good 
for definite ranges of values of the Reynolds number. Thus in the 
case of the flow of viscous fluid through a tube the motion is only 
regular laminar motion provided a certain value of the Reynolds 
number is not exceeded. When the critical value is passed the 
regular motion breaks down and an irregular or turbulent motion 
ensues. Eddies are formed, rapid interchanges of momentum 
take place and a new theory has to be established. Lack of 
space prevents us from pursuing this branch of the subject. 

13*96. Special Problems. We shall conclude by shewing how an 
exact solution has been obtained in one or two special problems. 

Two- Dimensional Flow between Non - Parallel Walls f. U sing pol ar 

* For these data I am indebted to Dr Goldstein. See also Prandtl, Journal of 
the Royal Aero. Soc. xxxi, 1927, p. 720, containing many photographic reproduc¬ 
tions of experiments, some of which may also l>e found in The Physics of Solids and 
Fluids , loc . cil. p. 384. 

f G. Hamel, Jahresb. der deutsch. Math. Verein. xxv, 1916, p. 34. See also 
K. Pohlhausen, Zeils. f. angew. Math . u. Mech . I, 1921, p. 266, and v. Kdrm4n, 
Vortrage aus dem Gebiete der Hydro . u. Aerodyn. p. 146, Innsbruck, 1920. 




coordinates in two dimensions, the only component of velocity is the 
radial component v r9 and, in steady motion, we have from 13*32 (7) 


„ f 81v '. 1 &v r 1 3*v r D f \ 

r 3r~ p&r- v \dr*^rdr^r*ae i r*J 


( 1 ). 


0 = 


IQ+yfltor) 

prdB^ \r* 30) 


( 2 ), 


and the equation of continuity 


dVr Vr 
dr ^ r 


= 0 


(3). 


The last equation is clearly satisfied by 

rv r =f(6) .(4), 

and substituting in (1) and (2) and eliminating p by differentiating the 
equations we get 2//'+ v(/"+4/') = 0 .(5), 

or, on integration, /* + v (f" + 4 /)=A .(6). 

The solution of this equation must be subject to the condition that the 
velocity vanishes along the boundary walls, so that/= 0 when 0= ± a say. 

An exact solution can be obtained by the help of elliptic integrals. For 
Reynolds number we may take the mean flux over a circular cross section 
multiplied by the length of that section divided by v —this will be the same 
for all sections. Then for small R the velocity distribution is analogous to 
that between parallel walls. But for large R there are two cases to be 
considered, according as the stream is converging to a sink or diverging 
from a source. In the former case there is a uniform distribution of 
velocity the only defect being close to the walls, i.e. within an angular 
distance proportional to 1 ly/R, In the latter case the differences of 
velocity are more marked, most of the flow is concentrated in the centre, 
and there is a critical valuo of R for which dvJdO vanishes at the walls, 
beyond which value of R there is a backflow along the walls and as R 
increases so does the number of angular regions in which backflow is 
possible. 


13*97. Motion of a Viscous Fluid produced by the Uniform 
Rotation of a Disc. Let the disc lie in the plane z = 0 and rotate with 
uniform angular velocity o> about the z axis. Neglecting edge effects and 
taking the equations of motion in cylindrical coordinates ( 13* 32 (7)), we put 
v r = r/(z), v B = rg(z) and v t = h(z) .(1). 

Substituting in the equations of motion and taking account of the fact 
that p is clearly a function of z alone, we get 


. 

.(2), 

*+‘ 2-2 . 

.(3), 

,dh__ldp d a h 
dz p dz+ dz 8 

.(4). 

and the equation of continuity is 


dh _ 

.(5). 

dz + v=° . 


26*2 
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Equations(2),(3)and (5) determine/, g 9 h and(4)determines the pressure. 
The boundary conditions are 


/ (0) = 0, g( 0) = w , h( 0) = 0 
/(oo) = 0, g( oo) = 0 


As z -► oo, h (z) tends to a finite limit. In the immediate neighbourhood of 
the disc there will be a radial flow of fluid and this will be compensated by 
an axial flow towards the disc. 

If we change the independent variable to 2 1 =3\/(wW and write 
/( 2 ) = o)f x (z x ), g (z) = a>g x (z x ) and h(z)^y/(vai)h x (z x ) equations (2), (3) and 
(5) become 

.<n 


and 

with boundary conditions 




O'). 

,(5') 


/i(0) = 0, ?1 (0) = 1, A x (0) = 0 

/ l (oo) = 0, S', ( 00 ) = 0 


so that the equations are now independent of the data of any special 
problem. Since g x (z x ) is the ratio of the angular velocity at a distance 
z iV( v l<*>) from the disc to the angular velocity of the disc, it is clear that 
with increasing angular velocity of the disc and decreasing viscosity 
angular velocity will only exist within a short distance of the disc. And 
the relation h=\/(vaj) h x shews that the axial velocity at an infinite 
distance increases with ^(vw). 

If h x -> — c as z x 00 , expansions have been obtained for f x , g x , h x in 
powers of e~ et i satisfying the differential equations and the conditions at 
infinity, and there are also expansions for f x> g l9 h x in powers of z x which 
satisfy the differential equations and the conditions at z 1 = 0. And the 
constants in the two sets of expansions can be determined so as to make 
fi, g x , gx continuous*. 

The couple on a rotating disc of radius a can be deduced if the effect of 
the finite boundary can be neglected, which will probably be the case if a 
is large compared with the thickness of the boundary layer. 

The tangential stress is by 13*33 (1) 


— p( i<a>*)4 rg x ' (0); 

and the couple on one side of the disc 


= 2irr 2 p z0 dr = i7rpa A (vco*)ig x (O). 


* See W. G. Cochran, Proc . Camb. Phil . Soc. xxx (1934), p. 366, for the oomplete 
solution. 
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Or, if we put R = aU/v = a*a>lv as the Reynolds number, where U is the 
velocity at the edge of the disc, the couple is 

frpaWgSmiB*. 

The value obtained by Cochran for g x ' is —0*616. In the paper to 
which reference is given on the opposite page he indicates an error in an 
earlier solution by v. KArmdn. 


EXAMPLES 


1. Prove that, for liquid filling a closed vessel which is at rest, the rate 
of dissipation of energy due to viscosity is 

ipfffiP+tf+Ddxdydz, 

where . f= is the vorticity. 

If the vessel has the form of a surface of revolution and is rotating about 
its axis (the axis of z) with angular velocity cu, prove that the rate of 
dissipation of energy has an additional term 


Jj(lDu + mDv) dS , 


d 3 

where D = y — x —, and (l, m, n) are the direction cosines of the inward 

drawn normal at the element dS of the surface of the vessel. 

(M.T. 1926.) 


2. A circular disc of radius a is at a small distance h 0 from a fixed 

parallel plane and can rotate about an axis perpendicular to its plane 
through its centre 0. The space between the disc and the plane is filled 
with viscous liquid. Shew that the traction on the disc gives rise to a 
couple Jtt/x too 4 / h 0 , 

where oj is the angular velocity of the disc. 

If the plane of the disc is inclined at a small angle a to the fixed plane, 
and it is assumed that the pressure in the film of liquid round the boundary 
of the disc is the atmospheric pressure II, shew that, to the order a*, the 
pressure in the film is 

3 16 

n + jjr-3 ficLcj (a* - x* - y 1 ) y - y.a % u> (a 1 - x* - y *) xy , 

where Ox, Oy are axes in the plane of the disc such that the thickness of the 
film at the point (x, y) is h 0 + ax. 

Obtain a formula for the value of the couple to this order of approxima¬ 
tion. (M.T. 1925.) 

3. A thin film of viscous liquid is contained between two long plane 
strips of breadth 2d. One strip is fixed and the other can turn about its 
medial line parallel to its long edges. The distance between the strips in the 
position in which they are parallel is h 0 . Examine the nature of a slow 
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steady motion of the liquid produced by displacing the movable strip 
and shew that, if 0 bo the small angle between the strips at any time, the 
pressure in the film at a point where the distance between the strips is h, is 


fyidd 

iPdt 


A , L 2h 0 V\ A 


+ B, 


where A, B are constants determined by the condition that at the edges of 
the film the pressure is atmospheric. (M.T. 1924.) 


4. Ono surface (nearly piano) is fixed and another near surface (plane) 
rotates with angular velocity a> about an axis perpendicular to its plane 
and there is a film of viscous fluid between them. Prove that the pressure p 
in the film satisfies the equation 



where (r, 6) are polar coordinates in the plane of the film, the origin being 
in the axis of rotation, and h is the thickness of the film. (M.T. 1927.) 


5. A cylindrical shaft with a plane end is made to rotate about its axis 
with angular velocity a>, the end of the shaft standing on a fixed plane 
plate from which it is separated by a film of viscous liquid of thickness h , 
and a uniform flow U of fluid is supplied through a perforation in the plate 
in line with the axis of the shaft. Prove that the rate of working necessary 
to maintain the rotation and the supply of lubricant is 


7 TflCJ 


- (*i 


4 _ 


. 4^2 h*P* r t 

• )+ v t ‘ log ^ 


2 h onfiT^ 

where r 0 ,r t are the radii of the perforation and the shaft and P is the load 
on the shaft. (Rayleigh.) 


6. A circular disc of radius c is suspended in a horizontal position 
midway between two fixed horizontal planes by a wire passing through a 
small hole in the upper plane and having its upper end fixed. The space 
between the planes contains viscous fluid. The disc is given a slow oscil¬ 
latory motion and it is assumed that the motion of the fluid is laminar and 
that variations in pressure are negligible. Neglecting the effects at the 
edge of the disc, show that its oquation of motion is of the* form 


1 CJ +2k ? + ^ e ) +■**»* St= °- 


Give the physical meaning of the constants in the equation. 

Find also the equation of motion of the fluid and the solution which fits 
the boundary conditions; and assuming that the motion of the disc is 
represented by 6 = ae ~ lt cos (ert 4- e), shew that the constants are connected 
by the relations 

l + P-q*- 2 kI) = nc*u (l * + °P ] Sinh 2uh + ( ax ~lil ain 2 P h 

r cosh 2 <xft — cos 2 ph * 


2Inl —71— r* ( ?* S. s * n 2fife — (got — Ip) sinh 2<x k 
K V ^ cosh2aft — cos 2ph 9 


where p z — a 2 = pl/p, 2a p =pa/g, 2 h i3 the distance between the fixed planes 
and p is the density of the fluid. 

What practical use has been made of these results ? (Maxwell.) 
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7. Incompressible liquid is flowing steadily through a circular pipe. 
Prove that the mean pressure is constant over the cross section and that 
the rate of flow is 

where p x , p % are the pressures over sections at distance l apart. 

In the case of steady flow of compressible fluid, shew that the mass 
which crosses any section per unit time is 


wa 4 (p x -p t ) (pi +p,)/16/d, 

where p x and p 2 are the densities at the two sections at distance l apart. It 
is assumed that the temperature is constant, and that the gradient of the 
velocity in the direction of the axis may be neglected in comparison with 
its gradient in the direction of a radius. (M.T. 1924.) 


8. Viscous liquid is flowing steadily under pressure through an in¬ 
finitely long rectangular tube whose axis is parallel to the axis of z. The 
sides x = 0, x — a are smooth, and the sides y = 0, y=a do not permit of 
slipping of the liquid in contact with them. The pressure gradient main¬ 
taining the motion is suddenly annulled, shew that the total flux across 
any section is Qa*/10v, where Q is the flux per unit time across a section in 
the initial steady motion. 


[ oo i w « -i 

In obtaining the above result it may be assumed that 2 J2n^ri )• = 960 J 

(M.T. 1926.) 


9. Incompressible viscous liquid is moving steadily under pressure 
between planes y = 0, y — h. The plane y = 0 has a constant velocity U in 
the direction of the axis of x , and the plane y = h is fixed. The planes are 
porous, and liquid is sucked in uniformly over one and ejected uniformly 
over the others. Shew that a possible solution is given by 
_( Ue h l* + Ah)-(U + Ah) e*' a 
U * e#°-l 


+Ay, v=v/a. 


where v is the coefficient of viscosity. 

Determine the meanings of tho constants A and a. (M.T. 1923.) 


10. A liquid occupying the space between two coaxial circular cylinders 
is acted upon by a force C/r per unit mass, where r is the distance from the 
axis, the lines of force being circles round the axis. Prove that in the 
steady motion the velocity at any point is given by the formula 


1 a 



where p. is the coefficient of viscosity, and a, b are the two radii. 

How could this state of motion be realised experimentally? 

(M.T. 1896.) 


11. The space between two coaxial cylinders of radii a and b is filled 
with viscous fluid, and the cylinders are made to rotate with angular 
velocities cj x , w z . Prove that in steady motion the angular velocity of the 
fluid is given by _ 0 , (6 ._ rl) ^_j, (f 4_ a » ) 

" r*(6»-o») 
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12. Two rigid circular discs of radius a are separated by a thin layer of 
liquid of viscosity p and initial thickness £ 0 . At time zero a weight W is 
placed on the upper disc so that the liquid is squeezed out at the edges, the 
discs remaining horizontal. Prove that at any instant the pressure in the 
liquid is proportional to a 2 — r 2 , and that the thickness of the layer is given 

by 114. Wt 

= A + (M.T. 1931.) 

£ a £o a 3 7rfj.a 4 

13. Prove that ^vV a — V 2 0 = » where is the stream 

function for a two-dimensional motion of a viscous liquid. 

A circular cylinder of internal radius a can rotate freely without friction 
about its axis. It is filled with viscous liquid and the whole system is 
rotating as if solid about the axis of the cylinder with angular velocity 
wq . The cylinder is instantaneously brought to rest at time t = 0, and then 
immediately released. Shew that the angular velocity of the cylinder at 
time t is Wl + £ A k J x (ka) e-*** 

where cj 1 is the final angular velocity of the system when it is again rotating 
as if solid, and the values of k are the roots of 

{k 2 a? (cu 0 — 4- 2} J 1 (ka) + kaJ 0 (ka) = 0. 

State other necessary conditions. 

It may be assumed that the cylinder is so long that the disturbing effect 
of the plane ends may be neglected. (M.T. 1926.) 

14. Prove that, in the slow steady motion of a viscous liquid in two 

dimensions, dY dX 

where (X , Y) is the impressed force per unit area. 

If the fluid is bounded by the circle r = a, and a concentrated force P 
acts at the origin in the positive direction of x , prove that 

4ttp^= Pr sin 0 jlog^-f \ (l . (Lamb.) 

16. Find the stream function of the motion due to a sphere of radius a 
performing rectilinear oscillations in a viscous liquid, the period of an 
oscillation being 2ir/n f and prove that the resultant force at any time on 
the sphere is /l 9 \ . , / 1 1 \ 


V2 + 4£ a, 


; ) \Mn (~ a + ^2 a i) w > 


where w is the velocity at that time, M the mass of liquid displaced and 
/3 = (n/2v)i. (M.T. 1900.) 

16. A sphere of radius o, surrounded by viscous fluid, is oscillating by 
the torsion of a suspending wire, the angular velocity being 

co = oj 0 cos (pt + €); 
investigate the motion of the fluid. 

Prove that energy is being dissipated by viscosity at the mean rate 
4 a 3 + 6flo + 6 fl 2 a 2 + 2 # 

:>7TtM 1 + 20O+20*0* “ >0 ’ 

where a is the radius of the sphero, and 0 = (pp/2fi)i. 


(M.T. 1902.) 
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17. Shew that, for a plane plate of length I placed lengthwise in a uni¬ 
form stream, the assumption 

u=£7y(2S-y)/8* 

in Karm&n’s Integral Condition 13*92 leads to 

h=\'{iOfixlpU}, 

with a frictional resistance 8\/{ppl C/*/30}. (KArm&n.) 

✓ 

18. A plane solid surface is wetted with viscous liquid and set up 
vertically to drain. If A is the thickness of the liquid layer adhering to it 
at any point, prove that h satisfies the equation 

dhgh*dh_ 
dr v dz ' 

where the coordinate z is measured vertically from the upper edge. The 
motion is slow and inertia is neglected. Find a solution of the form 

where A, a, p are constants. 

If the original thickness is H, prove that this solution is approximat3ly 
correct at depth z when a time exceeding 3 vz/gH 1 has elapsed from the 
start. (M.T. 1929.) 


19. Shew that, at a distance x from the leading edge of a flat plate 
parallel to a stream of unbounded fluid moving outside the boundary 
layer with velocity U, the tangential stress on the plate is 

where 2a~i= lim F'((), 

$-►00 

and F(£) is the solution of the equation 


d>F d*F_ 
~d? + F T?- 0 ’ 


for which F (0) = F' (0) = 0, F" (0) = I. 


(M.T. 1934.) 
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Circulation, 67; constancy of, 70; about 
a circular cylinder, 98; between 
cylinders, 113; in viscous fluids, 389 
Clepsydra, 55 

Coaxial cylinders, initial motion of, 95 
Concentric spheres, initial motion of, 163 
Condensation, 335 
Confocal conicoids, 178 
Conformal representation, 127; applica¬ 
tions of, 129 et 8eq.; to vortex motion, 
225 

Conjugate functions, defined, 42; appli¬ 
cations of, 43, 51, 101 
Contracted vein, 55, 139 
Coordinates, normal, 314, 316; ortho¬ 
gonal curvilinear, 177 
Current function, 40; Stokes’s, 164; 

ditto in visoous fluid, 392 
Cyclic constants, 74 

Cylinder, circular, motion of in a 
liquid, 93, 96; circulation about, 98; 
elliptic, 102, 108, 111; reaction on, 
115; general motion of, 200 


Damped oscillations, 320 
Decay, modulus of, 321 
Diffusion of vorticity, 390 
Disc, motion of, 177 
Dissipation of energy, 375 
Doublets, 14; in air, 351; in two dimen¬ 
sions, 46, 131; irrotational motion 
regarded as due to a distribution of, 
88 

Efflux of liquid, 54; of gases, 57 
Electromagnetism, analogies from, 222, 
236 

Ellipsoid, motion of, 17 2 et seq of 
varying form, 179 

Ellipsoidal shell, motion inside a 
rotating, 170 

Elliptic cylinder, 102, 106, 111; general 
motion of, 200 

Energy, dissipation of, 375; of irrota- 
tionally moving liquid, 84, 86; of a 
long wave, 265; of a plane wave of 
sound, 337; of progressive waves, 273; 
of a solid moving in an infinite mass of 
liquid, 182; of stationary waves, 274; 
of a system of vortices, 243; of a 
vibrating string, 305; with fixed ends, 
313; transmission of, 283 
Equation of continuity, 4; in the 
Lagr&ngian method, 7; particular 
cases of, 9; in curvilinear coordinates, 
179 

Equations of motion, 18; integrated, 19; 
formed by the flux method, 21; 
referred to moving axes, 22; for a 
solid in infinite liquid, 191, 194; for 
sound waves, 334; for visoous fluids, 
370; in cylindrical and polar co¬ 
ordinates, 371 
Eulerian method, 2 

Euler’s dynamical equations, 18; for 
moving solid, 191 

Exact equation for a plane wave of 
sound, 339 
Expansion, 6, 236 

Flapping of sails and flags, 280 
Flexible membrane, transverse vibra¬ 
tions of a, 325; impact of plane air 
waves on a, 348 
Flow, 67 
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Forced vibrations, of a string, 317; of 
air in a tube, 344 

Fourier’s theorem, use of, 289 et seq. 
Free stream lines, 135 ct seq. 

Generation of vortices, 399 
Gerstner’s trochoidal waves, 292 
Green’s theorem, 7,76; deductions from, 
77 et seq.; Kelvin’s modification of for 
cyclic space, 85 
Group velocity, 281, 285, 289 

Helicoidal solid moving in infinite 
liquid, 202 

Hydrokinetic symmetry, 195 

Images, 47; examples of, 47-51 
Impact of a stream on a lamina, 142-7; 
of plane air waves on a flexible 
membrane, 348 

Impulse, 187; in terms of velocities, 192; 
rate of change of, 188; string set in 
motion by an, 316 
Impulsive action, equations for, 29 
Initial motion of coaxial cylinders, 95; 

of concentric spheres, 163 
Intensity of sound, 338, 353 
Irreducible circuit, 70 
lrrotational motion, defined, 16; per¬ 
manence of, 26, 28, 71; impossible in a 
liquid whose boundaries are all at 
rest, 78, 83; in multiply-connected 
space, 85 

Isotropic helicoid, motion of, 202 

Jet of liquid, through Borda’s mouth¬ 
piece, 141; through a slit in a plane, 
139 

Joukowskis condition, 149; theorem, 
111; its extension, 241; transforma¬ 
tion, 149 

KArman’s, von, integral condition, 398 
Kelvin’s theorem of minimum energy, 
83 

Kinetic energy, of cyclic irrotational 
motion, 86; of an infinite mass of 
liquid moving irrotationally, 84; of a 
solid moving in an infinite mass of 
liquid, 182; of a system of vortices, 
243 

Kutta’s theorem. 111; extension of, 241 

Lagrange’s hydrodynamical equations, 
24 

Lagrangian method, 2 
Lamina, impact of a stream on a, 142 
et seq. 

Loaded string, 319 


Longitudinal vibrations of a string, 322 
Loops, 312, 342 

Love’s method for problems on free 
stream lines, 135 
Lubrication, theory of, 380 

Mean potential over a spherical surface, 
79 

Membrane, transverse vibrations of, 
325; impact of air waveB on, 348 
Mersenne’s Laws, 312 
Minimum kinetic enorgy, 83 
Modulus of decay, 321 
Momentum and moment of momentum, 
118 

Moving axes, equations of motion 
referred to, 18; motion of a solid 
referred to, 196 
Multiply-connected space, 72 
Musical sounds, 352 

Nodes, 312, 342 
Normal coordinates, 314, 316 
Normal modes of vibration, 272, 309; of 
a finite string, 311; of air in a uniform 
tube, 342 

Orthogonal curvilinear coordinates, 177 

Periphractic regions, 79 
Permanence of irrotational motion, 26, 
28, 71 

Permanent translation, 195 
Permanent type, waves of, on water, 
264; in air, 341 
Pitch of a note, 352 
Plucked string, 308, 313, 31G 
Pressure equation, in irrotational motion 
19; referred to moving axes, 24 
Progressive waves, 257, 267; in deep 
water, 270; the energy of, 273; re¬ 
duced to a state of steady motion, 274 
Pure strain, 66 

Quadrantal pendulum, 198 

Reducible circuit, 78 
Reflection and transmission of waves, 
along a string, 321; of sound, 345 
Residues, applications of theory of, 
109 et seq. 

Reynolds number, the, 377, 402 
Ripples, 288 

Rotation of a fluid element, 67 
Rotational motion, 215 

Schwarz’s theorem, 135 
Simply-connected region, 72 
Sinks, 44 
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Solid of revolution, motion of, 168, 197, 
198; stability of, 200; stability in- 
creased by rotation, 201; steady 
motion of, 202 

Solids, motion of, in liquid, 187 
Sound, general equations, 334; velocity 
of, 336; intensity of, 338; energy of a 
plane wave, 337; exact equation for 
plane waves, 339; condition for 
permanence of type of wave, 341; 
reflection and refraction of, 345; 
spherical waves, 349; doublets, 351; 
waves in a branching pipe, 345 
Sources, 44; in two dimensions, 45, 129; 
irrotational motion regarded as due to 
a distribution of, 88 
Space, multiply-connected, 72, 85, 86 
Sphere, motion of, 159, 196; under 
gravity, 163; in pressure of a doublet, 
170; of a plane boundary, 208; in 
viscous fluid, 394 

Spheres, concentric, initia? motion of 
163; motion of two, 203 
Spherical, vortex, 250; air waves, 349 
Spheroids, motion of, 175 
Spin, 27; components of, in cylindrical 
and polar coordinates, 71; velocity 
deduced from, 233 

Stability, of wave motion, 280; of solid 
of revolution, 201 

Standing waves, 258, 271; energy of, 
274 

Steady motion, 54; of solid of revolution, 
202; of isotropic helicoid, 202; general 
conditions of, 248; between parallel 
planes, 378; in a tube of circular sec¬ 
tion, 382; between circular cylinders, 
384; in cylinders other than circular, 
384; rotatory motion, 385; due to 
slowly rotating sphere, 387 
Stokes’s formula for resistance to 
motion of a sphere, 394 
Stokes’s stream function, 164; applica¬ 
tions of, 168; in viscous fluid, 392 
Stokes’s theorem, 68 
Strain, pure, 66 

Stream function, 40; for motion of a 
rectilinear vortex, 224; Stokes’s, 164 
Stream lines, defined, 14 
Stresses, in a fluid in motion, 364; 
reotangular components of, 365; con¬ 
nection between and gradients of 
velocity, 367; principal, 367; com¬ 
ponents in cylindrical and polar co¬ 
ordinates, 373 

String, transverse vibrations of, 302; 
plucked, 308, 313, 316; set in motion 
by an impulse, 316; forced vibration 
of, 317; carrying a load, 319; with 
ends not rigidly fastened, 319; 
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damped oscillations of, 320; longi¬ 
tudinal vibrations of, 322 
Surface waves, 267; due to a given 
local disturbance, 289 
Symmetry, hydrokinetic, 195 

Timbre of a note, 352 
Torricelli’s theorem, 55 
Transverse vibrations, of a stretched 
string, 302; of a membrane, 325 
Trochoidal waves, 292 
Tubes, vibrations in, 341 
Turbulence, 402 

Uniqueness theorems, 79,83, 86,232,390 

Vein, contracted, 55, 139 
Velocity of Bound, 336 
Velocity potential, 15; physical mean¬ 
ing of, 30; persistence of, 26, 28, 71; 
mean value over a spherical surface, 
79; due to a vortex, 237 
Vibration, normal modes of, 309 
Vibrations, of a stretched string, 
transverse, 302; longitudinal, 322; of 
a stretched membrane, 325; of air in 
tubes, 341 

Viscosity, 363; measurement of, 363 
Viscous fluids, equations of motion of, 
370; vorticity in, 388; circulation in, 389 
Vortex, filaments, 216; lines, 215 et seq.; 
motion of a, 224; pair, 222; Bankine’a 
combined, 230; rings, 244 et seq.; 
sheets, 239; spherical, 250; strength of 
a, 216; tube, 215; velocity due to 
element of, 235; velocity potential 
due to, 237 

Vortices, effect of on thrust, 241; 
generation of in fluid of small 
viscosity, 399; infinite row of, 227; 
Karman street, 228; kinetic energy of 
system of, 243; permanence of, 216 
et seq.; rectilinear, 219 et seq.; with 
circular section, 229; with elliptic 
section, 231 

Vorticity, in viscous fluids, 388; diffu¬ 
sion of, 390; production of, 240 

Wave motion, 255 etseq.; stability of, 280 
Waves on water, simple harmonic, 257; 
stationary, 258, 271; long, 259; 
general equation for, 263; oscillatory 
on surface, 267; in deep water, 270; 
progressive, reduced to a case of 
steady motion, 274; at the common 
surface of two liquids, 276; capillary, 
285; due to a given local disturbance, 
289; stationary in running water, 294; 
Gerstner’s trochoidal, 292 
Wind on water, 287 





